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1.1 EVOLUTION OF A DESIGN

Most likely you have, right at this moment, at least one machine design project in
progress. Maybe you were the originator of the design, but I suspect you inherited
this design from others. I further suspect that you have already identified elements
of the design you feel could be improved. You might be under pressure from cus-
tomer service or marketing to respond to some need for change. In responding suc-
cessfully, either to your own observations for change or to those of others, the design
will evolve. Recognizing that the evolutionary design process is decidedly complex,
with a seemingly random sequence of steps, the primary purpose of Standard Hand-
book of Machine Design is to make the information you need as readily accessible
and usable as possible.

As an example of how a design can evolve, and to provide perspective on how the
information in this Handbook has traditionally been used, let me review for you a
project I was given in my first job as a mechanical engineer. It involved the position-
ing of a microwave feed horn for a 30-ft-diameter antenna dish. The original design
(not mine, by the way) called for a technician to climb up onto a platform, some 20
ft off the ground, near the backside of the feed horn. The technician had to loosen a
half dozen bolts, rotate the feed horn manually, and then retighten the bolts. This
design worked quite well until several systems were sold to a customer providing
telecommunications along the Alaskan oil pipeline. Workers were not really safe
going out in below 0°F weather, with snow and ice on everything.As a result of their
concerns for safety, this customer asked that we provide remote positioning of the
feed horn from the nearby control room.

The critical design requirement was that the positioning of the feed horn needed
to be relatively precise. This meant that our design had to have as little backlash in
the drive mechanism as possible. Being a young engineer, I was unaware of the wide
variety of different drive systems, in particular their respective properties and capa-
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bilities. I asked one of the older engineers for some direction. He suggested I use a
worm drive since it cannot be back driven, and loaned me his copy of Joseph
Shigley’s book, Mechanical Engineering Design. He said that Shigley’s book (a pre-
cursor to this Handbook) had been his primary source of information about worm
drives, and a wealth of other machine design information. As it turned out, the
resulting design worked as required. It not only pleased our Alaskan customer but
became a standard on all antenna systems.

I did not get a promotion as a result of the success of this new design, nor did I
receive a raise. However, I was proud, and, as you can surmise, still am. I credit this
successful design evolution to the material on worm drives in Shigley’s book. And
there is more to this story. The worm drive gearbox we ultimately purchased con-
tained a plastic drive element. This allowed the backlash to be greater than what
could be tolerated in positioning accuracy and did not provide the necessary
strength to break the feed horn loose from a covering of ice. The original manufac-
turer of the gearbox refused to change this drive element to metal for the units we
would be buying. If we made the change ourselves, they said, the warranty would be
voided. However, after absorbing the wealth of information on worm drives in
Shigley’s book, I felt confident that we could make this substitution without endan-
gering the reliability of the unit. Also, because of Joseph Shigley’s reputation in the
mechanical engineering community and the extensive list of references he cited, I
never felt the need to consult other sources.

Another aspect of this story is also important to note. In addition to the informa-
tion on worm drives, I also used Shigley’s book to find comprehensive design infor-
mation on the many other machine elements in the new design: gear train geometry,
chain drives, couplings, roller bearings, bolted joints, welds, lubrication, corrosion,
and the necessary stress and deformation calculations I needed to make. All this
information, and much more, was contained in the First Edition of the Standard
Handbook of Machine Design, which Joseph Shigley coauthored with Charles 
Mischke. Now in its Third Edition, this Handbook includes the information machine
design engineers have come to trust. We hope you will find this information invalu-
able as you constantly strive to improve your designs, whether by your own initia-
tives, or for other reasons.

1.2 USING THE HANDBOOK

Once the chapters for this Third Edition of the Handbook were determined, we
decided that these chapters should be organized into nine sections, denoted Parts 1
through 9. Each section focuses on a distinct collection of related material. For
example, Part 3, “Gearing,” contains chapters on spur gears, helical gears, bevel and
hypoid gears, worm gearing, and power screws. However, each chapter stands on its
own, providing direct access to a specific area of interest or need.

This Handbook is a unique reference, capturing the breadth and depth of what is
currently known about each of these design element topics. The nine sections are

Part 1. Machine Elements in Motion
Part 2. Machine Elements That Absorb and Store Energy
Part 3. Gearing
Part 4. Power Transmission
Part 5. Bearings and Lubrication
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Part 6. Fastening, Joining, and Connecting
Part 7. Load Capability Considerations
Part 8. Performance of Engineering Materials
Part 9. Classical Stress and Deformation Analysis

While there are many ways the nine sections could have been ordered, the order
chosen for this Third Edition provides one sequence of steps to the evolutionary
design process. For example, you might first consider the kinds of motions you need
and how they might be accomplished. Part 1 might help you choose a classic mecha-
nism or linkage, a cam, or maybe some arrangement of gears. Possibly your design
needs to absorb or store energy, so the chapters included in Part 2 would provide the
information you need. Depending on your design, Parts 3 and 4 cover virtually every
type of gear set, drive type, coupling, and the common elements related to these
devices. Part 5 covers how rotating elements might be supported, typically with
either roller- or journal-type bearings. And if bearings are present, then lubrication
and seals must be carefully considered.

Part 6 continues the design process to the consideration of how components will
be assembled. Are there structural bolts, or just mechanical fasteners, or are parts to
be welded? The coauthor of the chapter on welding is the well-known author of the
preeminent book on welding, so this Handbook should provide all the information
you need relative to this topic. The last chapter in this section presents the complex
procedure necessary to maintain proper fits and tolerances, a full-time job in itself
for some engineers. Everything an engineer needs to know about this area of manu-
facturing can be found in this Third Edition of the Handbook.

At some point, loads will be determined, both statically and dynamically; there-
fore, Part 7 contains the information you need to make decisions relative to the reli-
ability of critical parts. Information on vibration, and just as important, its control, is
provided in a chapter in this section. The selection of materials is covered in Part 8
and includes chapters on wear and corrosion. With regard to the problems of corro-
sion, one of the main components of a system I was responsible for failed due to
excessive galvanic corrosion. The information contained in this Handbook helped
me not make that mistake again.

The last section, Part 9, contains the classic information on stress and defor-
mation calculations every mechanical engineer learns in school, but finds escapes
exponentially if not used regularly. Here, four chapters provide every important 
calculation practicing engineers should need, and they are introduced in a manner
that can be understood and used with confidence.

1.3 SOME OPPORTUNITIES TO DISCOVER

As mentioned earlier, this Third Edition of the Standard Handbook of Machine
Design has been organized differently as compared to the two previous editions. In
addition to grouping the chapters into nine sections, almost a dozen of the 50 chap-
ters in the Second Edition, which contained a variety of information ancillary to the
machine design process, have been removed. Therefore, the scope of this edition of
the Handbook is focused on the more traditional machine design topics.

For those familiar with the previous editions, one chapter that was in the First
Edition but not in the Second, “Pressure Cylinders,” has been included in the Third.
This additional chapter is located in Part 9, completing the information important
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relative to stress and deformation analysis. Also, one of the chapters in the two pre-
vious editions, “Sections and Shapes—Tabular Data,” is now Appendix A.

Discovering opportunities to improve or evolve your designs successfully is one
of the primary ways we expect you to use this Handbook. Each chapter has consid-
erable design information and the format used is unique. What follows is a discus-
sion of just some of the helpful information you will find in each chapter.

Part 1: Machine Elements in Motion

Chapter 2 in this section is undoubtedly one of the most distinctive chapters you will
find anywhere.There is page after page of diagrams of every conceivable mechanism
and machine device.There are snap-action mechanisms, linear actuators, fine adjust-
ment devices, clamping and locating mechanisms, escapements and indexing mecha-
nisms, oscillating mechanisms, ratchets and latches, reciprocating and reversing
mechanisms, and couplings (see the commercial designs in Chap. 16) and connectors,
including slider connectors.

There are devices that stop, pause, and hesitate motion, and devices that trans-
port motion between machine elements.There are two pages of loading and unload-
ing mechanisms, many that are commonly used for construction and earth-moving
equipment, as well as bulk-handling railcars. You will find path generators, function
generators, and even mechanical computing mechanisms, still finding a place in this
electronic age. There are speed-changing mechanisms and multidegree mechanisms
that form the basis of many robotic-type machines. I hope you enjoy as much as I do
just flipping pages in this one-of-a-kind catalog of mechanical devices.

If a particular linkage catches your eye in Chap. 2, then the information con-
tained in Chap. 3 takes you many steps further, providing all the geometry of motion
diagrams, or kinematics, you will need. Details of the famous slider-crank and four-
bar linkages are provided. The material in this chapter might seem intimidating
graphically, but without it, the preciseness of the motion you most likely need will be
difficult to achieve any other way.

If your machine requires a cam to achieve its design requirements, then Chap. 4
contains everything about this particular device. From simplified schematics to the
complexity of cam trigonometry, everything a designer will need is here in these
pages. There is even a computer program flowchart to help you develop a compre-
hensive analysis of your design, whether you use a programming code like FOR-
TRAN or a personal computer spreadsheet.

The last chapter in this section, “Gear Trains,” presents all the relative speed cal-
culations for the two most common arrangements of gears: spur and planetary.Also,
the speed calculations for differential gear trains are presented. Once these calcula-
tions are made, then the detailed specifications can be made using the information
in Part 3.

Part 2: Machine Elements That Absorb and Store Energy

Personally, I have consulted Chap. 6, “Springs,” as much as any other chapter in the
Handbook. It contains information on every kind of spring, from the commonly used
helical spring, with all its variations, to the unique Belleville spring washer. Elliptical
and even torsion bar springs are covered. In fact, basically everything I know about
springs is in this chapter, one of the longest in the Handbook.
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Flywheels are an important machine element in devices such as automobile
engines and punch presses. They act like an accumulator tank in an air compressor
system, thus evening out the fluctuations in rotational motion. Careful sizing is nec-
essary to make sure that just the right amount of inertia is provided. Too much can
cause the system to be have too long a recovery period or too little inertia, causing
the system to loose too much energy between loading cycles. For high-speed fly-
wheels or machine elements like compressor blades, consideration of the inertial
stresses developed can be important.

The late John Muir, in his book How to Keep Your Volkswagen Alive, said,
“Brakes perform a negative function, applying negative acceleration to stop the car,
remaining inert when not being used.” Brakes may have a negative function; how-
ever, their design can be critical to a successful product. Chapter 8 covers all aspects
of brakes and all aspects of what might be the opposite of brakes—clutches.
Clutches are designed to transfer power evenly and gradually between two shafts
rotating at different speeds, even when one shaft is at rest. There has been a great
deal of ingenuity in the design of brakes and clutches, accounting for many patents
and commercial products. Centrifugal, cone, and disk-type clutches and brakes are
two such commercial success stories. Both brakes and clutches produce significant
temperature gradients in service. The design considerations associated with temper-
ature variations are covered in this important chapter, including information on
selecting the right clutch or brake materials for your specific application.

Part 3: Gearing

One of the most fascinating sections in this Third Edition of the Handbook is Part 3,
“Gearing.” Most of us as mechanical engineers will never actually be involved in
designing and manufacturing gear sets, even the simplest spur gear. However, it has
always been comforting to know that this Handbook contained everything needed if
we were ever put in the situation of having to design a set of gears. Chapter 9, “Spur
Gears” is relatively short and straightforward, giving the impression that gears are
not that complicated.Then, Chap. 10,“Helical Gears,” makes the point, by the extent
of the information provided, of just how complicated gear sets can be if they are to
be done correctly. This is one of the longest chapters in the Handbook. Another
equally long chapter, 11, covers “Bevel and Hypoid Gears.” This has always been a
special chapter, providing insight into one of the most magical machine elements in
mechanical engineering.There are few vehicles on earth that do not have a differen-
tial, and every differential has either a bevel or hypoid gear set. All the geometry of
motion is explained, with table after table and chart after chart of applicable formu-
las and performance data for all variations and design parameters.

I’ve already referred to the importance of the material in Chap. 12,“Worm Gear-
ing,” in my story about the remote positioning of an antenna feed horn project. As I
said earlier, the information in this chapter was invaluable in helping me modify an
existing design to satisfy the needs of a high-profile customer.

As I look back on the years I spent associated with large antenna systems, it
seems as though every aspect of these systems had me searching the Standard Hand-
book of Machine Design for important information. Chapter 13, “Power Screws,”
was another of those chapters I became very familiar with, since the primary posi-
tioning of the antenna dish on the satellite was accomplished by heavy duty power
screws driven by dc motors. This Handbook is where I obtained the information I
needed.
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Part 4: Power Transmission

This section contains four chapters directed at the requirements of transferring
motion from one rotating axis to another, whether by the time-honored belt
(Chap. 14) or chain (Chap. 15) configurations, or by the wide variety of couplings
(Chap. 16) used to isolate and protect downstream machine elements. This seemed
to be the best place to discuss the design of shafts (Chap. 17), from both a static and
dynamic viewpoint. While new belt, chain, and coupling products are introduced
every year, the basic design considerations remain the same. Speed ratio calcula-
tions; tension adjustment schemes; and materials, many of which are composite con-
structions, are universal to these machine elements. Serpentine-notched belts seek
to combine the flexibility and low noise of traditional belt drives, while providing the
positional accuracy to meet strict timing requirements such as in automotive appli-
cations. For large horsepower transfer, metal chain and sprocket drives, usually in
multiple-strand configurations, seem the best approach—and what you need is pro-
vided in this Handbook.

Since lining up shafts exactly is difficult, if not impossible, the usual solution is a
coupling between the shafts.This is another area of intense ingenuity and cleverness,
with many of the successful products highlighted in this section. A complete discus-
sion of universal joints and constant velocity joints is also included.

Part 5: Bearings and Lubrication

One of the great inventions of the twentieth century is the roller bearing—in partic-
ular, the tapered roller bearing. Roller bearings allow high speeds under relatively
heavy loads not possible before their introduction. Every automobile on the road
today has a plethora of roller-type bearings. Journal bearings, which were the pri-
mary bearing type before the roller bearing, are still an important mechanical design
element. The main and rod bearings in an internal combustion engine are of the
journal type. Chapter 19, “Journal Bearings,” is one of the longest chapters in the
Handbook, punctuating the amount of design information available. Its length also
indicates the extent of the design considerations necessary for their successful use.

Bearings could not do their job without lubrication, and lubrication would be lost
from most bearings without the proper seals. Traditional and nontraditional seal
designs are presented in this section, including those operating in static conditions
and those operating between rotating parts. Lubricants are another product in con-
stant flux. This Third Edition presents the properties and uses of the more common
and trusted oils, greases, and solid lubricants.

Part 6: Fastening, Joining, and Connecting

Chapter 22, “Bolted and Riveted Joints,” covers the design of bolts and rivets used
not only to hold parts together in an assembly but also as structural elements. Com-
plex joints in tension and shear are presented, including the effect of gaskets in a
structural joint. Calculations for the proper preload of a structural bolt are provided.

Chapters 23 and 24 cover every conceivable type of mechanical fastener. Chapter
23 presents design information for threaded fasteners while Chap. 24 presents
design information for unthreaded fasteners.

If a connection must contain or keep out gases or liquids, then a gasket is usually
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specified. The types of gaskets typically available and their appropriate application
criteria are provided in Chap. 25.

When disassembly is not required or when maximum strength is needed, then usu-
ally the only solution to connecting separate parts is a weld. All aspects of a welded
connection are presented in Chap. 26.This chapter begins with the basic principles of
the arc welding process, followed by the various commercial processes, including
exhaustive information on the materials used in welding. This chapter also includes
the information needed to design a welded joint to be as strong, or stronger, than the
materials being welded together. Since failure of welded joints has had such a high
impact on the safety of the public, many national codes and industry specifications
have been established and must be met. These are covered in detail in Chap. 26.

As mentioned earlier, the ongoing effort in manufacturing to hold to a high stan-
dard of quality requires a thorough understanding of the factors in fits and toler-
ances. Chapter 27 presents the standards of fit universally accepted and the
complications associated with a buildup of tolerances in an assembly.

Part 7: Load Capability Considerations

Chapter 28 covers static theories of failure, from the theories for ductile materials to
brittle materials. Charts for determining stress concentration factors for various
design geometries are provided. In contrast, Chap. 29 covers dynamic theories of
failure, including the determination of endurance limits. For various design factors,
such as surface roughness, size, loading, temperature, and a host of miscellaneous
factors, the Marin equation is used to modify the endurance limit determined from
experiment.Alternating and fluctuating loading are considered, including combined
loading considerations.

Machine elements in compression must be analyzed to protect against buckling
or sudden collapse. Chapter 30 covers all aspects of compression loading of beams
and columns, from Euler’s formulas to complex beam–column analysis.

Chapter 31 covers mechanical vibration, from the forced vibration of damped
single-degree-of-freedom systems to multi-degree-of-freedom systems. Torsional
vibration and vibration isolation are presented.

Part 8: Performance of Engineering Materials

This section contains four chapters focused on the decisions associated with the
selection of materials for the critical parts in a design. Chapter 32 is a summary of
the science of material behavior, including the procedures used to determine various
material properties. It is one of the longer chapters in the Handbook. Chapter 33
focuses on the properties and engineering considerations of the most common mate-
rial in machines—steel.Whatever manufacturing is process used, everything needed
in designing with steel is provided.

Once in service, machine elements are subject to constant wear and the adverse
effects of corrosion. Chapters 34 and 35, respectively, cover the important aspects of
wear and corrosion. It would seem a shame to spend so much time on the other
aspects of design only to be blindsided by these two factors. Corrosion, especially
galvanic, is insidious and only careful selection of mating materials will avoid disas-
ter. Chapter 35 contains a listing from “A” for acetone to “W” for water relative to
their adverse reaction to other chemicals.
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Part 9: Classical Stress and Deformation Analysis

This last section in the Third Edition provides the mechanical design engineer with
the fundamental formulas for stress (Chap. 36) and deflection of beams (Chap. 37).
This section also includes the stress and deformation of special geometries, such as
curved beams and rings (Chap. 38), and the stress and deformation of pressurized
cylinders (Chap. 39), which are developed as a result of internal pressure or from the
effects of a press or shrink fit.

Appendix

As indicated earlier, one of the chapters included in the First and Second Editions,
“Sections and Shapes—Tabular Data,” has been provided in this Third Edition as an
Appendix. Here are found the properties of common cross-sectional areas used in
various mechanical elements, particularly beams, and the properties of standard
structural shapes, such as rectangular tubing, channels, angles, and variations on the
I-beam.

1.4 FINAL THOUGHTS

The process of creating or improving a mechanical system is an adventure. Like all
adventures, machine design has its complications and logistics. When we are suc-
cessful meeting these difficult challenges, the pride and feeling of accomplishment
are so exhilarating they might be compared to how Sir Edmund Hillary must have
felt after his successful assault on Everest. Or how Sir Henry Royce, of the famous
motorcar company Rolls-Royce, felt when he was knighted. While knighthood
might not be one of our rewards for success, the recognition we receive is no less sig-
nificant in our careers as design engineers—bringing admiration and respect from
our peers and considerable personal satisfaction and enjoyment.

Adventures also have their heroes. In the field of machine design, no two indi-
viduals stand out more than Joseph Shigley and Charles Mischke.Their professional
partnership has been synonymous with machine design for 20 years, and Joseph
Shigley has been a household word in mechanical engineering for over 40 years. We
hope the wealth of information contained in this Third Edition of the Standard
Handbook of Machine Design, and the way in which it is presented, will provide the
necessary resources for your design projects.
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CHAPTER 2
A THESAURUS OF

MECHANISMS

L. E. Torfason
Professor of Mechanical Engineering

University of New Brunswick
Fredericton, New Brunswick, Canada

GLOSSARY OF SYMBOLS

R Revolute pair or pin joint
P Prismatic pair or sliding joint
C Cylinder pair for joints that allow rotation and sliding along the cylinder

axis
G Spheric pair (globe) for ball joints
SL Screw pair with lead L
F Planar pair (flat) for a joint that maintains two planes in contact

SUMMARY†

This chapter is intended to be used as an idea generator. Following the adage that a
picture is worth 1000 words, this chapter was assembled with millions of “words” in
figures and virtually none using the alphabet. I have taken the liberty of varying
dimensions to better show the principle of operation. You should not scale the fig-
ures, but follow the regular synthesis procedure to determine the proper dimensions
for the application in mind.

In this chapter a new notation is used for the kinematic representation of joints
or pairs in a linkage.

2.3

† Readers will note a difference in the style and character of the figures in this chapter. When this
manuscript was received, the illustrations, all conceived and executed by Professor Torfason, were seen to be
original and unique. We asked for and received from the publishers special permission to reproduce them
exactly as they were drawn—EDS.
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COLLATERAL READING

L. J. Kamm, Designing Cost-Efficient Mechanisms, McGraw-Hill, New York, 1990.

2.4 MACHINE ELEMENTS IN MOTION

FIGURE 2.1 Snap-action mechanisms. These mechanisms are bistable elements in machines.
They are used in switches to quickly make and break electric circuits and for fastening items.
(a) Snap-action toggle switch; (b) to (h) seven variations of snap-action switches; (i) circuit breaker;
(j) to (o), spring clips.

(a)

(b)
(c)

(d)

(e) (g)

(h)

(f)

(j)
(k)

(l)

(i)
(m)

(n) (o)

A THESAURUS OF MECHANISMS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



A THESAURUS OF MECHANISMS 2.5

FIGURE 2.2 Linear actuators. These are devices that cause a straight-line displacement
between two machine elements. (a) Lead screw; (b) worm gear with stationary nut; (c) worm
gear with stationary screw; (d) single-acting hydraulic cylinder; (e) double-acting hydraulic
cylinder; (f) telescoping hydraulic cylinder; (g) hydraulic cylinder with positional feedback;
(h) hydraulic cylinder with floating link feedback.

(a)

(b)

(c)

(d) (e)

(g)(f)

(h)
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2.6 MACHINE ELEMENTS IN MOTION

FIGURE 2.3 Fine adjustments I. Fine adjustments for stationary mechanisms are mechanisms
that make a small change in the position of a mechanical member. (a), (b) Screw adjustments;
(c), (d) differential screws; (e) Chinese windlass; (f) differential hoist; (g) worm gear and screw;
(h) worm gears in series; (i) lever; (j) levers in series; (k) toggle mechanism; (l) screws to adjust
angular position; (m), (n) eccentric cranks; (o) wedges; (p) harmonic drive.

(a)

(b) (c)

(e)

(d)

(f)
(g)

(h)

(j)
(i)

(k) (m) (n)

(p)

(o)
(l)
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A THESAURUS OF MECHANISMS 2.7

FIGURE 2.4 Fine adjustments II. Fine adjustments for moving mecha-
nisms are adjusting devices which control the motion of linkages such as
stroke, etc., while the mechanism is in motion. (a), (b) Differential gear
adjustment; (c) adjustable-stroke engine; (d) adjustable stroke of shaper
mechanism; (e) ball and disk speed changer; (f) adjusting fixed center of
linkage for changing motion properties.

(a)

(b)

(d)

(c)

(e)

(f)
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2.8 MACHINE ELEMENTS IN MOTION

FIGURE 2.5 Clamping mechanisms. These devices are used to hold items for machining
operations or to exert great forces for embossing or printing. (a) C clamp; (b) screw clamp;
(c) cam clamp; (d) double cam clamp; (e) vise; (f) cam-operated clamp; (g) double cam-
actuated clamp; (h) double wedge; (i) to (l) toggle press; (m) vise grips; (n) toggle clamp;
(o) collet; (p) rock crusher.

(a) (b)
(c)

(f)(e)(d)

(g)
(h)

(i)

(k)(j)

(l) (m)

(p)

(o)
(n)
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A THESAURUS OF MECHANISMS 2.9

FIGURE 2.6 Locating mechanisms. These are devices which properly posi-
tion a linkage member when the load is removed. (a) to (f) Self-centering lin-
ear devices; (g) to (n) self-centering angular devices; (o) detent.
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2.10 MACHINE ELEMENTS IN MOTION

FIGURE 2.7 Escapements. These devices slowly release the potential energy
stored in a spring to control devices such as clocks. (a) Paddle wheel; (b) recoil
escapement; (c) dead-beat escapement; (d) stud escapement; (e) early anchor
escapement; (f) cylinder escapement; (g) double three-legged escapement for tower
clocks; (h) to (j) chronometer escapements; (k) fuse used to give uniform torque at
escapement as the spring unwinds.
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A THESAURUS OF MECHANISMS 2.11

FIGURE 2.8 Indexing mechanisms. These mechanical devices advance a
body to a specific position, hold it there for a period, and then advance it again.
(a) to (c) Geneva stops; (d) four-bar links used to reduce jerk; (e) ratchet
mechanism; (f) friction ratchet; (g) cylindrical cam-stop mechanism; (h) pin
gearing used in indexing; (i) dividing head.
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2.12 MACHINE ELEMENTS IN MOTION

FIGURE 2.9 Oscillating mechanisms I. These mechanisms cause an output to repeatedly swing
through a preset angle. (a) Four-bar linkage; (b) six-bar linkage; (c) six-bar linkage with pin in slot;
(d) inverted slide-crank quick-return linkages; (e) radial cam and follower; (f) cylindrical cam;
(g) geared slider crank; (h) geared inverted slider crank; (i) slider-driven crank; (j) bulldozer lift
mechanism; (k) oscillator of the Corliss valve gear.
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A THESAURUS OF MECHANISMS 2.13

FIGURE 2.10 Oscillating mechanisms II. These all use spatial linkages. (a)
Spatial pin and yoke; (b) spherical four-bar linkage; (c) spatial RGGR link-
age; (d) spatial RCCC; (e) spatial RRGRR; (f) spatial RRGC.
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2.14 MACHINE ELEMENTS IN MOTION

FIGURE 2.11 Ratchets and latches. These are mechanisms that advance or hold a machine
member. (a) Ratchet and pawl; (b) reversible ratchet; (c) cam-lock ratchet; (d) ball-lock ratchet;
(e) toggle ratchet; (f) overrunning clutch; (g) high-torque ratchet; (h), (i) detents; (j) locking bolts.
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A THESAURUS OF MECHANISMS 2.15

FIGURE 2.12 Reciprocating mechanisms I. These mechanical devices cause a member to trans-
late on a straight line. (a) Slider crank; (b) Scotch yoke; (c) toggle mechanism; (d) Zoller engine;
(e) V engine; (f) double-stroke engine; (g) geared engine; (h) Atkinson gas engine; (i) ideal radial
engine; (j) practical radial engine; (k) geared Nordberg radial engine; (l) linked Nordberg radial
engine.
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2.16 MACHINE ELEMENTS IN MOTION

FIGURE 2.13 Reciprocating mechanisms II. (a) Geared cranks; (b) shaper mechanism; (c) slider
on Whitworth quick-return mechanisms; (d) slider on drag-link mechanism; (e) variable-stroke
engine; (f) gear-driven slider.

FIGURE 2.14 Reversing mechanism. These mechanical devices change the direction of rotation
of the output. (a) Reversible prime movers; (b) reversing gears; (c) reversing belts; (d) transmission;
(e) epicyclic gears as in Model T Ford.
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A THESAURUS OF MECHANISMS 2.17

FIGURE 2.15 Couplings and connectors—axial. These are used to connect co-
axial shafts. (a) Rigid coupling; (b) flanged coupling; (c) disk clutch; (d) cone
clutch; (e) plate clutch.
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2.18 MACHINE ELEMENTS IN MOTION

FIGURE 2.16 Couplings and connectors—parallel shafts. (a) Flat belt; (b) V belt;
(c) chain; (d) to (f ) gears; (g) Hooke joints; (h) Oldham coupling; (i) Hunt’s constant-
velocity coupling; (j) drag link; (k) to (m) flexible coupling.
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A THESAURUS OF MECHANISMS 2.19

FIGURE 2.17 Couplings and connectors—intersecting shafts. (a) Bevel gears;
(b) flat belts with idlers; (c) Hooke joint; (d) Hooke’s coupling; (e) Clemens 
coupling; (f) Rouleaux coupling; (g) spatial RCCR; (h) Hunt’s constant-velocity
coupling.
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2.20 MACHINE ELEMENTS IN MOTION

FIGURE 2.18 Couplings and connectors—skew shafts. (a) Flat belts; (b) spatial RCCR; (c) flexi-
ble shaft; (d) hypoid gears; (e) spatial RGGR.

FIGURE 2.19 Slider connectors. These devices connect two or more reciprocating devices.
(a) Elliptic trammel; (b) gears; (c) slider-crank-slider; (d) cable; (e) hydraulic; (f) helical gearing.
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A THESAURUS OF MECHANISMS 2.21

FIGURE 2.20 Stops, pauses, and hesitations. These machine elements
cause an output to stop and dwell, to stop and return, to stop and
advance, etc. The derivatives of the motion at the stop determine which
category the motion fits. (a) Geneva stops (this includes all motions in
Fig. 2.8); (b) cams; (c) linkage at extreme limits; (d), (e) combination of
linkages at a limit; (f ), (g) outputs derived from coupler curves.
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2.22 MACHINE ELEMENTS IN MOTION

FIGURE 2.21 Transportation devices. These mechanisms move one or more
objects a discrete distance in stepped motion. (a) Four-bar film advance; (b) circular-
motion transport; (c), (d) coupler-curve transport; (e) geared linkage transport; (f)
fishing-reel feed.
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A THESAURUS OF MECHANISMS 2.23

FIGURE 2.22 Loading and unloading mechanisms I. These mechanisms pick up material and
transport it to another location. (a) to (c) Front-end loaders; (d) backhoe; (e), (f) clamshell loaders.
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2.24 MACHINE ELEMENTS IN MOTION

FIGURE 2.23 Loading and unloading mechanisms II. (a), (b) Mucking machines; (c)
scooping mechanism; (d) to (f) dumping mine cars; (g) to (i) dump trucks; (j) motor
scraper; (k) elevating scraper.
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A THESAURUS OF MECHANISMS 2.25

FIGURE 2.24 Path generators. These linkages approximately generate a required
curve. (a) Four-bar coupler curve; (b) Watt straight-line linkage; (c) Crosby steam-
engine indicator approximates straight line; (d) scooping mechanism; (e) Peaucellier
exact straight-line linkage; (f) geared straight-line generators; (g) six-bar coupler
curve; (h) double-cam line generator; (i) pantograph; (j) Sylvester skew pantograph;
(k) geared linkage curve generator.
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2.26 MACHINE ELEMENTS IN MOTION

FIGURE 2.25 Function generators. These are mechanical devices in which
the output moves as some function of the input y = f(x). (a) Four-bar linkage
function generator; (b) function generator in pressure gauge; (c), (d) function
generator in a speedometer; (e) Scotch yoke sine-cosine generator; (f) epicyclic
sine-cosine generator; (g) noncircular gears.
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A THESAURUS OF MECHANISMS 2.27

FIGURE 2.26 Computing mechanisms. These devices are used on
mechanical computers for performing mathematical operations. (a) Ball
disk integrator; (b) multiplier; (c), (d) adders; (e) epicyclic sine genera-
tors; (f) Scotch yoke sine generator; (g) noncircular gears; (h) special-
function cams.
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2.28 MACHINE ELEMENTS IN MOTION

FIGURE 2.27 Speed-changing mechanisms. These devices change the speed of
an output shaft while the input shaft has constant speed. (a) Stepped pulleys and
flat belt; (b) geared transmission; (c) ball and disk speed changer; (d) to 
(f) cone drives; (g) sphere drive; (h) toroidal drive; (i) variable-pitch V belt;
(j) zero maximum drive.
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A THESAURUS OF MECHANISMS 2.29

FIGURE 2.28 Robots. These are multidegree-of-freedom devices used for positioning or assem-
bly of items.They usually have some degree of machine intelligence and work under computer con-
trol. (a) A general 6R robot; (b) to (h) some forms of existing robots; (i) parallel actuation of a
planar 3-degrees-of-freedom robot; (j) Stewart platform which uses the 3-degrees-of-freedom prin-
ciple; (k) Florida shoulder with parallel actuation; (l) general robot with parallel actuation.

(a) (b)
(c)

(f)
(e)

(d)

(g) (h) (i)

(l)
(k)(j)

A THESAURUS OF MECHANISMS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



A THESAURUS OF MECHANISMS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



CHAPTER 3
LINKAGES

Richard E. Gustavson
Technical Staff Member

The Charles Stark Draper Laboratory, Inc.
Cambridge, Massachusetts

3.1 BASIC LINKAGE CONCEPTS / 3.1

3.2 MOBILITY CRITERION / 3.4

3.3 ESTABLISHING PRECISION POSITIONS / 3.4

3.4 PLANE FOUR-BAR LINKAGE / 3.4

3.5 PLANE OFFSET SLIDER-CRANK LINKAGE / 3.8

3.6 KINEMATIC ANALYSIS OF THE PLANAR FOUR-BAR LINKAGE / 3.8

3.7 DIMENSIONAL SYNTHESIS OF THE PLANAR FOUR-BAR LINKAGE: MOTION 

GENERATION / 3.10

3.8 DIMENSIONAL SYNTHESIS OF THE PLANAR FOUR-BAR LINKAGE: CRANK-

ANGLE COORDINATION / 3.18

3.9 POLE-FORCE METHOD / 3.20

3.10 SPATIAL LINKAGES / 3.21

REFERENCES / 3.22

Linkages are mechanical devices that appear very straightforward to both ana-
lyze and design. Given proper technique, that is generally the case. The methods
described in this chapter reveal the complexity (and, I think, the beauty) of linkages.
I have gained significant satisfaction during my 20 years of work with them from
both theoretical and functioning hardware standpoints.

3.1 BASIC LINKAGE CONCEPTS

3.1.1 Kinematic Elements

A linkage is composed of rigid-body members, or links, connected to one another by
rigid kinematic elements, or pairs. The nature of those connections as well as the
shape of the links determines the kinematic properties of the linkage.

Although many kinematic pairs are conceivable and most do physically exist,
only four have general practical use for linkages. In Fig. 3.1, the four cases are seen
to include two with one degree of freedom (f = 1), one with f = 2, and one with f = 3.
Single-degree-of-freedom pairs constitute joints in planar linkages or spatial link-
ages. The cylindrical and spherical joints are useful only in spatial linkages.

The links which connect these kinematic pairs are usually binary (two connec-
tions) but may be tertiary (three connections) or even more. A commonly used ter-
tiary link is the bell crank familiar to most machine designers. Since our primary

3.1

Source: STANDARD HANDBOOK OF MACHINE DESIGN
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interest in most linkages is to provide a particular output for a prescribed input, we
deal with closed kinematic chains, examples of which are depicted in Fig. 3.2. Con-
siderable work is now under way on robotics, which are basically open chains. Here
we restrict ourselves to the closed-loop type. Note that many complex linkages can
be created by compounding the simple four-bar linkage.This may not always be nec-
essary once the design concepts of this chapter are applied.

3.1.2 Freedom of Motion

The degree of freedom for a mechanism is expressed by the formula

F = λ(l − j − 1) + �
j

i = 1

fi (3.1)

3.2 MACHINE ELEMENTS IN MOTION

FIGURE 3.1 Kinematic pairs useful in linkage design. The quantity f denotes the number of
degrees of freedom.
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where l = number of links (fixed link included)
j = number of joints
fi = f of ith joint
λ = integer

= 3 for plane, spherical, or particular spatial linkages
= 6 for most spatial linkages

Since the majority of linkages used in machines are planar, the particular case for
plane mechanisms with one degree of freedom is found to be

2j − 3l + 4 = 0 (3.2)

Thus, in a four-bar linkage, there are four joints (either revolute or prismatic). For a
six-bar linkage, we need seven such joints.A peculiar special case occurs when a suf-
ficient number of links in a plane linkage are parallel, which leads to such special
devices as the pantograph.

Considerable theory has evolved over the years about numerous aspects of link-
ages. It is often of little help in creating usable designs. Among the best references
available are Hartenberg and Denavit [3.9], Hall [3.8], Beyer [3.1], Hain [3.7], Rose-
nauer and Willis [3.10], Shigley and Uicker [3.11], and Tao [3.12].

3.1.3 Number Synthesis

Before you can dimensionally synthesize a linkage, you may need to use number
synthesis, which establishes the number of links and the number of joints that are

LINKAGES 3.3

FIGURE 3.2 Closed kinematic chains. (a) Planar four-bar linkage; (b) planar six-bar
linkage; (c) spherical four-bar linkage; (d) spatial RCCR four-bar linkage.

(a) (b)

(d)(c)
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required to obtain the necessary mobility. An excellent description of this subject
appears in Hartenberg and Denavit [3.9]. The four-bar linkage is emphasized here
because of its wide applicability.

3.2 MOBILITY CRITERION

In any given four-bar linkage, selection of any link to be the crank may result in its
inability to fully rotate. This is not always necessary in practical mechanisms. A cri-
terion for determining whether any link might be able to rotate 360° exists. Refer to
Fig. 3.3, where l, s, p, and q are defined. Grubler’s criterion states that

l + s < p + q (3.3)

If the criterion is not satisfied, only double-rocker linkages are possible. When it is
satisfied, choice of the shortest link as driver will result in a crank-rocker linkage;
choice of any of the other three links as driver will result in a drag link or a double-
rocker mechanism.

A significant majority of the mechanisms that I have designed in industry are the
double-rocker type.Although they do not possess some theoretically desirable char-
acteristics, they are useful for various types of equipment.

3.3 ESTABLISHING PRECISION POSITIONS

In designing a mechanism with a certain number of required precision positions, you
will be faced with the problem of how to space them. In many practical situations,
there will be no choice, since particular conditions must be satisfied.

If you do have a choice, Chebychev spacing should be used to reduce the struc-
tural error. Figure 3.4 shows how to space four positions within a prescribed interval
[3.9]. I have found that the end-of-interval points can be used instead of those just
inside with good results.

3.4 PLANE FOUR-BAR LINKAGE

3.4.1 Basic Parameters

The apparently simple four-bar linkage is actually an incredibly sophisticated device
which can perform wonders once proper design techniques are known and used. Fig-
ure 3.5 shows the parameters required to define the general case. Such a linkage can
be used for three types of motion:

1. Crank-angle coordination. Motion of driver link b causes prescribed motion of
link d.

2. Path generation. Motion of driver link b causes point C to move along a pre-
scribed path.

3. Motion generation. Movement of driver link b causes line CD to move in a pre-
scribed planar motion.

3.4 MACHINE ELEMENTS IN MOTION

LINKAGES
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LINKAGES 3.5

FIGURE 3.3 Mobility characteristics. (a) Closed four-link kinematic chain: l = longest link, s = short-
est link, p, q = intermediate-length links; (b) crank-rocker linkage; (c) double-rocker linkage.

(c)

(b)
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3.4.2 Kinematic Inversion

A very useful concept in mechanism design is that by inverting the motion, new
interesting characteristics become evident. By imagining yourself attached to what is
actually a moving body, you can determine various properties, such as the location of
a joint which connects that body to its neighbor. This technique has been found use-
ful in many industrial applications, such as the design of the four-bar automobile
window regulator ([3.6]).

3.4.3 Velocity Ratio

At times the velocity of the output will need to be controlled as well as the corre-
sponding position.When the motion of the input crank and the output crank is coor-
dinated, it is an easy matter to establish the velocity ratio ωd/ωb. When you extend
line AB in Fig. 3.5 until it intersects the line through the fixed pivots OA and OB in a
point S, you find that

= (3.4)

Finding the linear velocity of a point on the coupler is not nearly as straightforward.
A very good approximation is to determine the travel distance along the path of the
point during a particular motion of the crank.

3.4.4 Torque Ratio

Because of the conservation of energy, the following relationship holds:

Tbdφ = Tddψ (3.5)

OAS
��
OAOB + OAS

ωd�
ωb

3.6 MACHINE ELEMENTS IN MOTION

FIGURE 3.4 Four-precision-point spacing (Chebychev)
x1 = xA + 0.0381(xB − xA) x2 = xA + 0.3087(xB − xA)
x3 = xA + 0.6913(xB − xA) x4 = xA + 0.9619(xB − xA)

In general, for n precision points

xj = �
1
2

� (xA + xB)

− �
1
2

�(xB − xA) cos j = 1, 2, . . . ,n
π(2j − 1)
�

2n
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Since both sides of (3.5) can be divided by dt, we have, after some rearranging,

n = = = (3.6)

The torque ratio n is thus the inverse of the velocity ratio. Quite a few mechanisms
that I have designed have made significant use of torque ratios.

3.4.5 Transmission Angle

For the four-bar linkage of Fig. 3.5, the transmission angle τ occurs between the cou-
pler and the driven link. This angle should be as close to 90° as possible. Useful link-
ages for motion generation have been created with τ approaching 20°.When a crank
rocker is being designed, you should try to keep 45° < τ < 135°. Double-rocker or
drag link mechanisms usually have other criteria which are more significant than the
transmission angle.

ωd�
ωb

dψ/dt
�
dφ/dt

Tb�
Td

LINKAGES 3.7

FIGURE 3.5 General four-bar linkage in a plane.
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3.5 PLANE OFFSET SLIDER-CRANK LINKAGE

A variation of the four-bar linkage which is often seen occurs when the output link
becomes infinitely long and the path of point B is a straight line. Point B becomes the
slider of the slider-crank linkage. Although coupler b could have the characteristics
shown in Fig. 3.6, it is seldom used in practice. Here we are interested in the motion
of point B while crank a rotates. In general, the path of point B does not pass
through the fixed pivot OA, but is offset by dimension ε. An obvious example of the
degenerate case (ε � 0) is the piston crank in an engine.

The synthesis of this linkage is well described by Hartenberg and Denavit [3.9]. I
have used the method many times after programming it for the digital computer.

3.6 KINEMATIC ANALYSIS OF THE PLANAR
FOUR-BAR LINKAGE

3.6.1 Position Geometry

Refer to Fig. 3.7, where the parameters are defined. Given the link lengths a, b, c, and
d and the crank position angle φ, the angular position of coupler c is

θ = π − (τ + ψ) (3.7)

3.8 MACHINE ELEMENTS IN MOTION

FIGURE 3.6 General offset slider-crank linkage.
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The driven link d will be at angle

ψ = cos−1 + cos−1 (3.8)

where

h2 = a2 + b2 + 2ab cos φ (3.9)

The transmission angle τ will be

τ = cos−1 (3.10)

A point on coupler P has coordinates

Px = −b cos φ + r cos (θ + α)

Py = b sin φ + r sin (θ + α)
(3.11)

3.6.2 Velocity and Acceleration

The velocity of the point on the coupler can be expressed as

= b sin φ − r sin (θ + α)

= b cos φ + r cos (θ + α)
(3.12)

dθ
�
dt

dφ
�
dt

dPy
�
dt

dθ
�
dt

dφ
�
dt

dPx�
dt

c2 + d2 − a2 − b2 − 2ab cos φ
���

2cd

h2 + d2 − c2

��
2hd

h2 + a2 − b2

��
2hb

LINKAGES 3.9

FIGURE 3.7 Parameters for analysis of a four-bar linkage.
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As you can see, the mathematics gets very complicated very rapidly. If you need to
establish velocity and acceleration data, consult Ref. [3.1], [3.7], or [3.11]. Computer
analysis is based on the closed vector loop equations of C. R. Mischke, developed at
Pratt Institute in the late 1950s. See [3.19], Chap. 4.

3.6.3 Dynamic Behavior

Since all linkages have clearances in the joints as well as mass for each link, high-
speed operation of a four-bar linkage can cause very undesirable behavior. Methods
for solving these problems are very complex. If you need further data, refer to
numerous theoretical articles originally presented at the American Society of Me-
chanical Engineers (ASME) mechanism conferences. Many have been published in
ASME journals.

3.7 DIMENSIONAL SYNTHESIS 
OF THE PLANAR FOUR-BAR LINKAGE: 
MOTION GENERATION

3.7.1 Two Positions of a Plane

The line AiBi defines a plane (Fig. 3.8) which is to be the coupler of the linkage to be
designed. When two positions are defined, you can determine a particular point,
called the pole (in this case P12, since the motion goes from position 1 to position 2).
The significance of the pole is that it is the point about which the motion of the body
is a simple rotation; the pole is seen to be the intersection of the perpendicular bisec-
tors of A1A2 and B1B2.

A four-bar linkage can be created by choosing any point on a1a2 as OA and any
reasonable point on b1b2 as OB. Note that you do not have a totally arbitrary choice
for the fixed pivots, even for this elementary case. There are definite limitations,
since the four-bar linkage must produce continuous motion between all positions.
When a fully rotating crank is sought, the Grubler criterion must be adhered to. For
double-rocker mechanisms, the particular link lengths still have definite criteria to
meet. You have to check these for every four-bar linkage that you design.

3.7.2 Three Positions of a Plane

When three positions of a plane are specified by the location of line CD, as shown in
Fig. 3.9, it is possible to construct the center of a circle through C1, C2, and C3 and
through D1, D2, and D3. This is only one of an infinite combination of links that can
be attached to the moving body containing line CD. If the path of one end of line CD
lies on a circle, then the other end can describe points on a coupler path which cor-
respond to particular rotation angles of the crank (Fig. 3.10); that is a special case of
the motion generation problem.

The general three-position situation describes three poles P12, P13, and P23 which
form a pole triangle. You will find this triangle useful since its interior angles (θ12/2 in
Fig. 3.9) define precise geometric relationships between the fixed and moving pivots
of links which can be attached to the moving body defined by line CD. Examples of
this geometry are shown in Fig. 3.11, where you can see that

3.10 MACHINE ELEMENTS IN MOTION
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�P13P12P23 � �A1P12OA � �B1P12OB (3.13)

The direction in which these angles are measured is critical. For three positions,
you may thus choose the fixed or the moving pivot and use this relationship to
establish the location of the corresponding moving or fixed pivot, since it is also
true that

�P12 P13P23 = �A1P13OA = �B1P13OB (3.14)

The intersection of two such lines (Fig. 3.12) is the required pivot point. Note that the
lines defined by the pole triangle relationships extend in both directions from the
pole; thus a pivot-point angle may appear to be ±180° from that defined within the tri-
angle. This is perfectly valid.

It is important to observe that arbitrary choices for pivot locations are available
when three positions, or less, of the moving plane are specified.

LINKAGES 3.11

FIGURE 3.8 Two positions of a plane: definition of pole P12.
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3.7.3 Four Positions of a Moving Plane

When four positions are required, appropriate pivot-point locations are precisely
defined by theories generated by Professor Burmester in Germany during the 1880s.
His work [3.2] is the next step in using the poles of motion. When you define four
positions of a moving plane containing line CD as shown in Fig. 3.13, six poles are
defined:

P12 P13 P14 P23 P24 P34

By selecting opposite poles (P12, P34 and P13, P24), you obtain a quadrilateral with sig-
nificant geometric relationships. For practical purposes, this opposite-pole quadrilat-
eral is best used to establish a locus of points which are the fixed pivots of links that
can be attached to the moving body so that it can occupy the four prescribed positions.
This locus is known as the center-point curve (Fig. 3.14) and can be found as follows:

1. Establish the perpendicular bisector of the two sides P12P24 and P13P34.
2. Determine points M and M′ such that

�P12MQ2 � �P13M′Q3

3. With M as center and MP12 as radius, create circle k. With M′ as center and M′P13

as radius, create circle k′.
4. The intersections of circles k and k′ (shown as c0 and c 0′ in Fig. 3.14) are center

points with the particular property that the link whose fixed pivot is c0 or c 0′ has a

3.12 MACHINE ELEMENTS IN MOTION

FIGURE 3.9 Three positions of a plane: definition of the pole tri-
angle P12P13P23.
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total rotation angle twice the value defined by the angle(s) in step 2. The magni-
tude and direction of the link angle φ14 are defined in the figure.

Note that this construction can produce two, one, or no intersection points. Thus
some link rotations are not possible. Depending on how many angles you want to
investigate, there will still be plenty of choices. I have found it most convenient to
solve the necessary analytic geometry and program it for the digital computer; as
many accurate results as desired are easily determined.

Once a center point has been established, the corresponding moving pivot (circle
point) can be established. For the first position of the moving body, you need to use
the pole triangle P12P13P23 angles to establish two lines whose intersection will be the
circle point. In Fig. 3.15, the particular angles are

�P13P12P23 � �c1P12c0

LINKAGES 3.13

FIGURE 3.10 Path generation as a special case of motion generation.
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and

360° − �P23P13P12 � �c1P13c0

The second equality could also be written

�P23P13P12 � �c1P13c0 ± 180°

A locus of points thus defined can be created as shown in Fig. 3.16. Each point on the
circle-point curve corresponds to a particular point on the center-point curve. Some
possible links are defined in Fig. 3.16; each has a known first-to-fourth-position rota-
tion angle. Only those links whose length and/or pivot locations are within pre-
scribed limits need to be retained.

The two intermediate positions of the link can be determined by establishing the
location of the moving pivot (circle point) in the second and third positions of the
moving body. Since the positions lie on the arc with center at the fixed pivot (center
point) a and radius aa′, it is easy to determine the link rotation angles as

φ12 = �A1OAA2 φ13 = �A1OAA3

Linkages need to be actuated or driven by one of the links. Knowing the three
rotation angles allows you to choose a drive link which has the desired proportions

3.14 MACHINE ELEMENTS IN MOTION

FIGURE 3.11 Geometric relationship between pole triangle angle(s) and
location of link fixed and moving pivot points.
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FIGURE 3.12 Determining the moving or fixed pivot by
using the pole triangle.

FIGURE 3.13 Four positions of a plane: definition of the opposite-pole quadrilateral formed
by lines P13 P24 and P12P34.

3.15
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FIGURE 3.14 Determination of points on the center-point curve.

FIGURE 3.15 Determination of a circle point corresponding to a particular center point.

3.16
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of motion. Proper care in selection of the two links will result in a smooth-running
four-bar linkage.

3.7.4 Five Positions of a Plane

It would seem desirable to establish as many precision positions as possible.You can
choose two sets of four positions (for example, 1235 and 1245) from which the
Burmester curves can be created. The intersections (up to six) of those two center-
point curves are the only fixed pivots which can be used to guide the moving body
through the five positions. Since those pivots and/or link lengths have virtually
always been outside the prescribed limits, I never use five-position synthesis.

3.7.5 Available Computer Programs

Two general-purpose planar linkage synthesis programs have been created: KIN-
SYN ([3.17]) and LINCAGES ([3.18]). They involve the fundamentals described in

LINKAGES 3.17

FIGURE 3.16 Some of the links which can be attached to the plane containing CD.
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this section and can be valuable when time is limited. I have found it more advanta-
geous to create my own design and analysis programs, since the general programs
almost always need to be supplemented by routines that define the particular prob-
lem at hand.

3.8 DIMENSIONAL SYNTHESIS 
OF THE PLANAR FOUR-BAR LINKAGE: 
CRANK-ANGLE COORDINATION

Many mechanical movements in linkages depend on the angular position of the out-
put crank. In general, you will have to design the four-bar linkage so that a pre-
scribed input crank rotation will produce the desired output crank rotation.
Significant work was performed in an attempt to generate functions ([3.9]) using the
four-bar linkage until the advent of the microcomputer. Although it is seldom nec-
essary to utilize the function capability, you will find many applications for crank-
angle coordination. Two methods are possible: geometric and analytical.

3.8.1 Geometric Synthesis

In a manner similar to that for motion generation (Sec. 3.7), the concept of the pole
is once again fundamental. Here, however, it is a relative pole, since it defines rela-
tive motions. Suppose that you need to coordinate the rotation angles φ12 for the
crank (input) and ψ12 for the follower (output). Refer to Fig. 3.17, where the follow-
ing steps have been drawn:

1. Establish convenient locations for the fixed pivots OA and OB.

2. Draw an extended fixed link OAOB.

3. With OA as vertex, set off a line � at angle −φ12/2 (half rotation angle, opposite
direction).

3.18 MACHINE ELEMENTS IN MOTION

FIGURE 3.17 Crank-angle coordination: definition of relative pole Q12.
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4. With OB as vertex, set off a line �′ at angle −ψ12/2 (half rotation angle, opposite
direction).

5. The intersection of � and �′ is the relative pole Q12.
6. Using Q12 as the vertex, set off the angle

�A1Q12B1 = �OAQ12OB

in any convenient location, such as that shown.

When only two positions are required, you may choose A1 and B1 anywhere on
the respective sides of the angle drawn in step 6. For three positions, two relative
poles Q12 and Q13 are used.You may arbitrarily choose either A1 or B1, but the other
pivot must be found geometrically. Figure 3.18 shows the necessary constructions.

3.8.2 Analytical Synthesis

Although four-bar linkages had been studied analytically for about 100 years, it was
not until 1953 that Ferdinand Freudenstein [3.4] derived the now classic relationship

R1 cos φ − R2 cos ψ + R3 = cos (φ − ψ) (3.15)

LINKAGES 3.19

FIGURE 3.18 Geometric construction method for three crank-angle position coordination.
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where

R1 = �
d
a

� R2 = �
b
a

� R3 =

These link lengths are described in Fig. 3.7. With Eq. (3.15) you can establish a sig-
nificant variety of linkage requirements. The first derivative of the Freudenstein
equation is

(R1 sin φ) � � − (R2 sin ψ) � � = � − � sin (φ − ψ) (3.16)

which provides a relationship for the velocity or torque ratio. By using the relation-
ship in Sec. 3.4.4, Eq. (3.16) becomes

R1 sin φ − nR2 sin ψ = (1 − n) sin (φ − ψ) (3.17)

where n is the torque or velocity ratio. A further derivative which would deal with
accelerations has never been useful to me. If the need arises, see Ref. [3.9].

Since the problem is one of crank-angle coordination, there are potentially five
unknowns (R1, R2, R3, φ1, and ψ1) which you could determine. Combinations of φ1j,
ψ1j, and nj may be specified such that a series of equations of the form

R1 cos (φ1 + φ1j) − R2 cos (ψ1 + ψ1j) + R3 = cos (φ1 + φ1j − ψ1 − ψ1j) (3.18)

and

R1 sin (φ1 + φ1j) − njR2 sin (ψ1 + ψ1j) = (1 − nj) sin (φ1 + φ1j) − ψ1 − ψ1j) (3.19)

can be set up and solved. The nonlinear characteristic makes the solution compli-
cated. Results for certain cases may be found in [3.9] and [3.11]. I have found it most
useful in a digital computer program to vary φ1 over the range 0 to π in four simulta-
neous equations. This produces loci for the moving pivot-point locations which go
through the relative poles and are reminiscent of Burmester curves. The two sets of
four conditions likely to be of practical interest are as follows:

1. Specify crank rotations φ12, φ13, φ14, ψ12, ψ13, and ψ14.
2. Specify crank rotations and velocity or torque ratios φ12, n1, ψ12, and n2.

3.9 POLE-FORCE METHOD

An extremely useful scheme for determining static balancing forces in a plane link-
age was developed by Hain [3.7] and popularized by Tao [3.12].Although it is poten-
tially useful for design, I have used it primarily to analyze the requirements for
counterbalance springs.

Statically balancing the force on the coupler of a four-bar linkage is a problem
often encountered. The solution requires knowledge of the forces and/or torques
acting on the four-bar linkage as well as determination of the instantaneous centers.
Refer to Fig. 3.19a, in which the following constructions occur:

1. The intersection T1 of forces Fab and Fac is found.
2. The intersection of the coupler (extended) with force Fab is Sab and with Fac is Sac.

dψ
�
dt

dφ
�
dt

dψ
�
dt

dφ
�
dt

b2 − c2 + d2 + a2

��
2bd

3.20 MACHINE ELEMENTS IN MOTION
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3. Determine lines Sab(ab) and Sac(ac); their intersection is T2.
4. Line T1T2 closes the pole-force triangle, which is transferred to Fig. 3.19b.

5. The magnitude of Fab required to balance the coupler force Fac is easily found.

Many other cases, any of which you might encounter in practice, are shown by Tao
[3.12].

3.10 SPATIAL LINKAGES

Most practical linkages have motion entirely in a plane or possibly in two parallel
planes with duplicated mechanisms such as those in a backhoe or a front loader.
Design procedures for some elementary types of spatial four-bar linkage have been
created (Refs. [3.9] and [3.11]), principally for the RGGR type (Fig. 3.20).

Three principal mathematical methods for writing the loop-closure equation are
vectors ([3.3]), dual-number quaternions ([3.14]), and matrices ([3.13]). These tech-
niques have evolved into general-purpose computer programs such as IMP ([3.16])

LINKAGES 3.21

FIGURE 3.19 Pole-force method for balancing a force on the coupler of a four-bar link-
age.
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and ADAMS and DRAM ([3.5]); they will make your spatial linkage analysis much
easier.With such tools available, you can design complex spatial mechanisms by iter-
ative analysis.
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nates a spherical joint.
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SUMMARY

This chapter addresses the design of cam systems in which flexibility is not a consid-
eration. Flexible, high-speed cam systems are too involved for handbook presenta-
tion. Therefore only two generic families of motion, trigonometric and polynomial,
are discussed. This covers most of the practical problems.

The rules concerning the reciprocating motion of a follower can be adapted to
angular motion as well as to three-dimensional cams. Some material concerns circu-
lar-arc cams, which are still used in some fine mechanisms. In Sec. 4.3 the equations
necessary in establishing basic parameters of the cam are given, and the important
problem of accuracy is discussed. Force and torque analysis, return springs, and con-
tact stresses are briefly presented in Secs. 4.4 and 4.5, respectively.

The chapter closes with the logic associated with cam design to assist in creating
a computer-aided cam design program.

4.1 CAM MECHANISM TYPES,
CHARACTERISTICS, AND MOTIONS

Cam-and-follower mechanisms, as linkages, can be divided into two basic groups:

1. Planar cam mechanisms
2. Spatial cam mechanisms

In a planar cam mechanism, all the points of the moving links describe paths in par-
allel planes. In a spatial mechanism, that requirement is not fulfilled. The design of
mechanisms in the two groups has much in common. Thus the fundamentals of pla-
nar cam mechanism design can be easily applied to spatial cam mechanisms, which

4.1
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is not the case in linkages. Examples of planar and spatial mechanisms are depicted
in Fig. 4.1.

Planar cam systems may be classified in four ways: (1) according to the motion of
the follower—reciprocating or oscillating; (2) in terms of the kind of follower sur-
face in contact—for example, knife-edged, flat-faced, curved-shoe, or roller; (3) in
terms of the follower motion—such as dwell-rise-dwell-return (D-R-D-R), dwell-
rise-return (D-R-R), rise-return-rise (R-R-R), or rise-dwell-rise (R-D-R); and (4) in
terms of the constraining of the follower—spring loading (Fig. 4.1a) or positive drive
(Fig. 4.1b).

Plate cams acting with four different reciprocating followers are depicted in Fig.
4.2 and with oscillating followers in Fig. 4.3.

Further classification of reciprocating followers distinguishes whether the cen-
terline of the follower stem is radial, as in Fig. 4.2, or offset, as in Fig. 4.4.

Flexibility of the actual cam systems requires, in addition to the operating speed,
some data concerning the dynamic properties of components in order to find dis-
crepancies between rigid and deformable systems. Such data can be obtained from
dynamic models. Almost every actual cam system can, with certain simplifications,
be modeled by a one-degree-of-freedom system, shown in Fig. 4.5, where me denotes

4.2 MACHINE ELEMENTS IN MOTION

FIGURE 4.1 (a) Planar cam mechanism of the internal-combustion-engine D-R-D-R type; (b) spa-
tial cam mechanism of the 16-mm film projector R-D-R type.

(a) (b)

FIGURE 4.2 Plate cams with reciprocating followers.
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an equivalent mass of the system, ke equals equivalent stiffness, and s and y denote,
respectively, the input (coming from the shape of the cam profile) and the output of
the system. The equivalent mass me of the system can be calculated from the follow-
ing equation, based on the assumption that the kinetic energy of that mass equals the
kinetic energy of all the links of the mechanism:

me = �
i = n

i = 1

+ �
i = n

i = 1

where mi = mass of link i
vi = linear velocity of center of mass of ith link
Ii = moment of inertia about center of mass for ith link

ωi = angular velocity of ith link
ṡ = input velocity

The equivalent stiffness ke can be found from direct measurements of the actual
system (after a known force is applied to the last link in the kinematic chain and the
displacement of that link is measured), and/or by assuming that ke equals the actual
stiffness of the most flexible link in the chain. In the latter case, ke can usually be cal-
culated from data from the drawing, since the most flexible links usually have a sim-
ple form (for example, a push rod in the automotive cam of Fig. 4.16c). In such a

Iiω i
2

�
ṡ2

mivi
2

�
ṡ2

CAM MECHANISMS 4.3

FIGURE 4.3 Plate cams with oscillating followers.

FIGURE 4.4 Plate cam with an offset recipro-
cating roller follower.

FIGURE 4.5 The one-degree-of-freedom cam
system model.
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model, the natural frequency of the mass me is ωe = ��ke/�m�e� and should be equal to the
fundamental frequency ωn of the actual system.

The motion of the equivalent mass can be described by the differential equation

meÿ + ke(y − s) = 0 (4.1)

where ÿ denotes acceleration of the mass me. Velocity ṡ and acceleration s̈ at the
input to the system are

ṡ = = = s′ω (4.2)

and

s̈ = s′ω = ω + s′ = ω + s′α

(4.3)
= s″ω2 + s′α

where θ = angular displacement of cam
α = angular acceleration of cam
s′ = ds/dθ, the geometric velocity
s″ = ds′ /dθ = d2s/dθ2, the geometric acceleration

When the cam operates at constant nominal speed ω = ω0, dω/dt = α = 0 and Eq. (4.3)
simplifies to

s̈ = s″ω 0
2 (4.4)

The same expressions can be used for the actual velocity ẏ and for the actual accel-
eration ÿ at the output of the system. Therefore

ẏ = y′ω (4.5)

ÿ = y″ω2 + y′α (4.6)

or

ÿ = y″ω0
2 ω = ω0 = constant (4.7)

Substituting Eq. (4.7) into Eq. (4.1) and dividing by ke gives

µdy″ + y = s (4.8)

where µd = (me/ke)ω0
2 , the dynamic factor of the system.

Tesar and Matthew [4.10] classify cam systems by values of µd, and their recom-
mendations for the cam designers, depending on the value of µd, are as follows:

µd ≅ 10−6 (for low-speed systems; assume s = y)

µd ≅ 10−4 (for medium-speed systems; use trigonometric, trapezoidal motion specifi-
cations, and/or similar ones; synthesize cam at design speed ω = ω0, use good manu-
facturing practices, and investigate distortion due to off-speed operations)

µd ≅ 10−2 (for high-speed systems; use polynomial motion specification and best
available manufacturing techniques)

dθ
�
dt

ds′
�
dθ

dω
�
dt

ds′
�
dt

d
�
dt

dθ
�
dt

ds
�
dθ

ds
�
dt
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In all the cases, increasing ke and reducing me are recommended, because it
reduces µd.

There are two basic phases of the follower motion, rise and return. They can be
combined in different ways, giving types of cams classifiable in terms of the type of
follower motion, as in Fig. 4.6.

For positive drives, the symmetric acceleration curves are to be recommended.
For cam systems with spring restraint, it is advisable to use unsymmetric curves
because they allow smaller springs. Acceleration curves of both the symmetric and
unsymmetric types are depicted in Fig. 4.7.

CAM MECHANISMS 4.5

FIGURE 4.6 Types of follower motion.

FIGURE 4.7 Acceleration diagrams: (a), (b) spring loading; (c), (d) positive drive.

(c)

(a) (b)

(d)
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4.2 BASIC CAM MOTIONS

Basic cam motions consist of two families: the trigonometric and the polynomial.

4.2.1 Trigonometric Family

This family is of the form

s″ = C0 + C1 sin aθ + C2 cos bθ (4.9)

where C0, C1, a, and b are constants.
For the low-speed systems where µd < 10−4, we can construct all the necessary dia-

grams, symmetric and unsymmetric, from just two curves: a sine curve and a cosine
curve.

Assuming that the total rise or return motion s0 occurs for an angular displace-
ment of the cam θ = β0, we can partition acceleration curves into i separate segments,
where i = 1, 2, 3, . . . with subtended angles β1, β2, β3, . . . so that β1 + β2 + β3 + ⋅⋅⋅ = β0.
The sum of partial lifts s1, s2, s3, . . . in the separate segments should be equal to the
total rise or return s0: s1 + s2 + s3 + ⋅⋅⋅ = s0. If a dimensionless description θ/β of cam
rotation is introduced into a segment, we will have the value of ratio θ/β equal to
zero at the beginning of each segment and equal to unity at the end of each segment.

All the separate segments of the acceleration curves can be described by equa-
tions of the kind

s″ = A sin n = , 1, 2 (4.10)

or

s″ = A cos (4.11)

where A is the maximum or minimum value of the acceleration in the individual 
segment.

The simplest case is when we have a positive drive with a symmetric acceleration
curve (Fig. 4.7d). The complete rise motion can be described by a set of equations

s = s0 � − sin � s″ = sin

(4.12)

s′ = �1 − cos � s″′ = cos

The last term is called geometric jerk (s̈̇ = ω3s″′). Traditionally, this motion is called
cycloidal.

The same equations can be used for the return motion of the follower. It is easy
to prove that

sreturn = s0 − srise s″return = −s″rise
(4.13)

s′return = −s′rise s″′return = −s″′rise

2πθ
�

β
4π2s0
�

β3

2πθ
�

β
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�
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�
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2πs0
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2πθ
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All the other acceleration curves, symmetric and unsymmetric, can be constructed
from just four trigonometric standard follower motions.They are denoted further by
the numbers 1 through 4 (Fig. 4.8). These are displayed in Table 4.1.

Equations in Table 4.1 can be used to represent the different segments of a fol-
lower’s displacement diagram. Derivatives of displacement diagrams for the adja-
cent segments should match each other; thus several requirements must be met in
order to splice them together to form the motion specification for a complete cam.
Motions 1 through 4 have the following applications:

Motion 1 is for the initial part of a rise motion.
Motion 2 is for the end and/or the middle part of a rise motion and the initial part
of a return motion. The value c is a constant, equal to zero only in application to
the end part of a rise motion.
Motion 3 is for the end part of a rise motion and/or the initial or middle part of a
return motion. The value d is a constant, equal to zero only in application to the
initial part of a return motion.
Motion 4 is for the end part of a return motion.

The procedure of matching the adjacent segments is best understood through
examples.

Example 1. This is an extended version of Example 5-2 from Shigley and Uicker
[4.8], p. 229. Determine the motion specifications of a plate cam with reciprocating fol-

CAM MECHANISMS 4.7

FIGURE 4.8 Trigonometric standard follower motions (according to the equation of Table 4.1, for c = d = 0).
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lower and return spring for the following requirements: The speed of the cam is con-
stant and equal to 150 r/min. Motion of the follower consists of six segments (Fig. 4.9):

1. Accelerated motion to ṡ1,end = 25 in/s (0.635 m/s)
2. Motion with constant velocity 25 in/s, lasting for 1.25 in (0.03175 m) of rise
3. Decelerated motion (segments 1 to 3 describe rise of the follower)
4. Return motion
5. Return motion
6. Dwell, lasting for t ≥ 0.085 s

The total lift of the follower is 3 in (0.0762 m).
Solution. Angular velocity ω = 150π/30 = 15.708 radians per second (rad/s). The

cam rotation for 1.25 in of rise is equal to β2 = 1.25 in/s2′ = 1.25 in/1.592 in/rad = 0.785
rad = 45°, where s2′ = 25/15.708 = 1.592 in/rad.

The following decisions are quite arbitrary and depend on the designer:

1. Use motion 1; then s1 = 0.5 in, smax″ = 0.05π/β1
2 = 0.5π/(0.628)2 = 4 in/rad2 (0.1016

m/rad2). s1,end″ = 2(0.5)/β1; so β1 = 1/1.592 = 0.628 rad, or 36°.
2. For the motion with constant velocity, s2′ = 1.592 in/rad (0.4044 m/rad); s2 = 1.25 in.
3. Motion type 2: s3 = s2 = 1.25 in, s3,init′ = s3π/(2β3) = 1.592 in/rad; therefore β3 =

1.25π/[2(1.592)] = 1.233 rad ≅ 71°, and s3,min″′ = −(1.25π2)/[4(1.233)2] = −2 in/rad2.
(Points 1 through 3 describe the rise motion of the follower.)

4. Motion type 3: s4,init″ = s4π2/(4βr
2) = −2 in/rad2 (the same value as that of s 3,min″, ), s4,end″ =

−πs4/(2β4), and s4 + s5 = 3 in.

CAM MECHANISMS 4.9

FIGURE 4.9 Example 1: (a) displacement diagram, in; (b) geometric velocity diagram, in/rad; (c) geomet-
ric acceleration diagram, in/rad2.
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5. Motion type 4: s5,max″ = πs5/β5
2, and s5,init′ = − s4,end′ = −2s5/β5. We have here the four

unknowns β4, s4, β5, and s5. Assuming time t6 = 0.85 s for the sixth segment (a
dwell), we can find β6 = ωt6 = 15.708(0.08) = 1.2566 rad, or 72°. Therefore β4 + β5 =
136°, or 2.374 rad (Fig. 4.9).Three other equations are s4 + s5 = 3, s4π2/(4β4

2) = 2, and
πs4/(2β4) = 2s5/β5. From these we can derive the quadratic equation in β4.

0.696β4
2 + 6.044β4 − 12 = 0

Solving it, we find β4 = 1.665 848 rad ≅ 95.5° and β5 = 40.5°. Since s4/s5 = 4β4/(πβ5)
= 3.000 76, it is easy to find that s5 = 0.75 in (0.019 05 m) and s4 = 2.25 in (0.057 15
m). Maximum geometric acceleration for the fifth segment s5,max″ = 4.7 in/rad2

(0.0254 m/rad2), and the border (matching) geometric velocity s4,end′ = s5,init′ = 2.12
in/rad (0.253 m/rad).

Example 2. Now let us consider a cam mechanism with spring loading of the type
D-R-D-R (Fig. 4.7a). The rise part of the follower motion might be constructed of
three segments (1, 2, and 3) described by standard follower motions 1, 2, and 3 (Fig.
4.8). The values of constants c and d in Table 4.1 are no longer zero and should be
found from the boundary conditions. (They are zero only in the motion case R-R-D,
shown in Fig. 4.7b, where there is no dwell between the rise and return motions.)

For a given motion specification for the rise motion, the total follower stroke s0,
and the total angular displacement of the cam β0, we have eight unknowns: β1, s1, β2,
s2, β3, s3, and constants c and d. The requirements of matching the displacement
derivatives will give us only six equations; thus two more must be added to get a
unique solution. Two additional equations can be written on the basis of two arbi-
trary decisions:

1. The maximum value of the acceleration in segment 1, s1″,max, should be greater
than that in segment 2 because of spring loading. So s1,max″ = −as2″,min, where s2,min″ is
the minimum value of the second-segment acceleration and a is any assumed
number, usually greater than 2.

2. The end part of the rise (segment 3), the purpose of which is to avoid a sudden
drop in a negative accelerative curve, should have a smaller duration than the
basic negative part (segment 2).Therefore we can assume any number b (greater
than 5) and write β2 = bβ3.The following formulas were found after all eight equa-
tions for the eight unknowns were solved simultaneously:

β1 = β3 = β0

s1 = s0 s2′ = s1

s3 = s1 c = s1

d = 2s3 s0 = s1 + s2′ + c + s3

We can assume practical values for a and b (say a = 2, b = 10) and find from the above
equations the set of all the parameters (as functions of s0 and β0) necessary to form

8a2

�
πb2

4a
�
πb2

4a
�
π

πb2

���
b2(π + 4a) + 4a(2a + 1)

a
��
a(1 + b) + b

β0
��
1 + a + a/b
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the motion specification for the rise motion of the follower and the shape of the cam
profile. The whole set of parameters is as follows:

s1 = 0.272 198s0 β1 = 0.312 5β0

s2′ = 0.693 147s0 c = 0.027 726s0

β2 = 0.625β0

s3 = 0.006 931s0 d = 2s3 (always!)

β3 = 0.062 5β0

These can be used for calculations of the table s = s(θ), which is necessary for manu-
facturing a cam profile. For such a table, we use as a rule increments of θ equal to
about 1° and accuracy of s up to 4 × 10−5 in 1 micrometer (µm). The data of such a
table can be easily used for the description of both the return motion of the follower
and a cam profile, providing β0(return) = β̇0(rise), and the acceleration diagram for
the return motion is a mirror image of the acceleration diagram for the rise motion.
Table 4.2 can be of assistance in calculating the return portion of the cam profile.The
column s(return) is the same as the column s(rise).

CAM MECHANISMS 4.11

TABLE 4.2 Data of Rise Motion Used for
Calculations of Return Portion of Cam Profile

The trigonometric acceleration diagram for the positive drive was described at
the beginning of this section by Eq. (4.12). The improved diagram (smaller maxi-
mum values of acceleration for the same values of s0 and β0

†) can be obtained if we
combine sine segments with segments of constant acceleration. Such a diagram,
called a modified trapezoidal acceleration curve, is shown in Fig. 4.10. Segments 1, 3,
4, and 6 are the sinusoidal type. Sections 2 and 5 are with s″ = constant. It was
assumed for that diagram that all the sine segments take one-eighth of the total
angular displacement β0 of the cam during its rise motion. The first half of the
motion has three segments. The equations for the first segment are 0 ≤ θ/β0 ≤ 1⁄8,
and so

† The maximum acceleration ratio is 4.9/6.28.
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s = � − sin � s′ = �1 − cos �
(4.14)

s″ = 8π sin s″′ = 32π2 cos

For the second segment, we have 1⁄8 ≤ θ/β0 ≤ 3⁄8, and so

s = s0′ �− + + 4π � − �
2

�

s′ = �2 + 8π � − �� (4.15)

s″ = s″′ = 0

The relations for the third segment are 3⁄8 ≤ θ/β0 ≤ 4⁄8 ([4.7]); therefore,

s = s0′ 	− + 2(1 + π) − sin �4π � − ��


s′ = 	1 + π − cos �4π � − ��

(4.16)

s″ = sin �4π � − ��

s′″ = 32π2 cos �4π � − ��
where s0′ = s0/(2 + π) = 0.194 492s0.
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FIGURE 4.10 A modified trapezoidal acceleration diagram.
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Using Eqs. (4.14) through (4.16) for all three segments, we can calculate the s val-
ues for the first half of the rise motion, where θ/β0 = 4⁄8 and s = s0/2. Since the negative
part of the acceleration diagram is a mirror image of the positive part, it is easy to
calculate the s values for the second half of the rise motion from the data obtained
for the first half. The necessary procedure for that is shown in Table 4.3. The proce-
dure concerns the case with the modified trapezoidal acceleration diagram, but it
could be used as well for all the cases with symmetric acceleration diagrams for the
rise motion. For the return motion of the follower, when its acceleration diagram is
a mirror image of the rise diagram, we can use again the technique shown in Table
4.2. All the calculations can be done simultaneously by the computer after a simple
program is written.

CAM MECHANISMS 4.13

TABLE 4.3 Data of First Half of Rise Motion Used for Calculations of Second Half

All the trigonometric curves of this section were calculated with finite values of
jerk, which is of great importance for the dynamic behavior of the cam mechanism.
An example of the jerk diagram is given in Fig. 4.10. The jerk curve j was plotted by
using the dimensionless expression

j = (4.17)

This form of the jerk description can also be used to compare properties of different
acceleration diagrams.

s″′
�
s0/β0

3
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4.2.2 Polynomial Family

The basic polynomial equation is

s = C0 + C1 + C2 � �
2

+ C3 � �
3

+ ⋅⋅⋅ (4.18)

with constants Ci depending on assumed initial and final conditions.
This family is especially useful in the design of flexible cam systems, where values

of the dynamic factor are µd ≥ 10−2. Dudley (1947) first used polynomials for the syn-
thesis of flexible systems, and his ideal later was improved by Stoddart [4.9] in appli-
cation to automotive cam gears.

The shape factor s of the cam profile can be found by this method after a priori
decisions are made about the motion y of the last link in the kinematic chain. Cams
of that kind are called polydyne cams.

When flexibility of the system can be neglected, the initial and final conditions
([4.3], [4.4], and [4.8]) might be as follows (positive drive):

1. Initial conditions for full-rise motion are

= 0 s = 0 s′ = 0 s″ = 0

2. Final (end) conditions are

= 1 s = s0 s′ = 0 s″ = 0

The first and second derivatives of Eq. (4.18) are

s′ = C1 + 2C2 + 3C3 � �
2

+ 4C4 � �
3

+ ⋅⋅⋅

(4.19)

s″ = 2C2 + 6C3 + 12C4 � �
2

+ ⋅⋅⋅

Substituting six initial and final conditions into Eqs. (4.18) and (4.19) and solving
them simultaneously for unknowns C0, C1, C2, C3, C4, and C5, we have

s = 10s0 �� �
3

− 1.5 � �
4

+ 0.6 � �
5

�

s′ = 30 �� �
2

− 2� �
3

+ � �
4

� (4.20)

s″ = 60 � − 3� �
2

+ 2� �
3

�
and for a jerk s″′ = ds″/dθ, or

s″′ = 60 �1 − 6 + 6� �
2
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This is called the polynomial 3-4-5, since powers 3, 4, and 5 remain in the displace-
ment equation. It provides a fairly good diagram for the positive drives.

Equations for the full-return polynomial are

s(return) = −s(rise) + s0 s″(return) = − s′(rise)

s″(return) = −s″(rise) s″′(return) = −s″′(rise)
(4.21)

All the characteristic curves of the full-rise 3-4-5 polynomial are shown in Fig. 4.11.
They were generated by the computer for s0 = 1 displacement unit (inches or cen-
timeters) and β0 = 1 rad.

CAM MECHANISMS 4.15

FIGURE 4.11 Full-rise 3-4-5 polynomial motion.

After a proper set of initial and final conditions is established, the basic equation
[Eq. (4.18)] can be used for describing any kind of follower motion with an unsym-
metric acceleration diagram. Details concerning the necessary procedure can be
found in Rothbart [4.7].

4.2.3 Other Cam Motions

The basic cam motions described in the previous sections cover most of the routine
needs of the contemporary cam designer. However, sometimes the cost of manufac-
turing the cam profile may be too high and the dynamic properties of the cam
motion may not be severe. This is the case of cams used for generating functions.
There is a very effective approach, described by Mischke [4.2], concerning an opti-
mum design of simple eccentric cams. They are very inexpensive, yet can be used
even for generating very complicated functions.
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The other approach, when we are interested in inexpensive cams, is to use circular-
arc cams or tangent cams. They are still used in low-speed diesel IC engines since the
cost of their manufacture is low (compare with Fig. 4.15). An extensive review of
these cams can be found in Rothbart [4.7]. They were used quite frequently in the
past when the speed of machines was low, but today they are not often recommended
because their dynamic characteristics are poor. The only exception can be made for
fine- or light-duty mechanisms, such as those of 8- and 16-mm film projectors, where
circular-arc cams are still widely used. Those cams are usually of the positive drive
kind, where the breadth of the cam is constant. The cam drives a reciprocating fol-
lower with two flat working surfaces a fixed distance apart, which contact opposite
sides of the cam.

The constant-breadth cam is depicted in Fig. 4.12. For given values of radius ρ,
total angle of cam rotation β0, and total lift of the follower s0, the basic dimensions of
the cam can be found from the relations ([4.11])

R1 = r = R1 − s0 (4.22)
ρ − b(s0 + ρ)
��

1 − b

4.16 MACHINE ELEMENTS IN MOTION

FIGURE 4.12 Constant-breadth circular-arc cam.
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where b = cos 0.25β0/cos 0.75β0. Cam motions for full rise (0 ≥ θ ≥ β0) are described
in Table 4.4. Such cams are symmetric; therefore, β0(rise) = β0(return), and the two
dwells βd1 and βd2 are the same and equal to 180° − β0. Table 4.4 can also be used for
calculation of full-return motion. Dimensions of the cam (R1) and maximum values
of the acceleration increase with a decrease in β0. Acceleration diagrams for differ-
ent values of β0 are shown in Fig. 4.13.

CAM MECHANISMS 4.17

TABLE 4.4 Basic Equations for a Constant-Breadth Circular-Arc Cam,
Using A = R1 − ρ

4.3 LAYOUT AND DESIGN; 
MANUFACTURING CONSIDERATIONS

The cam profile is an inner envelope of the working surface of the follower. After
the displacement diagram is determined, the cam layout can be found by using the
usual graphical approach or by computer graphics with a rather simple computer
program.

In the design of a plate cam with a reciprocating flat-face follower, the geometric
parameters necessary for its layout are the prime-circle radius R0, the minimum

FIGURE 4.13 Acceleration diagrams.
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width of the follower face F, and the offset e of the follower face.The value R0 can be
found from

R0 > (ρmin − s″ − s)max (4.23)

where ρmin is a minimum value of the radius ρ of the cam-profile curvature. Its value
for such practical reasons as contact stresses might be assumed equal to 0.2 to 0.25
in [5 to 6 millimeters (mm)]. Since s is always positive, we should examine that part
of the follower acceleration diagram for the rise motion where acceleration is 
negative.

The face width F can be calculated from

F > smax′ − smin′ (4.24)

To avoid undercutting cams with a roller follower, the radius Rr of the roller must
always be smaller than |ρ|, where ρ is the radius of curvature.

The pressure angle γ (Fig. 4.14) is an angle between a common normal to both the
roller and the cam profile and the direction of the follower motion.This angle can be
calculated from

tan γ = (4.25)
s′

��
s + R0 + Rr

4.18 MACHINE ELEMENTS IN MOTION

FIGURE 4.14 Cam mechanism with recipro-
cating roller follower.
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It is a common rule of thumb to assume for the preliminary calculation that γmax is
not greater than 30° for the reciprocating follower motion (or 45° for the oscillating
one). Acceptable values of γmax that can be used without causing difficulties depend,
however, on the particular cam mechanism design and should be found for any
actual mechanism from the dynamic analysis.

After establishing the value of γmax and Rr in accordance with the preliminary lay-
out of the mechanism, we can find the value of the prime-circle radius R0 from the
equation

R0 ≥ � − s − Rr�max
(4.26)

Now check whether the assumed value of Rr is small enough to avoid undercutting
of the cam profile. It can be done ([4.7]) by using Eq. (4.27):

Rr ≤ � �
min

− ρmin (4.27)

The primary choice of the follower motion should always be guided by a good
understanding of the planned manufacturing technique. Tracer cutting and incre-
mental cutting are two very common methods of cam manufacture. Incremental cut-
ting consists of manufacturing the profile by intermittent cuts based on a table with
accurate values of angular cam displacement θ (cam blank) and linear displacement
s(θ) of the follower (cutter). This method is used for making master cams or cams in
small numbers. In the tracer control cutting method, the cam surface is milled,
shaped, or ground, with the cutter or grinder guided continuously by either a master
cam or a computer system. This is the best method for producing large numbers of
accurate cam profiles.

In the process of cam and follower manufacturing, several surface imperfections
may occur, such as errors, waviness, and roughness. These surface irregularities may
induce shock, noise, wear, and vibrations of the cam and follower systems. Imperfec-
tions of actual profile cannot exceed an accepted level. Therefore, highly accurate
inspection equipment is commonly used in production inspection. Actual displace-
ments of the follower are measured as a function of the cam rotation; then the result-
ing data can be compared with tabulated theoretical values. By application of the
method of finite differences (Sec. 4.3.1), these data can be transformed to actual
acceleration curves and compared with theoretical ones. There is, however, a draw-
back in such a method in that it is based on static measurements.

An example of results obtained from a widely used production inspection
method is shown in Fig. 4.15 ([4.5]). Line 1 was obtained from some accurate data
from a table of θ values and the corresponding s(θ) values. Next, two boundary
curves were obtained from the basis curve by adding and subtracting 10 percent.
This was an arbitrary decision, it being assumed that any acceleration curve con-
tained between such boundaries would be satisfactory. These are shown as upper
and lower bounds in Fig. 4.15. The main drawback of the method is that only maxi-
mum values of actual acceleration diagrams have been taken into account. It is
important to realize that waviness of the real acceleration curve may cause more
vibration troubles than will single local surpassing of boundary curves.

A much better method is that of measuring the real acceleration of the follower in
an actual cam mechanism at the operating speed of the cam by means of high-quality

|s′|
�����

sin3 γmax ��sin3

1
γmax
� + 2 − �

|s′| ta
s
n
″

γmax
� − �

|s
1
′|
��

s′
�
tan γmax
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accelerometers and electronic equipment. To illustrate the importance of proper
measurements of the cam profile, we show the results of an investigation of the mech-
anism used in the Fiat 126 engine ([4.6]). Those results are shown in Figs. 4.16 and
4.17.The acceleration diagram of Fig. 4.16a was obtained from designer data by using
Eq. (4.29).The diagram plotted as a broken line (1) in Fig. 4.16b comes from accurate
measurements of a new profile. Here again Eq. (4.29) was applied. The same profile
was measured again after 1500 hours (h) of operation, and the acceleration diagram
is plotted by a solid line (2) in Fig. 4.16b. Comparing curves 1 and 2 of Fig. 4.16b, we
can see that the wear of the cam smoothed somewhat the waviness of the negative
part of the diagram. Accelerations of the follower induced by the same new cam in
the actual mechanism (Fig. 4.16c) were measured as well by electronic equipment at
the design speed, and results of that experiment are presented in Fig. 4.16d and e. It is
obvious from comparison of the diagrams in Fig. 4.16b and d that the response of the
system differs to a considerable extent from the actual input.

4.20 MACHINE ELEMENTS IN MOTION

FIGURE 4.15 Example of inspection technique based on acceleration diagram
obtained from accurate static measurements of the cam of the Henschel internal com-
bustion engine.
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FIGURE 4.16 Comparison between results obtained from static measurements of the Fiat 126
cam profile [(a) and (b)] and acceleration curves obtained at design speed on the actual engine [(d)
and (e)]. Diagram d was obtained for a zero value of backlash and diagram e for the factory-
recommended 0.2-mm backlash.

FIGURE 4.17 Changes of acceleration diagram caused by the wear of the cam profile of the
Fiat 126.

(a) (b)

(c) (d) (e)

(a) (b) (c)
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Eight new cams of the same engine were later used in two separate laboratory
stands to find the influence of cam-surface wear on dynamic properties of the cam
system. Some of the obtained results are presented in Fig. 4.17.We can observe there
that some smoothing of the negative part of the curve (registered as well by statisti-
cal measurements) took place after 1500 h.The general character of the acceleration
curve remained unchanged, however. (That observation was confirmed later by a
Fourier analysis of all the acceleration signals.) The conclusion derived from that
single experiment is that dynamic imperfections of the cam system introduced by
the process of cam manufacturing may last to the end of the cam life.

4.3.1 Finite-Difference Method

Geometric acceleration of the follower s″ may be estimated by using accurate values
of its displacement s from a table of θ versus s(θ), which comes from the designer’s
calculations and/or from accurate measurements of the actual cam profile. Denoting
as si − 1, si, and si + 1 three adjacent values of s in such a table, and designating their
second finite difference as ∆i″, we have

s i″ ≅ ∆ i″ = (4.28)

where ∆θ = constant increment of the cam’s angular displacement θ. A more accu-
rate value of si″ can be found from the average weighted value (Oderfeld [4.3]) by
using entries of 11 adjacent ∆″ from the table of s versus s(θ):

s i″ = �
i = 5

j = −5

Wj∆ i + j″ (4.29)

The weights Wj are given in Table 4.5.

1
�
(∆θ)2

si − 1 − 2si + si + 1
��

(∆θ)2

1
�
(∆θ)2

4.22 MACHINE ELEMENTS IN MOTION

TABLE 4.5 Weights Used in the Improved Finite-Difference
Method

An example of an acceleration diagram s″(θ) of a certain cam obtained using the
finite-difference method is presented in Fig. 4.18.

4.4 FORCE AND TORQUE ANALYSIS

A typical approach to dynamic analysis of a rigid cam system can be illustrated by an
example of a mechanism with a reciprocating roller follower.† A schematic drawing
of such a mechanism is depicted in Fig. 4.19a. For the upward motion of the follower,

† Suggestion of Professor Charles R. Mischke, Iowa State University.
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we assume that the follower’s stem 4 contacts its guideway at points B and C. As a
result of its upward motion, the Coulomb friction at B and C is fully developed and
tan ψ = µ. The free-body diagram of links 3 and 4 is shown in Fig. 4.19b. The cam
force F23 can be resolved into two components: Pcr in the critical-angle (γcr) direction
to sustain motion against friction, and Py in the y direction to produce accelerated
motion or to oppose other forces.

It can be found from the geometry of the follower that

γcr = �
π
2

� − tan−1 µ � − − 1� (4.30)

where a = lB − R0 − Rr. For γ > γcr, the cam-follower system is self-locking, and motion
is impossible. From the force triangle in Fig. 4.19b and the rule of sines,

2s
�
l

2a − µd
�

l

CAM MECHANISMS 4.23

FIGURE 4.18 Acceleration diagrams obtained in the static way. Curve 1 is from Eq. (4.28),
curve 2 from Eq. (4.29).
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Py = F23 (4.31)

After finding the vertical component Py for constant ω21 from the force-equilibrium
equation, substituting into Eq. (4.31), and solving for F23, we have

F23 = (4.32)

where m = mass of follower
k = spring rate of retaining spring

P4′ = P4 + kδ
δ = preset of spring

kδ = P0; this force is called preload of spring

sin γcr(mω21
2 s″ + ks + P4′)���

sin (γcr − γ)

sin(γcr − γ)
��

sin γcr

4.24 MACHINE ELEMENTS IN MOTION

FIGURE 4.19 Force analysis of reciprocating roller-follower cam system.

(a) (b)
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For F23 = 0, roller and cam lose their contact. The result is called jump ([4.7], [4.8]).
Assuming F23 = 0, we can find the jump speed of the cam from Eq. (4.31). The jump
occurs for the upward movement of the follower at

ω21 ≥ ��
−�k

m�s�−
s″� P�4′
�� (4.33)

Since s is always positive, jump may occur only for negative values of s″. To prevent
jump, we increase preload P0 or the spring rate or both. The driving torque is

T12 = (R0 + Rr + s)(mω21
2 s″ + ks + P4′) (4.34)

We recall that according to Eq. (4.25),

γ = tan−1 (4.35)

When motion is downward, the contact point of mating surfaces goes to the right
side of the roller, cam force F23 changes inclination, and new contact points D and E
in the follower’s guideway replace old ones (B and C, respectively). The new point
of concurrency is now at F ′. Since in most practical cases points F and F ′ almost
coincide, we can assume that both the point of concurrency and the line of action of
force Pcr are unchanged. A new vector Pcr (broken line) is rotated by 180° with
respect to the old one. It is easy to see in Fig. 4.19b that F23 for downward motion,
when γ and Py equal those for the upward motion, is always smaller than F23 for
upward motion.

4.4.1 Springs

In cam-follower systems, the follower must contact the cam at all times. This is
accomplished by a positive drive or a retaining spring. Spring forces should always
prevent the previously described jump of the follower for all the operating speeds of
the cam. Thus the necessary preload P0 of the spring and its spring rate k should be
chosen for the highest possible velocity of the cam. By plotting inertial and spring
forces, we can find values of preload P0 and spring rate k that will ensure sufficient
load margin for the total range of the follower displacement. We use here only the
negative portion of the acceleration curve. Since the follower must be held in contact
with the cam, even while operating the system with temporary absence of applied
forces, that part of the cam-system synthesis may be accomplished without applied
forces. At the critical location, where both curves are in closest proximity, the spring
force should exceed the inertial force with friction corrections included by not less
than 25 to 50 percent.

4.5 CONTACT STRESS AND WEAR:
PROGRAMMING

Let us consider the general case of two cylinderlike surfaces in contact.They are rep-
resented by a cam and a follower. The radius of curvature of the follower ρ1 is equal
to the radius of the roller Rr for the roller follower, and it goes to infinity for a flat

s′
��
s + R0 + Rr

sin γcr sin γ
��
sin (γcr − γ)
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follower.The radius of the cam’s curvature ρ2 can be found from the following equa-
tion [compare to Eq. (4.23)]:

ρ2 = R0 + s″ + s (4.36)

Equating dρ2/dθ = s″′ + s′ to zero, we can find the position of the cam, where a mini-
mum of ρ2 occurs, and find its value from Eq. (4.36). Assuming perfect alignment of
the contacting bodies, we have conditions described by Hertz and can check maxi-
mum compressive stress σc from his well-known equation

σc = 0.558 ��� (4.37)

where P = normal load between cam and follower
L = actual thickness of contacting follower and cam

µ1, µ2 = Poisson’s ratios for follower and cam, respectively
E1, E2 = moduli of elasticity of follower and cam, respectively

Some selected data concerning properties of materials for cams and followers are
given in [4.7].

Equation (4.37) may be used for finding the minimum permissible value ρmin of
the cam’s profile radius of curvature. We recall that ρmin was necessary for calculat-
ing the values of R0 and Rr from Eqs. (4.23) and (4.26), respectively.

Rearranging Eq. (4.37) gives, for a roller follower,

ρmin ≥ �3.2 Sc
2 �

L
P

� � + � − �
R
1

r
��

−1

(4.38)

The same equation holds true for a flat-faced follower, where 1/Rr = 0.
Using Eq. (4.38), we can easily check to see if the commonly recommended and

used value ρmin = 0.25 in (6 mm) is justified in the particular design.
Elements of a cam system, as well as of other machine parts, are subject to wear.

The proper choice of metal combinations may increase the life of kinematic pairs of
the cam system and decrease their wear. Some experience is necessary in choosing
materials to fulfill the requirements of satisfactory cam action with low wear over a
long period. Designers, as a rule, prefer to make the follower of softer or first-worn-out
material, since manufacturing of the follower is less expensive than manufacturing of
the cam profile. There are, however, cases where the cam is cheaper and thus is made
of softer material.

4.5.1 Programming of Cam Systems

The steps shown in Fig. 4.20 are as follows:

1. Make a preliminary sketch of your cam system, and estimate the dynamic factor
µd = meωc

2 /ke, according to Eq. (4.8).
2. If your system is a positive drive, go to step 3; otherwise go to step 4.
3. Choose a proper symmetric diagram s″(θ), and write equations for s″(θ), s′(θ), and

s(θ).Write a computer program for θ and s(θ) with increments of θ equal to 1°.
4. Choose a proper unsymmetric diagram s″(θ), and proceed as in step 3.
5. Print table of θ and s(θ).

1 − µ2
2

�
E2

1 − µ1
2

�
E1

P(1/ρ1 + 1/ρ2)
���
L[(1 − µ1

2)/E1 + (1 − µ2
2 )/E2]
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6. If you decided to use a roller follower, go to step 7a; otherwise go to step 7b.

7. a. Establish the radius of the roller Rr and the value of maximum pressure angle
γmax (γmax ≤ 30° for the reciprocating follower and γmax ≤ 40° for the oscillating
one). Find the value of θ for which s′/tan γmax − s − Rr is maximum, by equat-
ing s″/tan γmax − s′ to zero. Calculate the value of the radius R0 of the prime cir-
cle from Eq. (4.26). Go to step 8a.

b. Find the value of θ for which ρmin − s″ − s is maximum, by setting −(s″′ + s′) to
zero. Calculate the value of the radius R0 of the prime circle from Eq. (4.23).
Calculate the face width F from Eq. (4.24). Go to step 8b.

8. a. Check undercutting of the cam profile from Eq. (4.27).
b. Find the spring rate of the retaining spring. Go to step 10.

9. If the assumed value Rr is satisfactory, go to step 10; otherwise, assume a new
value of Rr and return to step 7a.

CAM MECHANISMS 4.27

FIGURE 4.20 Programming of cam systems.
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10. Draw a final version of your cam system (a complete drawing).
11. Write equations describing all the forces in the kinematic pairs, and check the

maximum stresses. Find the values of γmax and ρmin for your particular design (if
you have a roller follower), and determine whether the actual values of γ and ρ
in your design are far enough from γmax and ρmin, respectively; otherwise, return
to step 7a.

12. Make final corrections in your design.
13. END.
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5.1 ORDINARY GEAR TRAINS

Gear trains consist of two or more gears meshed for the purpose of transmitting
motion from one axis to another. Ordinary gear trains have axes, relative to the
frame, for all gears making up the train. Figure 5.1a shows a simple ordinary train in
which there is only one gear for each axis. In Fig. 5.1b, a compound ordinary train is
seen to be one in which two or more gears may rotate about a single axis.

The ratio of the angular velocities of a pair of gears is the inverse of their num-
bers of teeth. The equations for each mesh in the simple train are

n3 = �
N
N

2

3
� n2 n4 = �

N
N

3

4
� n3 n5 = �

N
N

4

5
� n4 (5.1)

where n is in revolutions per minute (r/min) and N = number of teeth. These equa-
tions can be combined to give the velocity ratio of the first gear in the train to the last
gear:

n5 = �
N
N

4

5
� �

N
N

3

4
� �

N
N

2

3
� n2 (5.2)

Note that the tooth numbers in the numerator are those of the driving gears, and
the tooth numbers in the denominator belong to the driven gears. Gears 3 and 4
both drive and are, in turn, driven.Thus, they are called idler gears. Since their tooth
numbers cancel, idler gears do not affect the magnitude of the input-output ratio,
but they do change directions of rotation. Note the directional arrows in the figure.
Idler gears can also produce a saving of space and money. In Fig. 5.2, the simple
train of the previous figure has been repeated. In dotted outline is shown a pair of
gears on the same center distance as gears 2 and 5 and having the same input-
output ratio as the simple train.

Finally, Eq. (5.2) is simplified to become

5.1

Source: STANDARD HANDBOOK OF MACHINE DESIGN
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n5 = − �
N
N

2

5
� n2 (5.3)

where the minus sign is now introduced to indicate contrarotation of the two gears.
The compound train in Fig. 5.1b has the following velocity ratios for the pairs of

driver and driven gears:

n3 = − �
N
N

2

3
� n2 and n5 = − �

N
N

4

5
� n4 (5.4)

and, of course, n4 = n3. Combining the equations yields

5.2 MACHINE ELEMENTS IN MOTION

FIGURE 5.1 Ordinary gear trains. (a) Simple; (b) compound.

(a)

(b)
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n5 = �
N
N

2

3

N
N

4

5
� n2 (5.5)

and the thing worthy of note here is that the numbers of teeth of all gears consti-
tuting a mesh with a compounded pair are required to determine the velocity ratio
through the system. Compound gear trains have an advantage over simple gear
trains whenever the speed change is large. For example, if a reduction of 12/1 is
required, the final gear in a simple train will have a diameter 12 times that of the
first gear.

5.2 GEAR TYPE SELECTION

The disposition of the axes to be joined by the gear train often suggests the type of
gear to choose. If the axes are parallel, the choices can be spur gears or helical gears.
If the axes intersect, bevel gears can be used. If the axes are nonparallel and nonin-
tersecting, then crossed helicals, worm and gear, or hypoid gears will work. In 
Fig. 5.3, a train having various types of gears is shown. Gears 2 and 3, parallel helical
gears, have a speed ratio

n3 = − �
N
N

2

3
� n2 (5.6)

Gears 4 and 5, bevel gears, have a speed ratio

n5 = − �
N
N

4

5
� n4 (5.7)

Gears 6 and 7, worm and gear, are considered in a slightly different manner.A worm
is generally spoken of as having threads, one, two, three or more (see Chap. 12). A

GEAR TRAINS 5.3

FIGURE 5.2 Gears 2′ and 5′ are required if idler gears are not used.
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worm with one thread would have a lead equal to the pitch of the thread. A worm
with two threads would have a lead equal to twice the pitch of the thread. Thus

n7 = n6 (5.8)

Joining Eqs. (5.6), (5.7), and (5.8), we find

n7 = �
N
N

6

7
� �

N
N

4

5
� �

N
N

2

3
� n2 (5.9)

where N6 represents the number of threads of the worm gear.
To determine the direction of rotation of gear 7, an inversion technique can be

used. Fix gear 7 and allow the worm to translate along its axis as it rotates. Here it is
necessary to note the hand of the worm, which can be either right or left. In the fig-
ure, gear 6 rotates in the same direction as gear 5 and, having a right-hand thread,
will move downward (in the drawing). Now, inverting back to the original mecha-
nism, the worm is moved in translation to its proper position, and by doing so, gear 7
is seen to rotate clockwise.

number of threads on 6
���

N7

5.4 MACHINE ELEMENTS IN MOTION

FIGURE 5.3 Various gears used in a train.
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5.3 PLANETARY GEAR TRAINS

Planetary gear trains, also referred to as epicyclic gear trains, are those in which one
or more gears orbit about the central axis of the train.Thus, they differ from an ordi-
nary train by having a moving axis or axes. Figure 5.4 shows a basic arrangement that
is functional by itself or when used as a part of some more complex system. Gear 2
is called a sun gear, gear 4 is a planet, link 3 is an arm, or planet carrier, and gear 5 an
internal-toothed ring gear.

Planetary gear trains are, fundamentally, two-degree-of-freedom systems. There-
fore, two inputs are required before they can be uniquely analyzed. Quite frequently
a fixed gear is included in the train. Its velocity is zero, but this zero velocity consti-
tutes one of the input values.Any link in the train shown except the planet can serve
as an input or an output link. If, for example, the rotations of link 2 and link 5 were
the input values, the rotation of the arm would be the output.The term link refers to
the individual machine elements comprising a mechanism or linkage, and gear trains
are included in this broad array of systems. Each link is paired, or joined, with at
least two other links by some form of connection, such as pin points, sliding joints, or

GEAR TRAINS 5.5

FIGURE 5.4 A basic planetary train.
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direct contact, a pairing that is prevalent in cam-and-gear systems. An explanation
and an illustration of the joint types are found in Refs. [5.1] and [5.2] as well as others
(see Chap. 3).

There are several methods for analyzing planetary trains. Among these are
instant-centers, formula, and tabular methods. By instant centers, as in Ref. [5.3] and
on a face view of the train, draw vectors representing the velocities of the instant
centers for which input information is known. Then, by simple graphical construc-
tion, the velocity of another center can be found and converted to a rotational speed.
Figure 5.5 illustrates this technique.

5.6 MACHINE ELEMENTS IN MOTION

FIGURE 5.5 Instant-centers method of velocity analysis.

Calculate VIC24 and VIC45 from

V = rω (5.10)

where r = radius dimension and ω = angular velocity in radians per second (rad/s).
Draw these vectors to scale in the face view of the train. Then VIC24 and VIC45 will
emanate from their instant-center positions. Now draw a straight line through the

GEAR TRAINS
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termini of the velocity vectors.† The velocity of IC34 will be a vector perpendicular
to the line of centers and having its terminus on the velocity gradient. Determine ω
of link 3 by using Eq. (5.10). Thus,

VIC24 = r2ω2 and VIC45 = r5ω5

Choose a scale and construct the two vectors. Next, draw the gradient line and
construct VIC34. Scale its magnitude and determine n3 according to

n3 = 60 (5.11)

where r3 = radius of the arm and n3 is in revolutions per minute.
If gear 5 is fixed, then VIC45 = 0; using VIC24, connect the terminus of VIC24 and IC45

with a straight line, and find VIC34 as before. See Fig. 5.6.

VIC34�
2πr3

GEAR TRAINS 5.7

† This line can be called a velocity gradient for link 4.

FIGURE 5.6 Gear 5 is fixed.
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By formula, the relative-motion equation will establish the velocity of the gears
relative to the arm; that is,

n23 = n2 − n3 (5.12)

n53 = n5 − n3 (5.13)

Then, dividing (5.13) by (5.12), we see that

= (5.14)

which represents the ratio of the relative velocity of gear 5 to that of gear 2 with both
velocities related to the arm. The right-hand side of the equation is called the train
value. If the arm should be held fixed, then the ratio of output to input speeds for an
ordinary train is obtained.

The equation for train value, which is seen in most references, can be written

e = �
n
n

L

F −
−

n
n

A

A� (5.15)

where nF = speed of first gear in train
nL = speed of last gear in train
nA = speed of arm

The following example will illustrate the use of Eq. (5.15).

Example 1. Refer to the planetary train of Fig. 5.4. The tooth numbers are N2 =
104, N4 = 32, and N5 = 168. Gear 2 is driven at 250 r/min in a clockwise negative direc-
tion, and gear 5 is driven at 80 r/min in a counterclockwise positive direction. Find
the speed and direction of rotation of the arm.

Solution. nF = n2 = −250 r/min nL = n5 = +80 r/min

e = �− �
N
N

2

4
�� ��

N
N

4

5
�� = �− �

1
3
0
2
4

�� ��
1
3
6
2
8

�� = − �
1
2
3
1
�

In Eq. (5.15),

− �
1
2
3
1
� = n3 = −46.2 r/min

By tabular method, a table is first formed according to the following:

1. Include a column for any gear centered on the planetary axis.
2. Do not include a column for any gear whose axis of rotation is fixed and differ-

ent from the planetary axis.
3. A column for the arm is not necessary.
4. The planet, or planets, may be included in a column or not, as preferred.

Gears which fit rule 2 are treated as ordinary gear train elements. They are used
as input motions to the planetary system, or they may function as output motions.

The table contains three rows arranged so that each entry in a column will con-
stitute one term of the relative-motion equation

80 − n3��
−250 − n3

n5 − n3�
n2 − n3

n53�
n23

5.8 MACHINE ELEMENTS IN MOTION
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ny + nxy = nx (5.16)

This is best shown by example. Using the planetary train of the previous example,
we form Table 5.1, and the equation from the column for gear 5 is

n3 − (n2 − n3) = n5

Rearranging and canceling N4, we find

n3 �1 + � − n2 = n5 (5.17)

This is the characteristic equation of the planetary train, as shown in Fig. 5.4.
Note that three rotational quantities appear—n3, n2, and n5. There must be two

input rotations in order to solve for the output. This is easily done when the input
rotations and the tooth numbers are inserted. When a positive sense is assigned to
counterclockwise and a negative sense to clockwise rotation, the sign of the output
rotation indicates its sense of direction.

Note that planet 4 was not included in the table (it could have been); however,
gear 4 served its purpose by acting as an idler to change a direction of rotation. This
is evidenced by the presence of a negative sign in the second row of the column for
gear 5.

A convenient means of representing a planetary train was shown by Levai 
[5.4]. Type A of Fig. 5.7a shows an edge view of the planetary train first seen in Fig.
5.4. It and the other 11 configurations represent all possible variations for 
a planetary train. The equations in Table 5.2 are the characteristic equations of the
12 types.

An examination of the equations and their corresponding types reveals that cer-
tain ones are identical. Types C and D in Fig. 5.7b are identical because of the
arrangement of gears. Whereas in type C the meshes of 2 and 4 and of 7 and 8 are
external, the input and output meshes are internal in type D. The same relationship
can be seen in types G and H in Fig. 5.7c. Certain pair types are alike in equation
form but differ in sign. Compare types E and K and F and L in Fig. 5.7b and d, and
B and G (or B and H) in Fig. 5.7a and c.

The speed of a planet gear relative to the frame or relative to the arm may be
required. If appreciable speeds and forces are involved, this information will facili-
tate the selection of bearings. Using type A as an example, set up Table 5.3. Row 2 in
the column for gear 4 is the speed of gear 4 relative to the arm, and row 3 in the col-
umn for gear 4 is its speed relative to the frame.

N2�
N5

N2�
N5

N2N4�
N4N5

GEAR TRAINS 5.9

TABLE 5.1 Solution by Tabulation
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Example 2. Figure 5.8 shows a planetary gear train with input at gear 2. Also, gear
6′ is seen to be part of the frame, in which case its rotation is zero. For n2 = 100 r/min
clockwise (negative), find output rotation n6.

Solution. Gears 2, 4, 5, and 6 and arm 3 form a type B planetary train:

n3 �1 + � − n2 = n6′

Solving for n3 yields

n3�1 + �
1
8

�� − (−100)��
1
8

�� = 0

n3 = − �
10
9
0

� r/min

For type G:

n3 �1 − � + �n2 � = n6

Then we solve type G for n6:

N2N5�
N4N6

N2N5�
N4N6

N2N6′�
N4N6′

N2N5′�
N4N6′

5.10 MACHINE ELEMENTS IN MOTION

FIGURE 5.7 Twelve variations of planetary trains.

(c)

(a) (b)

(d)
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TABLE 5.2 Characteristic Equations for 12 Planetary Trains
of Fig. 5.7

TABLE 5.3 Solution of Type A Train
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− �
10
9
0

��1 − �
1
6

�� + (−100)��
1
6

�� = n6

n6 = −25.93 r/min

Example 3. Figure 5.9 shows a type I planetary train, Ref. [5.2]. Here, if n2 = 100
r/min clockwise and n3 = 200 r/min clockwise, both considered negative, determine
n4, n5, and n6.

5.12 MACHINE ELEMENTS IN MOTION

FIGURE 5.8 (a) View of a gear train and (b) its symbolic notation.

(a)

(b)
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FIGURE 5.9 (a) Planetary train; (b) symbolic notation.

(b)

(a)

TABLE 5.4 Solution of Type I Train
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Solution. To determine the angular speeds for the planet, form Table 5.4. The
speed of gear 4 can be found by writing the equation in the column for gear 4.
Thus,

n3 �1 + � − n2 = n4

−200 �1 + �
4
1
6
6
�� − (−100)� � = n4

n4 = −487.5 r/min

For gear 5,

n3 �1 − � + n2 = n5

−200�1 − � + (−100)� � = n5

n5 = +30 r/min

For gear 6,

n3 �1 − � + n2 = n6

−200�1 − �
4
9
6
4
�� + (−100)��

4
9
6
4
�� = n6

n6 = −151 r/min

5.4 DIFFERENTIAL TRAINS

Differential gear trains are useful as mechanical computing devices. In Fig. 5.10, if
ω4 and ω6 are input angular velocities and VA and VB are the resulting linear veloc-
ities of points A and B, respectively, then the velocity of point C on the carrier is

VC = (5.18)

The differential gear train also finds application in the wheel-axle system of an
automobile. The planet carrier rotates at the same speed as the wheels when the
automobile is traveling in a straight line. When the car goes into a curve, however,
the inside wheel rotates at a lesser speed than the outside wheel because of the dif-
ferential gear action. This prevents tire drag along the road during a turn.

Example 4. See Ref. [5.2], page 329. The tooth numbers for the automotive differ-
ential shown in Fig. 5.11 are N2 = 17, N3 = 54, N4 = 11, and N5 = N6 = 16.The drive shaft
turns at 1200 r/min.What is the speed of the right wheel if it is jacked up and the left
wheel is resting on the road surface?

VA + VB�
2

N2�
N6

N2�
N6

46
�
20

46
�
20

N2�
N5

N2�
N5

46
�
16

N2�
N4

N2�
N4

5.14 MACHINE ELEMENTS IN MOTION
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Solution. The planet carrier, gear 3, is rotating according to the following
equation:

n3 = n2 = (1200) = 377.78 r/min

Since the r/min of the left wheel is zero, the pitch point of gears 4 and 5 has a linear
velocity twice that of the pin which supports the planet. Therefore, the r/min of the
right wheel is twice that of the planet, or

n6 = 2n3 = 755.56 r/min

17
�
54

N2�
N3

GEAR TRAINS 5.15

FIGURE 5.10 (a) Top and (b) front views of a bevel-gear differential
used as a mechanical averaging linkage. Point A is the pitch point of
gears 4 and 5. Point B is the pitch point of gears 5 and 6.

(b)

(a)
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FIGURE 5.11 Schematic drawing of a bevel-gear automotive differen-
tial.
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GENERAL NOMENCLATURE†

A Area, mm2 (in2)
b Width, mm (in)
C Spring index, D/d

d Wire diameter, mm (in)
D Mean diameter (OD minus wire diameter), mm (in)
E Modulus of elasticity in tension or Young’s modulus, MPa (psi)
f Deflection, mm (in)
g Gravitational constant, 9.807 m/s2 (386.4 in/s2)
G Shear modulus or modulus of rigidity, MPa (psi)
I Moment of inertia, mm4 (in4)
ID Inside diameter, mm (in)
k Spring rate, N/mm (lb/in) or N ⋅mm/r (lb ⋅ in/r)

6.3

† The symbols presented here are used extensively in the spring industry. They may differ from those
used elsewhere in this Handbook.

Source: STANDARD HANDBOOK OF MACHINE DESIGN
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K Design constant
Kw Stress correction factor for helical springs
L Length, mm (in)
Lf Free length, mm (in)
Ls Length at solid, mm (in)
M Moment or torque, N ⋅mm (lb ⋅ in)
n Frequency, Hz
Na Number of active coils or waves
Nt Total number of coils
OD Outside diameter, mm (in)
P Load, N (lbf)
r Radius, mm (in)
S Stress, MPa (psi)
TS Tensile strength, MPa (psi)
t Thickness, mm (in)
YS Yield strength, MPa (psi)
ρ Density, g/cm3 (lb/in3)
θ Angular deflection, expressed in number of revolutions
µ Poisson’s ratio

6.1 INTRODUCTION

Spring designing is a complex process. It is an interactive process which may require
several iterations before the best design is achieved. Many simplifying assumptions
have been made in the design equations, and yet they have proved reliable over the
years.When more unusual or complex designs are required, designers should rely on
the experience of a spring manufacturer.

The information in this chapter is offered for its theoretical value and should be
used accordingly.

6.2 GLOSSARY OF SPRING TERMINOLOGY

active coils: those coils which are free to deflect under load.

baking: heating of electroplated springs to relieve hydrogen embrittlement.

buckling: bowing or lateral displacement of a compression spring; this effect is
related to slenderness ratio L/D.

closed and ground ends: same as closed ends, except that the first and last coils are
ground to provide a flat bearing surface.

closed ends: compression spring ends with coil pitch angle reduced so that they are
square with the spring axis and touch the adjacent coils.

6.4 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY
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close-wound: wound so that adjacent coils are touching.

deflection: motion imparted to a spring by application or removal of an external
load.

elastic limit: maximum stress to which a material may be subjected without per-
manent set.

endurance limit: maximum stress, at a given stress ratio, at which material will
operate in a given environment for a stated number of cycles without failure.

free angle: angular relationship between arms of a helical torsion spring which is
not under load.

free length: overall length of a spring which is not under load.

gradient: see rate.

heat setting: a process to prerelax a spring in order to improve stress-relaxation
resistance in service.

helical springs: springs made of bar stock or wire coiled into a helical form; this cat-
egory includes compression, extension, and torsion springs.

hooks: open loops or ends of extension springs.

hysteresis: mechanical energy loss occurring during loading and unloading of a
spring within the elastic range. It is illustrated by the area between load-deflection
curves.

initial tension: a force that tends to keep coils of a close-wound extension spring
closed and which must be overcome before the coils start to open.

loops: formed ends with minimal gaps at the ends of extension springs.

mean diameter: in a helical spring, the outside diameter minus one wire diameter.

modulus in shear or torsion (modulus of rigidity G): coefficient of stiffness used
for compression and extension springs.

modulus in tension or bending (Young’s modulus E): coefficient of stiffness used
for torsion or flat springs.

moment: a product of the distance from the spring axis to the point of load appli-
cation and the force component normal to the distance line.

natural frequency: lowest inherent rate of free vibration of a spring vibrating
between its own ends.

pitch: distance from center to center of wire in adjacent coils in an open-wound
spring.

plain ends: end coils of a helical spring having a constant pitch and with the ends
not squared.

plain ends, ground: same as plain ends, except that wire ends are ground square
with the axis.

rate: spring gradient, or change in load per unit of deflection.

residual stress: stress mechanically induced by such means as set removal, shot
peening, cold working, or forming; it may be beneficial or not, depending on the
spring application.

SPRINGS 6.5
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set: permanent change of length, height, or position after a spring is stressed
beyond material’s elastic limit.

set point: stress at which some arbitrarily chosen amount of set (usually 2 percent)
occurs; set percentage is the set divided by the deflection which produced it.

set removal: an operation which causes a permanent loss of length or height
because of spring deflection.

solid height: length of a compression spring when deflected under load sufficient
to bring all adjacent coils into contact.

spiral springs: springs formed from flat strip or wire wound in the form of a spiral,
loaded by torque about an axis normal to the plane of the spiral.

spring index: ratio of mean diameter to wire diameter.

squared and ground ends: see closed and ground ends.

squared ends: see closed ends.

squareness: angular deviation between the axis of a compression spring in a free
state and a line normal to the end planes.

stress range: difference in operating stresses at minimum and maximum loads.

stress ratio: minimum stress divided by maximum stress.

stress relief: a low-temperature heat treatment given springs to relieve residual
stresses produced by prior cold forming.

torque: see moment.

total number of coils: the sum of the number of active and inactive coils in a spring
body.

6.3 SELECTION OF SPRING MATERIALS

6.3.1 Chemical and Physical Characteristics

Springs are resilient structures designed to undergo large deflections within their
elastic range. It follows that the materials used in springs must have an extensive
elastic range.

Some materials are well known as spring materials.Although they are not specifi-
cally designed alloys, they do have the elastic range required. In steels, the medium-
and high-carbon grades are suitable for springs. Beryllium copper and phosphor
bronze are used when a copper-base alloy is required.The high-nickel alloys are used
when high strength must be maintained in an elevated-temperature environment.

The selection of material is always a cost-benefit decision. Some factors to be
considered are costs, availability, formability, fatigue strength, corrosion resistance,
stress relaxation, and electric conductivity. The right selection is usually a compro-
mise among these factors. Table 6.1 lists some of the more commonly used metal
alloys and includes data which are useful in material selection.

Surface quality has a major influence on fatigue strength.This surface quality is a
function of the control of the material manufacturing process. Materials with high
surface integrity cost more than commercial grades but must be used for fatigue
applications, particularly in the high cycle region.

6.6 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY
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6.3.2 Heat Treatment of Springs

Heat treatment is a term used in the spring industry to describe both low- and high-
temperature heat treatments. Low-temperature heat treatment, from 350 to 950°F
(175 to 510°C), is applied to springs after forming to reduce unfavorable residual
stresses and to stabilize parts dimensionally.

When steel materials are worked in the spring manufacturing process, the yield
point is lowered by the unfavorable residual stresses. A low-temperature heat treat-
ment restores the yield point. Most heat treatment is done in air, and the minor
oxide that is formed does not impair the performance of the springs.

When hardened high-carbon-steel parts are electroplated, a phenomenon known
as hydrogen embrittlement occurs, in which hydrogen atoms diffuse into the metallic
lattice, causing previously sound material to crack under sustained stress. Low-
temperature baking in the range of 375 to 450°F (190 to 230°C) for times ranging
from 0.5 to 3 h, depending on the type of plating and the degree of embrittlement,
will reduce the concentration of hydrogen to acceptable levels.

High-temperature heat treatments are used to strengthen annealed material after
spring forming. High-carbon steels are austenitized at 1480 to 1652°F (760 to 900°C),
quenched to form martensite, and then tempered to final hardness. Some nickel-base
alloys are strengthened by high-temperature aging. Oxidation will occur at these tem-
peratures, and it is advisable to use a protective atmosphere in the furnace.

Heat treatments for many common materials are listed in Table 6.2. Unless other-
wise noted, 20 to 30 min at the specified temperature is sufficient.Thin, flimsy cross-
sectional springs can be distorted by the heat-treatment operation. Pretempered
materials are available for use in such cases.

6.3.3 Relaxation

The primary concern in elevated-temperature applications is stress relaxation. Stress
relaxation is the loss of load or spring length that occurs when a spring is held at load
or cycled under load. Heat affects modulus and tensile strength. In addition to the
factors of stress, time, and temperature which affect relaxation, other controllable
factors are

1. Alloy type—the highly alloyed materials are generally more temperature-
resistant.

2. Residual stresses—such stresses remaining from forming operations are detri-
mental to relaxation resistance. Use the highest practical stress-relief temperature.

3. Heat setting—procedures employed to expose springs under some load to stress
and heat to prepare them for a subsequent exposure. The effect is to remove the
first stage of relaxation.

6.3.4 Corrosion

The specific effect of a corrosive environment on spring performance is difficult to
predict. In general, if the environment causes damage to the spring surface, the life
and the load-carrying ability of the spring will be reduced.

The most common methods of combating corrosion are to use materials that are
resistant or inert to the particular corrosive environment or to use coatings that slow
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down the rate of corrosion attack on the base metal. The latter approach is most
often the most cost-effective method.

Spring Wire. The tensile strength of spring wire varies inversely with the wire
diameter (Fig. 6.1).

Common spring wires with the highest strengths are ASTM A228 (music wire)
and ASTM A401 (oil-tempered chrome silicon). Wires having slightly lower tensile
strength and with surface quality suitable for fatigue applications are ASTM A313
type 302 (stainless steel), ASTM A230 (oil-tempered carbon valve-spring-quality
steel), and ASTM A232 (oil-tempered chrome vanadium). For most static applica-

6.10 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

TABLE 6.2 Typical Heat Treatments for Springs after Forming
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tions ASTM A227 (hard-drawn carbon steel) and ASTM A229 (oil-tempered car-
bon steel) are available at lower strength levels. Table 6.3 ranks the relative costs of
common spring materials based on hard-drawn carbon steel as 1.0.

Spring Strip. Most “flat” springs are made from AISI grades 1050, 1065, 1074, and
1095 steel strip. Strength and formability characteristics are shown in Fig. 6.2, cover-
ing the range of carbon content from 1050 to 1095. Since all carbon levels can be
obtained at all strength levels, the curves are not identified by composition. Figure
6.3 shows the tensile strength versus Rockwell hardness for tempered carbon-steel
strip. Edge configurations for steel strip are shown in Fig. 6.4.

Formability of annealed spring steels is shown in Table 6.4, and typical properties
of various spring-tempered alloy strip materials are shown in Table 6.5.

6.4 HELICAL COMPRESSION SPRINGS

6.4.1 General

A helical compression spring is an open-pitch spring which is used to resist applied
compression forces or to store energy. It can be made in a variety of configurations
and from different shapes of wire, depending on the application. Round, high-
carbon-steel wire is the most common spring material, but other shapes and compo-
sitions may be required by space and environmental conditions.

Usually the spring has a uniform coil diameter for its entire length. Conical, bar-
rel, and hourglass shapes are a few of the special shapes used to meet particular
load-deflection requirements.

6.12 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

TABLE 6.3 Ranking of Relative Costs of Common Spring Wires
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Helical compression springs are stressed in the torsional mode.The stresses, in the
elastic range, are not uniform about the wire’s cross section. The stress is greatest at
the surface of the wire and, in particular, at the inside diameter (ID) of the spring.

In some circumstances, residual bending stresses are present as well. In such cases,
the bending stresses become negligible after set is removed (or the elastic limit is
exceeded) and the stresses are redistributed more uniformly about the cross section.

6.4.2 Compression Spring Terminology

The definitions that follow are for terms which have evolved and are commonly
used in the spring industry. Figure 6.5 shows the relationships among the character-
istics.

Wire Diameter d. Round wire is the most economical form. Rectangular wire is
used in situations where space is limited, usually to reduce solid height.

Coil Diameter. The outside diameter (OD) is specified when a spring operates in
a cavity.The inside diameter is specified when the spring is to operate over a rod.The
mean diameter D is either OD minus the wire size or ID plus the wire size.

The coil diameter increases when a spring is compressed. The increase, though
small, must be considered whenever clearances could be a problem. The diameter
increase is a function of the spring pitch and follows the equation

ODat solid = ��D�2������ d (6.1)

where p = pitch and d = wire size.

p2 � d2

�
�2

SPRINGS 6.13

FIGURE 6.2 Minimum transverse bending radii for various tempers and thicknesses of tem-
pered spring steel. (Associated Spring, Barnes Group Inc.)
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Spring Index. Spring index C is the ratio of the mean diameter to the wire diame-
ter (or to the radial dimension if the wire is rectangular). The preferred range of
index is 5 to 9, but ranges as low as 3 and as high as 15 are commercially feasible.The
very low indices are hard to produce and require special setup techniques. High
indices are difficult to control and can lead to spring tangling.

Free Length. Free length Lf is the overall length measured parallel to the axis
when the spring is in a free, or unloaded, state. If loads are not given, the free length
should be specified. If they are given, then free length should be a reference dimen-
sion which can be varied to meet the load requirements.

6.14 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.3 Tensile strength versus hardness of quenched and tempered spring steel. (Associ-
ated Spring, Barnes Group Inc.)
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Types of Ends. Four basic types of ends are used: closed (squared) ends, closed
(squared) ends ground, plain ends, and plain ends ground. Figure 6.6 illustrates the
various end conditions. Closed and ground springs are normally supplied with a
ground bearing surface of 270 to 330°.

Number of Coils. The number of coils is defined by either the total number of coils
Nt or the number of active coils Na. The difference between Nt and Na equals the
number of inactive coils, which are those end coils that do not deflect during service.

Solid Height. The solid height Ls is the length of the spring when it is loaded with
enough force to close all the coils. For ground springs, Ls = Ntd. For unground
springs, Ls = (Nt + 1)d.

Direction of the Helix. Springs can be made with the helix direction either right or
left hand. Figure 6.7 illustrates how to define the direction. Springs that are nested
one inside the other should have opposite helix directions. If a spring is to be assem-
bled onto a screw thread, the direction of the helix must be opposite to that of the
thread.

Spring Rate. Spring rate k is the change in load per unit deflection. It is expressed as

k = �
P
f
� = (6.2)

where G = shear modulus.

Gd 4

�
8D3Na

SPRINGS 6.15

FIGURE 6.4 Edges available on steel strip. (Associated Spring,
Barnes Group Inc.)
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6.18 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.5 Dimensional terminology for helical compression springs.
(Associated Spring, Barnes Group Inc.)

FIGURE 6.6 Types of ends for helical compression springs. (Associated
Spring, Barnes Group Inc.)

FIGURE 6.7 Direction of coiling of helical compression springs. (Associ-
ated Spring, Barnes Group Inc.)
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The rate equation is accurate for a deflection range between 15 and 85 percent of
the maximum available deflection.When compression springs are loaded in parallel,
the combined rate of all the springs is the sum of the individual rates. When the
springs are loaded in series, the combined rate is

k = (6.3)

This relationship can be used to design a spring with variable diameters. The
design method is to divide the spring into many small increments and calculate the
rate for each increment. The rate for the whole spring is calculated as in Eq. (6.3).

Stress. Torsional stress S is expressed as

S = (6.4)

Under elastic conditions, torsional stress is not uniform around the wire’s cross
section because of the coil curvature and direct shear loading.

The highest stress occurs at the surface in the inside diameter of the spring, and it
is computed by using the stress factor Kw. In most cases, the correction factor is
expressed as

K w1
= + (6.5)

The stress-concentration factor Kw1
becomes Kw2

after a spring has been set out
because stresses become more uniformly distributed after subjecting the cross sec-
tion to plastic flow during set-out:

Kw2
= 1 + (6.6)

The appropriate stress correction factor is discussed in Sec. 6.4.3.

Loads. If deflection is known, the load is found by multiplying deflection by the
spring rate. When the stress is either known or assumed, loads can be obtained from
the stress equation.

Loads should be specified at a test height so that the spring manufacturer can
control variations by adjustments of the free length.The load-deflection curve is not
usually linear at the start of deflection from free position or when the load is very
close to solid height. It is advisable to specify loads at test heights between 15 and 85
percent of the load-deflection range.

Loads can be conveniently classified as static, cyclic, and dynamic. In static load-
ing, the spring will operate between specified loads only a few times. In other
instances, the spring may remain under load for a long time. In cyclic applications,
the spring may typically be required to cycle between load points from 104 to more
than 109 times. During dynamic loading, the rate of load application is high and
causes a surge wave in the spring which usually induces stresses higher than calcu-
lated from the standard stress equation.

Buckling. Compression springs with a free length more than 4 times the mean coil
diameter may buckle when compressed. Guiding the spring, either in a tube or over

0.5
�
C

0.615
�

C
4C − 1
�
4C − 4

8Kw PD
�

πd 3

1
���
1/k1 + 1/k2 + 1/k3 + ⋅⋅⋅ + 1/kn
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a rod, can minimize the buckling but can result in additional friction which will affect
loads, especially when the Lf /D ratio is high.

Buckling conditions are shown in Figs. 6.8 and 6.9 for springs loaded axially and
with squared and ground ends. Buckling occurs at points above and to the right of
the curves. Curve A is for the springs with one end on a fixed, flat surface and the
other end free to tip. Curve B is for springs with both ends on fixed, flat surfaces.The
tendency to buckle is clearly less for curve B springs.

6.4.3 Choice of Operating Stress

The choice of operating stress depends on whether the application is static or cyclic.
For static applications, yield strength or stress-relaxation resistance of the material
limits the load-carrying ability of the springs. The required cycles are few, if any, and
the velocity of the end coils is so low as to preclude surging or impact conditions.

The maximum allowable torsional stresses for static applications are shown in
Table 6.6 as percentages of tensile strengths for common spring materials. To calcu-
late the stress before set removal, use the Kw1

correction factor. If the calculated
stress is greater than the indicated percentage of the tensile strength, then the spring
will take a permanent set when deflected to solid. The amount of set is a function of
the amount by which the calculated stress exceeds the tabular percentage.

6.20 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.8 Critical buckling curves. (Associated Spring,
Barnes Group Inc.)
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It is common practice, in static applications, to increase the load-carrying capa-
bility of a spring by making it longer than the desired free length and then com-
pressing it to solid.The spring sets to its final desired length.This procedure is called
removing set. It induces favorable residual stresses which allow for significantly
higher stresses than in springs not having the set removed. The loss of the length
should be at least 10 percent to be effective (see Fig. 6.10).

Note that set removal causes stresses to be more uniformly distributed about
the cross section. Therefore, stress after set removal is calculated by using the K w2

correction factor. If the stress calculated by using the K w2
correction factor

exceeds the percentage of tensile strength shown in Table 6.6, the spring cannot be
made. It is then necessary either to lower the design stress or to select a higher-
strength material.

For cyclic applications, the load-carrying ability of the spring is limited by the
fatigue strength of the material.To select the optimum stress level, spring costs must
be balanced against reliability. The designer should know the operating environ-

SPRINGS 6.21

FIGURE 6.9 End conditions used to determine criti-
cal buckling. (Associated Spring, Barnes Group Inc.)

TABLE 6.6 Maximum Allowable Torsional Stresses 
for Helical Compression Springs in Static Applications
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ment, desired life, stress range, frequency of operation, speed of operation, and per-
missible levels of stress relaxation in order to make a cost-reliability decision.

Fatigue life can be severely reduced by pits, seams, or tool marks on the wire sur-
face where stress is at a maximum. Shot peening improves fatigue life, in part, by min-
imizing the harmful effects of surface defects. It does not remove them.Additionally,
shot peening imparts favorable compression stresses to the surface of the spring wire.

Maximum allowable stresses for fatigue applications should be calculated by using
the Kw1

stress correction factor.Table 6.7 shows the estimated fatigue life for common
spring materials. Note the significant increase in fatigue strength from shot peening.

6.22 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.10 Spring load-carrying ability versus amount of set
removed. (Associated Spring, Barnes Group Inc.)

TABLE 6.7 Maximum Allowable Torsional Stress for Round-Wire
Helical Compression Springs in Cyclic Applications
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The fatigue life estimates in Table 6.7 are guideline values which should be used
only where specific data are unavailable. The values are conservative, and most
springs designed using them will exceed the anticipated lives.

6.4.4 Dynamic Loading under Impact

When a spring is loaded or unloaded, a surge wave is established which transmits
torsional stress from the point of load along the spring’s length to the point of
restraint. The surge wave will travel at a velocity approximately one-tenth that of a
normal, torsional-stress wave. The velocity of the torsional-stress wave VT, in meters
per second (m/s) [inches per second (in/s)], is given by

VT = 10.1 �� m/s or VT = �� in/s (6.7)

The velocity of the surge wave Vs varies with material and design but is usually in
the range of 50 to 500 m/s. The surge wave limits the rate at which a spring can
absorb or release energy by limiting the impact velocity V. Impact velocity is defined
as the spring velocity parallel to the spring axis and is a function of stress and mate-
rial as shown:

V  10.1S �� m/s or V  S �� in/s (6.8)

For steel, this reduces to

V = �
35

S
.5
� m/s or V = �

1
S
31
� in/s (6.9)

If a spring is compressed to a given stress level and released instantaneously,
the maximum spring velocity is the stress divided by 35.5. Similarly, if the spring is
loaded at known velocity, the instantaneous stress can be calculated. At very high
load velocities, the instantaneous stress will exceed the stress calculated by the
conventional equation. This will limit design performance. Since the surge wave
travels the length of the spring, springs loaded at high velocity often are subject to
resonance.

6.4.5 Dynamic Loading—Resonance

A spring experiences resonance when the frequency of cyclic loading is near the
natural frequency or a multiple of it. Resonance can cause an individual coil to
deflect to stress levels above those predicted by static stress analysis. Resonance
can also cause the spring to bounce, resulting in loads lower than calculated. To
avoid these effects, the natural frequency should be a minimum of 13 times the
operating frequency.

For a compression spring with both ends fixed and no damper, the natural fre-
quency in International System (SI) units is

n = �� (6.10)
Gg
�

ρ
1.12(103)d
��

D2Na

g
�
2ρG

g
�
2ρG

Gg
�

ρ
Gg
�

ρ
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For steel, this equation becomes

n = (6.11)

where n = frequency in hertz (Hz). The corresponding equation in U.S. Customary
System (USCS) units is

n = �� (6.12)

and for steel we have

n = (6.13)

If the spring cannot be designed to have a natural frequency more than 13 times the
operating frequency, energy dampers may be employed. They are generally friction
devices which rub against the coils. Often, variable-pitch springs are used to mini-
mize resonance effects.

6.4.6 Rectangular-Wire Springs

In applications where high loads and relatively low stresses are required but solid
height is also restricted, rectangular wire can be used to increase the material vol-
ume while maintaining the maximum solid-height limitation.

Springs made of rectangular wire with the long side of the wire cross section per-
pendicular to the axis of the coils can store more energy in a smaller space than an
equivalent, round-wire spring.

When rectangular wire is coiled, it changes from a rectangular to a keystone
shape, as shown in Fig. 6.11. Similarly, if the wire is made to the keystone shape, it will
become rectangular after coiling. The cross-sectional distortion can be approxi-
mated by

t1 = t (6.14)

where t1 = wider end of keystone section and t = original, smaller dimension of
rectangle.

C + 0.5
�

C

14(103)d
�

D2Na

Gg
�

ρ
d

�
9D2Na

3.5(105)d
��

D2Na
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FIGURE 6.11 Wire cross section before and after coiling. (Associated Spring,
Barnes Group Inc.)
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The spring rate for a rectangular-wire spring is

k = �
P
f
� = (6.15)

Since the wire is loaded in torsion, it makes no difference whether the wire is wound
on the flat or on edge. See Fig. 6.12.

Stress is calculated by

S = or S = (6.16)

Values for K 1 and K2 are found in Fig. 6.13, and those for KE and KF are found in
Figs. 6.15 and 6.14, respectively.

When a round wire cannot be used because the solid height exceeds the specifi-
cation, the approximate equivalent rectangular dimensions are found from

t = (6.17)

where d = round-wire diameter.

6.4.7 Variable-Diameter Springs

Conical, hourglass, and barrel-shaped springs, shown in Fig. 6.16, are used in appli-
cations requiring a low solid height and an increased lateral stability or resistance to
surging. Conical springs can be designed so that each coil nests wholly or partly
within an adjacent coil. Solid height can be as low as one wire diameter. The rate for
conical springs usually increases with deflection (see Fig. 6.17) because the number
of active coils decreases progressively as the spring approaches solid. By varying the
pitch, conical springs can be designed to have a uniform rate. The rate for conical
springs is calculated by considering the spring as many springs in series. The rate for

2d
�
1 + b/t

KFPD
�
K1bt2

KEPD
�
K1bt2

K 2Gbt3

�
NaD3
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FIGURE 6.12 Rectangular-wire compression spring
wound on flat or edge. (Associated Spring, Barnes
Group Inc.)
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FIGURE 6.13 Constants for rectangular wire in torsion. (Associated Spring,
Barnes Group Inc.)

FIGURE 6.14 Stress correction factors for rectangular-wire compres-
sion springs wound on flat. (Associated Spring, Barnes Group Inc.)
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each turn or fraction of a turn is calcu-
lated by using the standard rate equa-
tion. The rate for a complete spring is
then determined, given that the spring
rate follows the series relationship in
Eq. (6.3).

To calculate the highest stress at a
given load, the mean diameter of the
largest active coil at load is used. The
solid height of a uniformly tapered, but
not telescoping, spring with squared and
ground ends made from round wire can
be estimated from

LS = Na ��d 2�−� u�2� + 2d (6.18)

where u = OD of large end minus OD of
small end, divided by 2Na.

Barrel- and hourglass-shaped springs
are calculated as two conical springs in
series.

6.4.8 Commercial Tolerances

Standard commercial tolerances are
presented in Tables 6.8, 6.9, and 6.10 for
free length, coil diameter, and load tol-

erances, respectively. These tolerances represent the best tradeoffs between manu-
facturing costs and performance.

SPRINGS 6.27

FIGURE 6.15 Stress correction factors for rectangular-wire compres-
sion springs wound on edge. (Associated Spring, Barnes Group Inc.)

FIGURE 6.16 Various compression-spring body
shapes. (Associated Spring, Barnes Group Inc.)
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6.28 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.17 Typical load-deflection curve for variable-
diameter springs (solid line). (Associated Spring, Barnes
Group Inc.)

TABLE 6.8 Free-Length Tolerances of Squared and Ground Helical
Compression Springs
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6.5 HELICAL EXTENSION SPRINGS

6.5.1 General

Helical extension springs store energy and exert a pulling force. They are usually
made from round wire and are close-wound with initial tension. They have various
types of end hooks or loops by which they are attached to the loads.

Like compression springs, extension springs are stressed in torsion in the body
coils. The design procedures for the body coil are similar to those discussed in Sec.
6.4 except for the initial tension and the hook stresses.

Most extension springs are made with the body coils held tightly together by a
force called initial tension. The measure of initial tension is the load required to
overcome the internal force and start coil separation.

Extension springs, unlike compression springs, seldom have set removed. Fur-
thermore, they have no solid stop to prevent overloading. For these reasons, the
design stresses are normally held to lower values than those for compression springs.

The pulling force exerted by an extension spring is transmitted to the body coils
through hooks or loops. Careful attention must be given to the stresses in the hooks.
The hook ends must be free of damaging tool marks so that spring performance will
not be limited by hook failure.

SPRINGS 6.29

TABLE 6.9 Coil Diameter Tolerances of Helical Compression and
Extension Springs
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6.5.2 Initial Tension

Initial tension is illustrated in Fig. 6.18. The point of intersection on the ordinate is
initial tension PI . The amount of initial tension is governed by the spring index,
material, method of manufacture, and the post-stress-relief heat treatment tempera-
ture. Note that a high stress-relief temperature can reduce the initial tension. This is
sometimes used as a means to control initial tension in low-stress, low-index springs.
It follows that an extension spring requiring no initial tension can be made either by
removing the initial tension with heat treatment or by keeping the coils open during
coiling. The levels of initial tension obtainable are shown in Fig. 6.19.

6.5.3 Types of Ends

Extension springs require a means of attachment to the system which is to be
loaded. A variety of end configurations have been developed over the years. The
configurations most commonly used are shown in Fig. 6.20. Loops or hooks longer
than recommended will require special setup and are more expensive. Specifying an
angular relationship for the loops may also add to the cost. Allow a random rela-
tionship of loops whenever possible.

Stresses in the loops are often higher than those in the body coils. In such cases,
the loops are the performance limiters, particularly in cyclic applications. Generous
bend radii, elimination of tool marks, and a reduced diameter of end coils are meth-
ods used to reduce loop stresses. In a full-twist loop, stress reaches a maximum in
bending at point A (Fig. 6.21) and a maximum in torsion at point B. The stresses at
these locations are complex, but useful approximations are, for bending,

SA = + (6.19)
4P
�
πd2

16K1DP
�

πd 3

SPRINGS 6.31

FIGURE 6.18 Load-deflection curve for a helical extension spring with
initial tension. (Associated Spring, Barnes Group Inc.)
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where the constants are

K1 = (6.20)

and

C1 = (6.21)

The torsional stresses are

SB = (6.22)

where

C2 = (6.23)

General practice is to make C2 greater than 4.

2R2�
d

4C2 − 1
�
4C2 − 4

8DP
�
πd 3

2R1�
d

4C2 − C1 − 1
��
4C1(C1 − 1)

6.32 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.19 Torsional stress resulting from initial tension as a function of
index in helical extension springs. (Associated Spring, Barnes Group Inc.)
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6.5.4 Extension Spring Dimensioning

The dimensioning shown in Fig. 6.22 is generally accepted for extension springs.The
free length is the distance between the inside surfaces of the loops. The body length
is LB = d(N + 1). The loop opening, or gap, can be varied. The number of active coils
is equal to the number of coils in the body of the spring. However, with special ends
such as threaded plugs or swivel hooks, the number of active coils will be less than
the number of body coils.

6.5.5 Design Equations

The design equations are similar to those for compression springs with the exception
of initial tension and loop stresses. The rate is given by

k = = (6.24)

where PI is initial tension. Stress is given by

S = (6.25)
Kw 8PD
�

πd 3

Gd 4

�
8D3Na

P − PI�
f
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FIGURE 6.21 Location of maximum bending and
torsional stresses in twist loops. (Associated Spring,
Barnes Group Inc.)

FIGURE 6.22 Typical extension-spring dimensions. (Associated Spring,
Barnes Group Inc.)
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Dynamic considerations discussed previously are generally applicable to exten-
sion springs. Natural frequency with one end fixed, in SI units, is

n = �� (6.26)

For steel, this equation becomes

n = (6.27)

where n = frequency in hertz. The corresponding equation in USCS units is

n = �� (6.28)

And for steel we have

n = (6.29)

6.5.6 Choice of Operating Stress—Static

The maximum stresses recommended for extension springs in static applications are
given in Table 6.11. Note that extension springs are similar to compression springs
without set removed. For body coil stresses in springs that cannot be adequately
stress-relieved because of very high initial-tension requirements, use the maximum
recommended stress in torsion, given for the end loops.

6.5.7 Choice of Operating Stress—Cyclic

Table 6.12 presents the maximum stresses for extension springs used in cyclic applica-
tions.The data are for stress-relieved springs with initial tension in the preferred range.

7000d
�
NaD2

Gg
�

ρ
d

�
18D2Na

176 000d
��

NaD2

Gg
�

ρ
560d
�
D2Na
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TABLE 6.11 Maximum Allowable Stresses (Kw1
Corrected) for Helical

Extension Springs in Static Applications
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6.5.8 Tolerances

Extension springs do not buckle or require guide pins when they are deflected, but
they may vibrate laterally if loaded or unloaded suddenly. Clearance should be
allowed in these cases to eliminate the potential for noise or premature failure. The
load tolerances are the same as those given for compression springs. Tolerances for
free length and for angular relationship of ends are given in Tables 6.13 and 6.14.

6.6 HELICAL TORSION SPRINGS

Helical springs that exert a torque or store rotational energy are known as torsion
springs. The most frequently used configuration of a torsion spring is the single-body
type (Fig. 6.23). Double-bodied springs, known as double-torsion springs, are some-
times used where dictated by restrictive torque, stress, and space requirements. It is
often less costly to make a pair of single-torsion springs than a double-torsion type.

6.36 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

TABLE 6.12 Maximum Allowable Stresses for ASTM A228 and Type
302 Stainless-Steel Helical Extension Springs in Cyclic Applications

TABLE 6.13 Commercial Free-Length Tolerances 
for Helical Extension Springs with Initial Tension
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Torsion springs are used in spring-loaded hinges, oven doors, clothespins, window
shades, ratchets, counterbalances, cameras, door locks, door checks, and many other
applications.Torsion springs are almost always mounted on a shaft or arbor with one
end fixed. They can be wound either right or left hand.

In most cases the springs are not stress-relieved and are loaded in the direction that
winds them up or causes a decrease in body diameter. The residual forming stresses
which remain are favorable in that direction. Although it is possible to load a torsion
spring in the direction to unwind and enlarge the body coils, ordinarily it is not good
design practice and should be avoided. Residual stresses in the unwind direction are
unfavorable. Torsion springs which are plated or painted and subsequently baked or
are stress-relieved will have essentially no residual stresses and can be loaded in either
direction, but at lower stress levels than springs which are not heat-treated.

Correlation of test results between manufacturer and user may be difficult
because there are few, if any, standardized torsion-spring testing machines. The
springs will have varying degrees of intercoil friction and friction between the
mounting arbor and the body coils. Often, duplicate test fixtures must be made and
test methods coordinated.

SPRINGS 6.37

TABLE 6.14 Tolerances on Angular Relationship of Extension 
Spring Ends

FIGURE 6.23 Specifying load and deflection requirements for torsion
spring: α = angle between ends; P = load on ends at α; L = moment arm;
θ = angular deflection from free position. (Associated Spring, Barnes
Group Inc.)
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Spring ends most commonly used are shown in Fig. 6.24, although the possible
variations are unlimited. In considering spring mounting, it must be recognized that
for each turn of windup, the overall length L of the spring body will increase as

L1 = d(Na + 1 + θ) (6.30)

where θ = deflection in revolutions.
Also note that the body coil diameter will be reduced to

D = (6.31)

where DI = initial mean coil diameter. Experience indicates that the diameter of the
arbor over which the spring operates should be approximately 90 percent of the
smallest inside diameter to which the spring is reduced under maximum load. Too
large an arbor will interfere with deflection, while too small an arbor will provide too
little support. Both conditions lead to unexpectedly early failure. Coil diameter tol-
erances are given in Table 6.17.

6.6.1 Spring Rate

The spring rate, or moment per turn, is given by

k = �
M
θ
� = (6.32)

Ed 4

�
10.8DNa

DINa�
Na + θ

6.38 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.24 Common helical torsion-spring end configurations.
(Associated Spring, Barnes Group Inc.)
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The number of coils is equal to the number of body coils plus a contribution from the
ends. The effect is more pronounced when the ends are long. The number of equiva-
lent coils in the ends is

Ne = (6.33)

where L1 and L2 = lengths of ends, and so Na = Nb + Ne, where Nb = number of body
coils.

The load should be specified at a fixed angular relationship of the spring ends
rather than at a specific angular deflection from free or load positions. Helical tor-
sion springs are stressed in bending. Rectangular sections are more efficient than
round sections, but round sections are normally used because there is usually a pre-
mium cost for rectangular wire.

6.6.2 Stresses

Stress in round-wire torsion springs is given by

S = (6.34)

where KB = a stress correction factor. Stress is higher on the inner surface of the coil.
A useful approximation of this factor is

KB = (6.35)

6.6.3 Rectangular-Wire Torsion Springs

When rectangular wire is formed into coils, it approaches a keystone according to
the relation

bI = b (6.36)

where bI = axial dimension b after keystoning. The radial dimension is always t. The
rate equation is

k = �
M
θ
� = (6.37)

Stress in rectangular-wire torsion springs is given by

S = (6.38)

where KBID
= 4C/(4C − 3) and b = axial dimension of rectangular cross section. Max-

imum recommended stresses are given in Table 6.15 for static applications and in
Table 6.16 for cyclic applications.

6KBM
�

bt2

Ebt3

�
6.6DNa

C + 0.5
�

C

4C − 1
�
4C − 4

32KBM
�

πd 3

L1 + L2�
3πD
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6.6.4 Tolerances

The tolerances for coil diameter and end position are given in Tables 6.17 and 6.18,
respectively. Use them as guides.

6.7 BELLEVILLE SPRING WASHER

Belleville washers, also known as coned-disk springs, take their name from their
inventor, Julian F. Belleville. They are essentially circular disks formed to a conical
shape, as shown in Fig. 6.25.When load is applied, the disk tends to flatten.This elas-
tic deformation constitutes the spring action.

6.40 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

TABLE 6.15 Maximum Recommended Bending Stresses for Helical
Torsion Springs in Static Applications

TABLE 6.16 Maximum Recommended Bending Stresses 
(KB Corrected) for Helical Torsion Springs in Cyclic Applications
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Belleville springs are used in two broad types of applications. First, they are used
to provide very high loads with small deflections, as in stripper springs for punch-
press dies, recoil mechanisms, and pressure-relief valves. Second, they are used for
their special nonlinear load-deflection curves, particularly those with a constant-
load portion. In loading a packing seal or a live center for a lathe, or in injection
molding machines, Belleville washers can maintain a constant force throughout
dimensional changes in the mechanical system resulting from wear, relaxation, or
thermal change.

The two types of performance depend on the ratio of height to thickness. Typical
load-deflection curves for various height-thickness ratios are shown in Fig. 6.26.
Note that the curve for a small h/t ratio is nearly a straight line.At h/t = 1.41 the curve
shows a nearly constant load for approximately the last 50 percent of deflection

SPRINGS 6.41

TABLE 6.17 Commercial Tolerances for Torsion-Spring Coil Diameters

TABLE 6.18 End-Position Tolerances (for D/d Ratios up to and
Including 16)
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before the flat position. Above h/t = 1.41 the load decreases after reaching a peak.
When h/t is 2.83 or more, the load will go negative at some point beyond flat and will
require some force to be restored to its free position. In other words, the washer will
turn inside out.

The design equations given here are complex and may present a difficult chal-
lenge to the occasional designer. Use of charts and the equation transpositions pre-
sented here have proved helpful. Note that these equations are taken from the
mathematical analysis by Almen and Laszlo [6.5]. The symbols used here are those
originally used by the authors and may not necessarily agree with those used else-
where in the text.

6.42 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.25 Belleville washer. (Associated Spring,
Barnes Group Inc.)

FIGURE 6.26 Load-deflection curves for Belleville washers with various h/t
ratios. (Associated Spring, Barnes Group Inc.)

SPRINGS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



6.7.1 Nomenclature

a OD/2, mm (in)
C1 Compressive stress constant (see formula and Fig. 6.28)
C2 Compressive stress constant (see formula and Fig. 6.28)
E Modulus of elasticity (see Table 6.19), MPa (psi)
f Deflection, mm (in)
h Inside height, mm (in)
ID Inside diameter, mm (in)
M Constant
OD Outside diameter, mm (in)
P Load, N (lb)
Pf Load at flat position, N (lb)
R OD/ID
Sc Compressive stress (Fig. 6.27), MPa (psi)
ST1

Tensile stress (Fig. 6.27), MPa (psi)
ST2

Tensile stress (Fig. 6.27), MPa (psi)
t Thickness, mm (in)
T1 Tensile stress constant (see formula and Fig. 6.29)
T2 Tensile stress constant (see formula and Fig. 6.29)
µ Poisson’s ratio (Table 6.19)

6.7.2 Basic Equations

P = �(h − f ) �h − �
2
f
�� t + t3� (6.39)

PF = (6.40)
Eht3

��
(1 − µ2)Ma2

Ef
��
(1 − µ2)Ma2
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FIGURE 6.27 Highest-stressed regions in Belleville washers. (Associated
Spring, Barnes Group Inc.)
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6.44 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.28 Compressive stress constants for Belleville washers. (Associ-
ated Spring, Barnes Group Inc.)

TABLE 6.19 Elastic Constants of Common Spring Materials
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Sc = �C1 �h − �
2
f
�� + C2t� (6.41)

ST1
= �C1 �h − �

2
f
�� − C2t� (6.42)

ST2
= �T1 �h − �

2
f
�� + T2t� (6.43)

The design approach recommended here depends on first determining the loads and
stresses at flat position, as shown in Fig. 6.30. Intermediate loads are determined
from the curves in Fig. 6.31.

Figure 6.30 gives the values graphically for compressive stresses Sc at flat posi-
tion. The stress at intermediate stages is approximately proportional to the deflec-
tion. For critical applications involving close tolerances or unusual proportions,
stresses should be checked by using the equation before the design is finalized.

The stress level for static applications is evaluated in accordance with Eq. (6.41).
This equation has been used most commonly for appraising the design of a Belleville
spring because it gives the highest numerical value. It gives the compressive stress at
the point shown in Fig. 6.27.

Ef
��
(1 − µ2)a2

Ef
��
(1 − µ2)Ma2

Ef
��
(1 − µ2)Ma2
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FIGURE 6.29 Tensile stress constants for Belleville washers.
(Associated Spring, Barnes Group Inc.)
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A Belleville spring washer should be designed so that it can be compressed flat
by accidental overloading, without setting. This can be accomplished either by using
a stress so low that the spring will not set or by forming the spring higher than the
design height and removing set by compressing flat or beyond flat (see Table 6.21).
The table values should be reduced if the washers are plated or used at elevated
temperatures.

For fatigue applications it is necessary to consider the tensile stresses at the
points marked ST1

and ST2
in Fig. 6.27.The higher value of the two can occur at either

SPRINGS 6.47

FIGURE 6.31 Load-deflection characteristics for Belleville washers. If a washer is supported and
loaded at its edges so that it is deflected beyond the flat position, then the greatest possible deflection can
be utilized. Since the load-deflection curve beyond the horizontal position is symmetric with the first part
of the curve, this chart has been labeled at the right and top to be read upside down for deflection beyond
horizontal. Dotted lines extending beyond the chart indicate continuation of curves beyond flat. (Associ-
ated Spring, Barnes Group Inc.)
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the ID or the OD, depending on the proportions of the spring.Therefore, it is neces-
sary to compute both values.

Fatigue life depends on the stress range as well as the maximum stress value. Fig-
ure 6.32 predicts the endurance limits based on either ST1

or ST2
, whichever is higher.

Fatigue life is adversely affected by surface imperfections and edge fractures and can
be improved by shot peening.

Since the deflection in a single Belleville washer is relatively small, it is often nec-
essary to combine a number of washers. Such a combination is called a stack.

The deflection of a series stack (Fig. 6.33) is equal to the number of washers times
the deflection of one washer, and the load of the stack is equal to that of one washer.
The load of a parallel stack is equal to the load of one washer times the number of
washers, and the deflection of the stack is that of one washer.

6.48 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.32 Modified Goodman diagram for Belleville washers; for car-
bon and alloy steels at 47 to 49 Rc with set removed, but not shot-peened.
(Associated Spring, Barnes Group Inc.)

FIGURE 6.33 Stacks of Belleville washers. (Associated Spring, Barnes
Group Inc.)
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Because of production variations in washer parameters, both the foregoing state-
ments carry cautionary notes. In the series stack, springs of the constant-load type
(h/t = 1.41) may actually have a negative rate in some portion of their deflection
range. When such a series stack is deflected, some washers will snap through, pro-
ducing jumps in the load-deflection curve. To avoid this problem, the h/t ratio in a
series stack design should not exceed 1.3.

In the parallel stack, friction between the washers causes a hysteresis loop in the
load-deflection curve (Fig. 6.34). The width of the loop increases with each washer
added to the stack but may be reduced by adding lubrication as the washers burnish
each other during use.

Stacked washers normally require guide pins or sleeves to keep them in proper
alignment. These guides should be hardened steel at HRC 48 minimum hardness.
Clearance between the washer and the guide pin or sleeve should be about 1.5 per-
cent of the appropriate diameter.

6.7.3 Tolerances

Load tolerances should be specified at test height. For carbon-steel washers with 
h/t < 0.25, use load tolerance of ±15 percent. For washers with h/t > 0.25, use ±10 per-
cent. The recommended load tolerance for stainless steel and nonferrous washers is
±15 percent. See Table 6.20 for outside- and inside-diameter tolerances.

SPRINGS 6.49

FIGURE 6.34 Hysteresis in stacked Belleville washers. (Associated
Spring, Barnes Group Inc.)
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Example. In a clutch, a minimum pressure of 202 lb (900 N) is required. This pres-
sure must be held nearly constant as the clutch facing wears down 0.31 in (7.9 mm).
The washer OD is 2.99 in (76 mm). The material washer OD is 2.99 in (76 mm). The
material selected for the application is spring steel HRC 47-50.

Solution

1. Base the load on a value 10 percent above the minimum load, or 202 + 10 per-
cent = 223 lb (998 N).Assume OD/ID = 2. From Fig. 6.31, select a load-deflection
curve which gives approximately constant load between 50 and 100 percent of
deflection to flat. Choose the h/t = 1.41 curve.

2. From Fig. 6.31, the load at 50 percent of deflection to flat is 88 percent of the flat
load.

3. Flat load is PF = 223/0.88 = 252 lb (1125 N).
4. From Fig. 6.30 [follow line AB from 1125 N to h/t = 1.41 and line BC to approxi-

mately 76-mm (2.99-in) OD], the estimated stress is 1500 MPa [218 kilopounds
per square inch (kpsi)].

5. From Table 6.21 maximum stress without set removed is 120 percent of tensile
strength. From Fig. 6.3, the tensile strength at HRC 48 will be approximately 239
kpsi (1650 MPa).Yield point without residual stress will be (239 kpsi)(1.20) = 287
kpsi. Therefore 218 kpsi stress is less than the maximum stress of 287 kpsi.

6. Stock thickness is

t = 4�� = 0.054 in (1.37 mm)
OD2(PF)

��
19.2(107)(h/t)

6.50 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

TABLE 6.20 Belleville Washer Diameter Tolerances

TABLE 6.21 Maximum Recommended Stress Levels for Belleville
Washers in Static Applications
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7. h = 1.41t = 1.41(0.054) = 0.076 in

H = h + t = 0.076 + 0.054 = 0.130 in

8. Refer to Fig. 6.31. The load of 202 lb will be reached at f1 = 50 percent of maxi-
mum available deflection. And f1 = 0.50(0.076) = 0.038 in deflection, or the load
of 223 lb will be reached at H1 = H − f1 = 0.130 − 0.038 = 0.092 in height at load.To
allow for wear, the spring should be preloaded at H2 = H1 − f(wear) = 0.092 −
0.032 = 0.060 in height. This preload corresponds to a deflection f2 = H − H2 =
0.130 − 0.060 = 0.070 in. Then f2/h = 0.070/0.076 = 0.92, or 92 percent of h.

9. Because 92 percent of h exceeds the recommended 85 percent (the load-
deflection curve is not reliable beyond 85 percent deflection when the washer is
compressed between flat surfaces), increase the deflection range to 40 to 85 per-
cent. From Fig. 6.31, the load at 40 percent deflection is 78.5 percent, and PF =
223/0.785 = 284 lb. Repeat previous procedures 4, 5, 6, 7, and 8, and find that
100(f2/h) = 81 percent of h. The final design is as follows:

Material: AISI 1074
OD = 2.99 in (76 mm)
ID = 1.50 in (38 mm)
t = 0.055 in (1.40 mm) nominal
h = 0.078 in (1.95 mm) nominal
Tensile stress ST1

= −29.5 kpsi (−203 MPa) at f2 = 85 percent of h
Tensile stress ST2

= 103 kpsi (710 MPa) at f2 = 85 percent of h

6.8 SPECIAL SPRING WASHERS

Spring washers are being used increasingly in applications where there is a require-
ment for miniaturization and compactness of design.They are used to absorb vibra-
tions and both side and end play, to distribute loads, and to control end pressure.

Design equations have been developed for determining the spring characteristics
of curved, wave, and Belleville washers. There are no special design equations for
slotted and finger washers.They are approximated by using Belleville and cantilever
equations and then are refined through sampling and testing.

6.8.1 Curved Washers

These springs (Fig. 6.35) exert relatively light thrust loads and are often used to
absorb axial end play. The designer must provide space for diametral expansion
which occurs as the washer is compressed during loading. Bearing surfaces should be
hard, since the washer edges tend to dig in.The spring rate is approximately linear up
to 80 percent of the available deflection. Beyond that the rate will be much higher
than calculated. Load tolerance should not be specified closer than ±20 percent.

Approximate equations are

P = (6.44)

and

S = (6.45)
1.5KP
�

t2

4fEt3

�
OD2(K)
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where K is given in Fig. 6.36 and f is 80 percent of h or less.
Maximum recommended stress levels for static operations are given in Table

6.22. Favorable residual stresses can be induced by shot peening and, to a lesser
extent, by removing set.The maximum recommended stresses for cyclic applications
are given in Table 6.23.

Tensile strengths for carbon steel are obtained from Fig. 6.3.

6.8.2 Wave Washer

These spring washers (Fig. 6.37) are regularly used in thrust loading applications, for
small deflections, and for light to medium loads.The rate is linear between 20 and 80
percent of available deflection. Load tolerances should be no less than ±20 percent.
In the most commonly used range of sizes, these washers can have three, four, or six
waves.

6.52 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.35 Curved washer. (Associated Spring, Barnes Group Inc.)

FIGURE 6.36 Empirical correction factor K for curved spring
washers. (Associated Spring, Barnes Group Inc.)
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Design equations are

�
P
f
� = (6.46)

and
S = (6.47)

where D = OD − b. The washer expands in diameter when compressed, according to
the formula

D′ = ���D2�+� 0�.4�5�8�h�2N�2� (6.48)

Maximum recommended stress levels for static applications are given in Table
6.22. Favorable residual stresses are induced by shot peening or removing set.Table
6.23 gives the maximum recommended stress levels for cyclic applications. Figure
6.3 provides tensile strengths for carbon steel.

3πPD
�
4bt2N 2

Ebt3N 4(OD)
��

2.4D3(ID)
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TABLE 6.22 Maximum Recommended Operating Stress Levels 
for Special Spring Washers in Static Applications

TABLE 6.23 Maximum Recommended Operating Stress Levels 
for Steel Curved and Wave Washers in Cyclic Applications
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6.8.3 Finger Washers

Finger washers (Fig. 6.38) have both the flexibility of curved washers and the dis-
tributed points of loading of wave washers. They are calculated, approximately, as
groups of cantilever springs; then samples are made and tested to prove the design.
They are most frequently used in static applications such as applying axial load to
ball-bearing races to reduce vibration and noise.These washers are not used in cyclic
applications because of the shear cuts.

6.8.4 Slotted Washers

These are more flexible than plain dished washers but should be designed to maintain
a constant pressure rather than to operate through a deflection range (see Fig. 6.39).

6.54 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 6.37 Typical wave spring washer. (Associated Spring, Barnes
Group Inc.)

FIGURE 6.38 Finger washer. (Associated Spring, Barnes
Group Inc.)
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6.9 FLAT SPRINGS

6.9.1 Introduction

The classification flat springs applies to a wide range of springs made from sheet,
strip, or plate material. Exceptions to this classification are power springs and wash-
ers. Flat springs may contain bends and forms. Thus the classification refers to the
raw material and not to the spring itself.

Flat springs can perform functions beyond normal spring functions. A flat spring
may conduct electricity, act as a latch, or hold a part in position. In some flat springs,
only a portion of the part may have a spring function.

Most flat springs are custom designs,
and the tooling is often a major cost
consideration. Flat springs can be can-
tilever or simple elliptical beams or
combinations of both. These two ele-
mentary forms are discussed in this sec-
tion. For a description of the methods
used to compute complex flat-spring
designs, see [6.6].

Load specification in flat springs is closely connected with the dimensioning of
the form of the spring. From the equations it can be seen that the deflection and load
vary in proportion to the third power of the material thickness. The important fac-
tors in load control are first, the material thickness and second, the deflection.
Where close load control is required, the material may have to be selected to
restricted thickness tolerance, and/or the free shape may be trued.

6.9.2 Cantilever Springs

The basic type of cantilever is a rectangular spring as shown in Fig. 6.40. The maxi-
mum bending stress occurs at the clamping point, and the stress is not uniform
through the section. This stress is
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FIGURE 6.39 Slotted washers. (Associated
Spring, Barnes Group Inc.)

FIGURE 6.40 Rectangular cantilever spring. (Associated
Spring, Barnes Group Inc.)

SPRINGS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



S = (6.49)

The load is given by

P = (6.50)

These equations are satisfactory when the ratio of deflection to length f/L is less
than 0.3. For larger deflections, use the method described in Fig. 6.41.

In cantilever springs with a trapezoidal or triangular configuration (Fig. 6.42), the
stress is uniform throughout and is

S = (6.51)

The corresponding load is

6PL
�
bot2

fEbt 3

�
4L3

6PL
�

bt2
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FIGURE 6.41 Calculating large deflection in cantilever beams
[6.7]. To utilize this figure for any load P, first calculate the quantity
12PL3/Ebt3. Using this value, from the curves find f/L and xo/L,
where xo is the moment arm of the load P. Deflection then equals L
multiplied by f/L. The maximum stress is reduced in the ratio xo/L.
(Associated Spring, Barnes Group Inc.)
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P = (6.52)

where K = constant based on the ratio b/bo (Fig. 6.43). These equations are valid for
f/L ratios of less than 0.3.

6.9.3 Simple Beams or Elliptical Springs

Simple beams are usually rectangular and are formed into an arc as in Fig. 6.44. If
holes are introduced for clamping purposes, stress will increase at the hole and at the
clamping point owing to stress concentration.

fEbot 3

�
4L3K
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FIGURE 6.42 Trapezoidal cantilever spring. (Associated
Spring, Barnes Group Inc.)

FIGURE 6.43 Correction factor for trapezoidal
beam-load equation. (Associated Spring, Barnes
Group Inc.)
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When ends are free to move laterally, the equation for load is

P = (6.53)

and stress is given by

S = (6.54)

These equations apply when the ratio f/L is less than 0.15.

Stress Considerations. The maximum design stresses for cantilevers and simple
beams are given in Table 6.24 for static applications and in Table 6.25 for cyclic appli-
cations. These recommendations do not apply when holes, sharp corners, notches, or
abrupt changes in cross section are incorporated in the design, and should be used
for guidance only.

6.10 CONSTANT-FORCE SPRINGS

A constant-force spring is a roll of prestressed material which exerts a nearly con-
stant restraining force to resist uncoiling. Its unique characteristic is force indepen-
dent of deflection. The force required to produce a unit deflection is the same for

1.5PL
�

bt2

4fEbt3

�
L3
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FIGURE 6.44 Simple beam spring. (Associated Spring,
Barnes Group Inc.)

TABLE 6.24 Maximum Design Stresses for Cantilever and Simple
Beam Springs in Static Applications

SPRINGS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



each increment of coil because the radius of curvature of each increment is the same
as any other.

Although these springs are not constant-load or constant-torque springs in the pre-
cise meaning of those terms, they produce a more nearly constant load over a greater
deflection than any other spring design covered here. See Fig. 6.45. Constant-force
springs are made of both type 301 stainless steel and ultra-high-strength high-carbon
steels, with many of the applications using stainless steel because of its inherent resis-
tance to corrosion.

One of the most severe limitations on the use of constant-force springs is their
relatively short operating life. The most efficient use of material will produce a life
of about 3000 cycles. Although life of hundreds of thousands of cycles is possible,
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TABLE 6.25 Maximum Design Stresses for Carbon-Steel Cantilever
and Simple Beam Springs in Cyclic Applications

FIGURE 6.45 Load-deflection curves for various spring
configurations. (Associated Spring, Barnes Group Inc.)
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most applications fall into the range of 3000 to 30 000 cycles. Figure 6.46 shows the
relationship between stress and fatigue life. These curves are derived from experi-
mentally obtained data.

Some applications involving constant-force and constant-torque springs are sim-
ple extension springs, window sash counterbalances, camera motors, toys, machine
carriage returns, constant-pressure electric-motor brush springs, space vehicle appli-
cations, and retraction devices.

6.10.1 Extension Type

This type of spring is a spiral spring made of strip material wound on the flat with an
inherent curvature such that, in repose, each coil wraps tightly on its inner neighbor.
In use the strip is extended with the free end loaded and the inner end supported on
a drum or arbor. Very long deflections are possible, but the strip becomes unstable
in long deflections and must be guided or supported to avoid kinking or snarling on
the return stroke.

The rated load is not reached until after an initial deflection of 1.25 times the
drum diameter, as shown in Fig. 6.47. Idler pulleys can be used but should be no
smaller in diameter than the natural diameter of the coils and should never be used
in a direction to cause backbending against the strip curvature.

6.10.2 Design Equations

P = for N ≤ 10 (6.55)

P = ��
D
2

n
� − �

D
1

1
�� for N > 10 (6.56)

Ebt3

�
6.5D1

Ebt 3

�
6.5Dn

2
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FIGURE 6.46 Maximum bending stress versus number of stress cycles for
constant-force springs. These curves are based on no. 1 round-edge strip.
(Associated Spring, Barnes Group Inc.)
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If unknown, let b/t = 100/1, D2 = 1.2 Dn,

S = �
D
Et

n
� (6.57)

and

L = 1.57N(D1 + D2) or L  f + 5D2

where N = number of turns
D1 = outside coil diameter
D2 = drum (arbor) diameter
Dn = natural diameter
E = modulus of elasticity

6.10.3 Spring Motor Type

When a constant-force spring is mounted on two drums of different diameters and the
spring is backbent onto the larger diameter, the result is a constant-force spring motor.
The strip is in repose on the smaller (storage) drum and is backbent onto the larger
(output) drum.Torque is taken from the output drum shaft as shown in Fig. 6.48.

Note here that constant torque does not mean constant speed. Constant torque
implies uniform acceleration, and the mechanism so driven will continue to speed up
unless restrained by a governor mechanism. Load tolerances are normally held
within ±10 percent.
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FIGURE 6.47 Typical constant-force extension spring
(extension form). (Associated Spring, Barnes Group Inc.)

FIGURE 6.48 Typical constant-torque motor spring. (Associ-
ated Spring, Barnes Group Inc.)
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6.10.4 Design Equations

M = ��
D
1

n
� + �

D
1

3
��

2

(6.58)

S = Et ��
D
1

n
� + �

D
1

3
�� (6.59)

L = πN(D3 + Nt) + 10D3 (6.60)

Rc = Rn ��4 +��� +��� +� ����
2� (6.61)

Design Suggestions. Let

�
b
t
� = 100 = 250 = 2 = 1.6

where Dn = natural diameter
Rn = natural radius
D2 = storage-drum diameter
D3 = output-drum diameter
R3 = output-drum radius
N = number of revolutions
Rc = minimum center-to-center distance of drums

6.11 TORSION BARS

Torsion bars used as springs are usually straight bars of spring material to which a
twisting couple is applied. The stressing mode is torsional. This type of spring is very
efficient in its use of material to store energy. The major disadvantage with the tor-
sion bar is that unfavorable stress concentrations occur at the point where the ends
are fastened.

Although both round and rectangular bar sections are used, the round section is
used more often.

6.11.1 Design Equations: Round Sections

φ = (6.62)

S = (6.63)

where φ = rotation angle in degrees
S = shear stress
L = active length

16M
�
πd 3

584ML
�

d 4G

D3�
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t
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Ebt 3D3�
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6.11.2 Design Equations: Rectangular Sections

φ = (6.64)

S = (6.65)

where factors K1 and K2 are taken from Table 6.26.
The assumptions used in deriving these equations are (1) the bar is straight, (2)

the bar is solid, and (3) loading is in pure torsion.
Torsion-bar springs are often preset in the direction in which they are loaded by

twisting the bar beyond the torsional elastic limit. Care must be taken in the use of a
preset bar: It must be loaded in the same direction in which it was preset; otherwise,
excessive set will occur.

6.12 POWER SPRINGS

Power springs, also known as clock, motor, or flat coil springs, are made of flat strip
material which is wound on an arbor and confined in a case. Power springs store and
release rotational energy through either the arbor or the case in which they are
retained. They are unique among spring types in that they are almost always stored
in a case or housing while unloaded. Figure 6.49 shows typical retainers, a case, and
various ends.

6.12.1 Design Considerations

Power springs are stressed in bending, and stress is related to torque by

S = (6.66)

Load-deflection curves for power springs are difficult to predict. As a spring is
wound up, material is wound onto the arbor. This material is drawn from that which

6M
�
bt2

M
�
K2bt2

57.3ML
�
K1bt3G
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TABLE 6.26 Factors for Computing 
Rectangular Bars in Torsion
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was at rest against the case.Thus, the length of active material is constantly changing,
which makes it difficult to develop a workable expression for the spring rate. For
these reasons, ratios, tables, and graphical presentations are used to develop the
design criteria.

The ratio of arbor diameter to thickness Da /t is sometimes called the life factor. If
it is too small, fatigue life will suffer. The life factor is usually maintained from 15 to
25. The ratio of active strip length to thickness L/t determines the flatness of the
spring-gradient (torque-revolution) curve. The curve is flatter when L is longer. The
usual range of the L/t ratio is from 5000 to 10 000. The ratio of the inside diameter
of cup (case or housing) to thickness Dc /t is the turns factor. This determines the
motion capability of the spring or indicates how much space is available between the
arbor and the material lying against the inside of the case.

6.12.2 Design Procedure

In order to design a power spring that will deliver a given torque and number of
turns, first determine its maximum torque in the fully wound condition. If a spring is
required to deliver a minimum torque of 0.5 N ⋅m for 10 revolutions (r) of windup
and 10 r equals 80 percent unwound from solid, then from Fig. 6.50 we see that the
torque at that point is 50 percent of the fully wound. Thus the fully wound torque is
1.0 N ⋅m. Table 6.27 shows that a strip of steel 0.58 mm thick and 10 mm wide will
provide 1.0 N ⋅m of torque at the fully wound position per 10 mm of strip width.

Figure 6.51 shows that the average maximum solid stress for 0.58-mm-thick stock
is about 1820 MPa. At the hardness normally supplied in steel strip for power
springs, this is about 95 percent of tensile strength.

In Fig. 6.52, 10 turns relate to a length-to-thickness L/t ratio of 4300. With 
t = 0.58, L equals 2494 mm. Similarly, 4300 L/t relates to a Dc /t ratio of 107. Then 
Dc = 62.06 mm. If
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FIGURE 6.49 Typical power spring retainers and ends. (Associated Spring, Barnes Group Inc.)
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L = (6.67)

then Da = ���Dc
2�−� 2�.5�5�L�t� = 12.72 mm and Da /t = 22.

The equation for the number of turns a power spring will deliver, when it occu-
pies half the space between arbor and case, is

θ = (6.68)

In this example θ = 10 r.
Experience shows that highly stressed power springs, made from pretempered

AISI 1095 steel with a hardness of HRC 50 to 52 and stressed to 100 percent of ten-
sile strength, could be expected to provide approximately 10 000 full-stroke life
cycles. If the maximum stress were 50 percent of tensile strength at full stroke, then
a life of about 100 000 cycles could be expected.

The final design is as follows:

t = 0.023 in (0.58 mm)
1095 carbon steel, HRC 51, no. 1 round edge
b = 0.394 in (10 mm)
L = 98.188 in (2494 mm)
Da = 0.501 in (12.72 mm)
Dc = 2.443 in (62.06 mm)

��2(D�c
2�+� D�a

2)� − (Dc + Da)���
2.55t

Dc
2 − Da

2

�
2.55t
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FIGURE 6.50 Typical normalized torque-revolution curve for power
springs. (Associated Spring, Barnes Group Inc.)
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6.13 HOT-WOUND SPRINGS

6.13.1 Introduction

Springs are usually cold-formed when bar or wire diameters are less than 10 mm
(approximately 3⁄8 in). When the bar diameter exceeds 16 mm (approximately 5⁄8 in),
cold forming becomes impractical and springs are hot-wound.

Hot winding involves heating the steel into the austenitic range, winding hot,
quenching to form martensite, and then tempering to the required properties.
Although the most common types of hot-wound springs are compression springs for
highway, off-highway, and railroad-vehicle suspension applications, torsion and
extension springs can also be hot-wound.

6.13.2 Special Design Considerations

Design equations for hot-wound springs are the same as those for cold-formed
springs except for the use of an empirical factor KH which adjusts for effects related
to hot-winding springs. Multiply the spring rate by KH.
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TABLE 6.27 Torque per Unit of Width at Maximum Allowable Stress for Steel; L/t Range
Is 5000 to 10 000

SPRINGS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



SPRINGS 6.67

FIGURE 6.51 Average maximum solid stress in carbon-steel power
springs. (Associated Spring, Barnes Group Inc.)

FIGURE 6.52 Relationships among number of revolutions, case diameter, strip
length, and thickness for power springs. (Associated Spring, Barnes Group Inc.)
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The values for factor KH are 0.91 for springs made from hot-rolled carbon or low-
alloy steel, not centerless ground; 0.96 for springs made from hot-rolled carbon or
low-alloy steel, centerless ground; and 0.95 for torsion springs made from carbon or
low-alloy steel.

The ends of hot-wound springs can be open or squared or either ground or not
ground. Solid height is calculated in the same way as for cold-wound springs; but
when space is limited, Ls can be reduced to (Nt − 0.5)d by using a heavy grind.

The end configurations of extension or torsion springs must be formed hot at the
same time as the spring is wound. If the configuration is complex, they may become
cool in the process, and the whole spring may have to be reheated into the austenitic
range. Note that hot-wound extension springs cannot have initial tension.

6.13.3 Materials

The common hot-wound alloys are AISI 5160, 5160H, and 1095 steels. The normal
range of hardness is from HRC 44 to 48. Corresponding tensile strengths are 1430 to
1635 MPa.

The hot-rolled wire used in hot-wound springs is produced in standard sizes. Bar
diameter variation and bar out-of-roundness tolerances are approximated in Table
6.28.

6.13.4 Choice of Operating Stress

Static Applications. The stress is calculated as in cold-wound springs. Use Table
6.29 for set-point information.

Cyclic Applications. Hot-wound springs made from hot-rolled wire are used in
cyclic applications because rolled bars are subject to a variety of characteristic mate-
rial defects mostly related to the bar surface condition. Therefore Table 6.30 can be
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TABLE 6.28 Diameter and Out-of-Roundness Tolerances 
for Hot-Rolled Carbon-Steel Bars
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used only for centerless ground alloy bars. Practical manufacturing tolerances for
hot-wound springs can be found in ASTM A125.
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TABLE 6.29 Maximum Allowable Torsional Stress for Hot-Wound
Helical Compression Springs in Static Applications

TABLE 6.30 Maximum Allowable Torsional Stress for Hot-Wound
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LIST OF SYMBOLS

a Constant, lb ⋅s ⋅ ft/rad (J ⋅s/rad)
A Cross-sectional area of rim, in2 (m2)
As Cross-sectional area of spoke, in2 (m2)
Aj, Bj, Cj Difference coefficients
b Constant, lb ⋅ ft (J)
Cs Coefficient of speed fluctuation
Cu Coefficient of energy fluctuation
Dj Difference coefficient, lb (kN)
fi Intermediate variable
F Stress function (= rtσr), lb (kN)
Fs Geometric shape factor
g Acceleration of gravity, 32.2 ft/s2 (9.80 m/s2)
I Second moment of area, in4 (m4)
j Index
J Polar-mass moment of inertia, lb ⋅s2 ⋅ ft (N ⋅s2 ⋅m)
K Coefficient, 33 000 lb ⋅ ft ⋅rpm/hp [2π J ⋅rad/(W ⋅s)]
n Engine speed, rpm (rad/s)
Nc Number of cylinders
Ns Number of spokes
P Power, hp (W)
r Radial distance, in (m)

7.1

Source: STANDARD HANDBOOK OF MACHINE DESIGN
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∆r Radial-distance increment, in (m)
rh Hub radius, in (m)
ra Average radius of rim, in (m)
ri Inner radius of rim, in (m)
ro Outer radius of rim, in (m)
R Specific energy, in (m)
Sy Yield strength, psi (MPa)
t Time, s
∆t Time increment, s
T Torque, lb ⋅ ft (J)
Ta Angle-dependent torque, lb ⋅ ft (J)
Ts Speed-dependent torque, lb ⋅ ft (J)
Tj Torque at end of interval j, lb ⋅ ft (J)
U Difference between the flywheel energy at maximum speed and

at minimum speed, lb ⋅ ft (J)
V Rim velocity, ft/s (m/s)
W Weight, lb (kN)
z Thickness, in (m)
z′ Radial derivative of flywheel thickness (= dz/dr)
z0 Thickness at center, in (m)
Zr Section modulus of rim, in3 (m3)
Zs Section modulus of spoke, in3 (m3)
2α Angle between adjacent spokes (see Fig. 7.6), rad
β Angle, rad
θ Angular position, rad
θmax Maximum angular deviation from constant-speed position, rad
θ0 Angular position at start of machine cycle, rad
∆θ Angular increment, rad
ν Poisson’s ratio
ξ Time, s
ρ Weight density, lb/in3 (kN/m3)
σ Stress, psi (MPa)
σ0 Stress constant, psi (MPa)
σr Radial stress, psi (MPa)
σt Tangential stress, psi (MPa)
ω Rotational speed, rad/s
ωmax, ωmin Maximum and minimum speed, rad/s
ωavg Average speed [= 0.5(ωmax + ωmin)], rad/s
ω0 Speed at start of machine cycle, rad/s
∆ω Maximum deviation of speed from average value, rad/s
ωj Speed at end of interval j, rad/s

7.2 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY
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The energy-storage capacity of a flywheel is determined from its polar moment of
inertia J and its maximum safe running speed. The necessary inertia depends on the
cyclic torque variation and the allowable speed variation or, in the case of energy-
storage flywheels, the maximum energy requirements. The safe running speed
depends on the geometry and material properties of the flywheel.

7.1 FLYWHEEL USAGE

Flywheels store energy. Indeed, flywheels are used as energy reservoirs, and this use
will be discussed in Sec. 7.4. Their principal use in machine design, however, is to
smooth the variations in shaft speed that are caused by loads or power sources that
vary in a cyclic fashion. By using its stored kinetic energy 0.5Jω2 to absorb the varia-
tions in torque during a machine cycle, a flywheel smooths the fluctuating speed of a
machine and reduces undesirable transient loads. The effect of a flywheel is there-
fore fundamentally different from that of a regulator: A flywheel limits the speed
variation over one cycle and has minimal effect on the average speed; a regulator
uses negative feedback to maintain a selected average speed with only secondary
effects on the speed during a cycle.

The flywheel has other features which have to be considered in design. Its size,
speed, and windage effect can all be used to advantage in providing a secondary
function as part of a clutch, gear, belt pulley, cooling fan, pump, gyroscope, or tor-
sional damper.

7.2 SIZING THE FLYWHEEL

7.2.1 Coefficient of Speed Variation

A certain amount of fluctuation in shaft speed will not cause harmful torques or
reduce the usefulness of a machine. The coefficient of speed fluctuation Cs is defined
as

Cs = (7.1)

where ω = rotational speed at the flywheel and ωavg = average of ωmax and ωmin.
Ranges for Cs for several categories of speed variation are given in Table 7.1.
Assume that the system is stiff (the speeds of all shafts are proportional), that the
external torque input or load is constant, and that ωavg is close to the constant speed
at which the energy from the average torque balances the external energy (this is
usually a good assumption for values of Cs up to about 0.2). The energy equation 
U = 0.5J(ω2

max − ω2
min) and the definition of Cs combine to give the equation for the

required mass moment of inertia [7.11]:

J = (7.2)

This inertia includes the flywheel inertia and the inertia of all rotating parts, referred
to the flywheel speed by multiplying by the square of the ratio of the shaft speeds.

U
�
ω2

avgCs

ωmax − ωmin��
ωavg
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Example 1. During each punching cycle, the cranking shaft for a punching opera-
tion does 270 J of work while rotating 30 degrees, as shown in Fig. 7.1. No work is
done during the remaining 330 degrees. What size flywheel is necessary if the speed
at the location of the flywheel is 20 rad/s and the inertia of the other rotating parts
referred to the flywheel is 0.51 N ⋅s2 ⋅m?

The average work required is 270/(2π) = 43.0 J/rad. The motor will supply this
constant torque throughout the cycle. Referring to Fig. 7.1, the flywheel will give up
some of its stored energy during the 30 degrees of actual punching.This is the shaded
area above the average-torque line; the motor will supply the additional 43 J/rad.
During the remaining 330 degrees, the motor will resupply the flywheel, as shown by
the shaded area below the average-torque line. The flywheel speed reaches its max-
imum and minimum where the loading torque crosses the average-torque line.

7.4 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

TABLE 7.1 Suggested Values for the Coef-
ficient of Speed Fluctuation Cs

FIGURE 7.1 Torque-angle curve for punching operation in Example 1. The dashed line indi-
cates the average torque of 43 J/rad, and the shaded areas are each equal to the maximum energy
variation of 247 J.
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Since the torque-angle curve is steep at both ends, the area above the average
torque line is the total area minus the small rectangle below the average.The energy
variation is then

U = 270 − 43.0 ��
π
6

�� = 247 J (7.3)

The relative speed between the cranking shaft and the flywheel is unimportant since
the energy (torque times angle) is the same at either speed. Letting Cs = 0.10 for a
moderate speed variation, Eq. (7.2) gives the necessary flywheel inertia:

J = − 0.51 = 5.67 N ⋅s2 ⋅m (7.4)

For a steel-rim-type flywheel, assuming that 10 percent of the inertia is provided by
the hub and spokes, the flywheel rim with a 0.5-m average rim diameter will weigh
approximately

W = = = 0.800 kN (7.5)

Using a density of 76.5 kN/m3, the necessary cross-sectional area is then given by

A = = = 0.006 66 m2 (7.6)

Assuming that the speed is at its average during the peak torque of 774 J, the peak
power required without any flywheel effect would be

P = Tω = 774(20)(0.001) = 15.5 kW (7.7)

Without a flywheel, the design limitation on the speed fluctuation would have to be
met using a nonuniform input torque. With the flywheel, the required power is
determined from the average torque of 43.0 J:

P = Tω = 43.0(20)(0.001) = 0.9 kW (7.8)

This shows that in addition to smoothing the machine operation, the flywheel
actually reduces the size of the motor required.

7.2.2 Integration of the Torque-Angle Relation

If the torque-angle curve for a machine cycle is available from experimental data 
or a dynamic analysis, U is determined from the areas between the curve and the
average-torque line. If the external torque input or load is not constant, it can be
combined with the torque-angle curve for the machine. If the loading torque and the
driving torque are not synchronized or have an unknown phase difference, a worst-
case combination should be used. The areas under the curve can be determined
using a planimeter or by graphic or numerical integration. (See Example 4.) Unless
Cs is accurately known and the curve is from a worst case or is highly repeatable, pre-
cision in integrating is not warranted.

0.9(5.67)(9.80)
���
2π(76.5)(0.25)3(1000)

Jg
�
2πρra

3

0.9(5.67)(9.80)
��

0.252(1000)
Jg
�
ra

2

247
��
202(0.10)
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Example 2. An engine has the torque-angle curve given in Fig. 7.2. If the average
speed at the flywheel is 2000 rpm and the output speed is allowed to vary by ±2.5
percent, how large a flywheel is necessary if the loading torque is assumed constant?
The inertia of the other rotating parts, referred to the flywheel, is 0.11 lb ⋅s2 ⋅ ft.

The net area under the curve, using a planimeter, is 1156 lb ⋅ ft. One machine cycle
for the four-stroke engine consists of two crankshaft cycles. The average torque is
therefore 1156/(4π) = 92.0 lb ⋅ ft. This average torque is shown as the dashed line in
Fig. 7.2. The maximum and minimum velocities will occur at the points where the
curve crosses this line. Each area between crossover points is measured and tabu-
lated (see Table 7.2). The relative maxima and minima of the speed occur at the
crossover points; therefore, the largest energy difference between any two crossover
points will determine U. Since these two points will not necessarily be adjacent 
to each other, a running sum of the individual areas A + I through H is formed, start-
ing at an arbitrary crossover point. The largest energy difference is then the maxi-
mum sum minus the minimum sum; in this case, U = 1106 − (−95) = 1201 lb ⋅ ft. With 
ω = 2π(2000)/60 = 209.4 rad/s and Cs = 2(0.025) = 0.05, Eq. (7.2) gives

J = − 0.11 = 0.438 lb ⋅s2 ⋅ ft (7.9)

Note that if the engine were operated at a slower speed, Eq. (7.2) indicates that a
larger flywheel would be necessary even if the torque-angle curve did not change.

1201
��
209.42(0.05)

7.6 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 7.2 Torque-angle curve for the engine in Example 2. The dashed line indicates the
average torque of 92.0 lb ⋅ ft, and the shaded areas are the energy variations from the average
speed. Sections A and I correspond to the values given in Table 7.2.

TABLE 7.2 Area Sums for Example 2
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7.2.3 Coefficient of Energy Variation

The torque-angle relationship for an engine depends on the fuel, gas pressures,
reciprocating masses, speed, and engine geometry [7.2]. The large variation that is
possible between different engine designs shows that dynamic measurement or
kinematic analysis is necessary to determine the torque fluctuation. It is often nec-
essary, however, to come up with a rough estimate for preliminary design purposes
or for checking the reasonableness of calculated values. For these purposes, the
energy variation for an internal-combustion engine can be estimated by

U = Cu �
K
ω
P
� (7.10)

where K = 33 000 lb ⋅ ft ⋅rpm/hp [2π J ⋅rad/(W ⋅s)]. The coefficient of energy variation
Cu can be approximated for a two-stroke engine with from 1 to 8 cylinders using the
equation

Cu = �
(N

7
c

.
+
46

1)3� (7.11)

and for a four-stroke engine with from 1 to 16 cylinders using the two-branched
equation

Cu = �
|Nc −

0.
1
8
.4|1.3� − 0.015 (7.12)

Example 3. A 150-hp four-cylinder, four-stroke engine has a flywheel speed of
1000 rpm. Estimate the flywheel necessary for a 2 percent speed variation with a uni-
form load at an engine speed of 3000 rpm, neglecting the flywheel effect of the other
rotating parts.

Using Eq. (7.12),

Cu = �
|4 −

0
1
.8
.4|1.3� − 0.015 = 0.22 (7.13)

Then from Eq. (7.10),

U = 0.22 �
33 0

3
0
0
0
0
(
0
150)
� = 363 lb ⋅ ft (7.14)

so that from Eq. (7.2), with ω = 2π(1000)/60 = 105 rad/s,

J = �
105

3
2(
6
0
3
.02)
� = 1.6 lb ⋅s2 ⋅ ft (7.15)

7.2.4 Angular Fluctuation

Certain machines, such as electric generators and magnetic digital storage systems,
must maintain their angular position within a close tolerance of the constant-speed
position. If the torque is known as a function of time, it can be integrated to deter-
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mine the angular velocity, and then the angular velocity can be integrated to give the
angular position:

ω(t) = �t

0
dξ + ω0 (7.16)

θ(t) = �t

0
ω(ξ) dξ + ω0t + θ0 (7.17)

where the ω0t + θ0 term represents the constant-speed position.
In the more usual instance, the torque is known only as a function of angle. For

small values of Cs, however, the torque-time curve is indistinguishable from the
torque-angle curve with the angle coordinate divided by ωavg.

Example 4. A generator with the input torque given in Fig. 7.3a must maintain an
angular position within ±0.25 degrees of the uniform 200-rpm position. Assuming a
uniform load, what flywheel inertia is necessary?

For illustration purposes, the machine cycle will be divided into 10 intervals of 
∆t = 0.03 s each, as shown in Fig. 7.3a. For an accurate solution, the problem would
be programmed with perhaps 20 intervals.

The torque at each step is tabulated (column 3 in Table 7.3), and then the average
torque in each interval is placed in column 4.This value, if multiplied by ∆t, would be
the area below the curve using the trapezoid rule. Adding these average torques
(column 5) and dividing by 10 intervals gives the average torque for the curve, 902
lb ⋅ ft (column 6), shown as the dashed line in Fig. 7.3a. Subtracting this average, the
constant loading torque, from column 4 gives column 7, the average excess of sup-
plied torque in each interval. The running sum of these values (column 8) performs
the integration, to give Jω/∆t (see Fig. 7.3b). The relative speed at the end of each
interval is therefore the value in column 8 times ∆t/J.

The procedure is repeated for the second integration, giving columns 9 through
13. Column 13 is then Jθ/(∆t)2 (Fig. 7.3c), so that the relative angular position is the
value in column 13 times ∆t 2/J. The maximum range in column 13 is 6915 − (−7725) =
14 640 lb ⋅ft. The maximum angular deviation from the mean position is calculated
from half the maximum range, so that

θmax = (7.18)

For θmax = 0.25 degrees = 0.004 36 rad deviation, this gives

J = �
0
0
.0
.0
3
0

2(
4
1
3
4
6
6
(
4
2
0
)
)

� = 1511 lb ⋅s2 ⋅ ft (7.19)

The speed variation is determined as a by-product of the process. The maximum
range in column 8 is 9878 − 0 = 9878 lb ⋅ ft. The maximum speed variation is then

ωmax − ωmin = = = 0.196 rad/s (7.20)

For ωavg = 2π(200)/60 = 20.94 rad/s, the coefficient of speed fluctuation is then, from
Eq. (7.1),

Cs = �
0
2
.
0
1
.
9
9
6
4

� = 0.009 36 (7.21)

0.03(9878)
��

1511
∆t(9878)
�

J

(∆t)2(14 640)
��

J(2)

T(ξ)
�

J
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7.2.5 Speed-Dependent Torques

The input and loading torques are in reality a function of angle, time, speed, acceler-
ation, and other factors. In most cases, the assumption that they are functions of
angle only is a good one. In some applications, however, different assumptions are
necessary.

Figure 7.4 shows the torque-speed relationship for an induction motor.The curve
can be approximated by a straight line Ts = aω + b in the recommended operating

FLYWHEELS 7.9

FIGURE 7.3 (a) Torque-angle or torque-time curve for Example 4. Dashed lines
indicate average values, and the numbers in parentheses represent typical values
found in Table 7.3. (b) Calculated rotational speed. (c) Calculated rotation angle.

(a)

(b)

(c)
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range [7.7]. If the torque-angle curve is known for the loading torque Ta, the speed
equation is

ω2(θ) − ω0
2 = �

2
J

� �θ

0
[aω(β) + b − Ta(β)] dβ (7.22)

This equation is implicit in ω, and the initial value ω0 is unknown. Dividing the angle
for one cycle into intervals ∆θ long and letting ωj denote the speed at the end of j
intervals, the trapezoidal rule gives

ωj
2 − ω0

2 = �
2
J

� �
+ jb − � ∆θ (7.23)

where T0 through Tj are the values of Ta at the end of each interval. The unknowns
in this equation are ωj and ω0. If a value for ω0 is assumed, the quadratic equation
gives

ωj = Aj + ��Aj
2 +� B�j� (7.24)

T0 + 2T1 + 2T2 + ⋅ ⋅ ⋅ + 2Tj − 1 + Tj
����

2

a(ω0 + 2ω1 + 2ω2 + ⋅ ⋅ ⋅ + 2ωj − 1 + ωj)
����

2

FLYWHEELS 7.11

FIGURE 7.4 Torque-speed curve for the induction motor of Example 5.The curve
can be approximated by a straight line near the recommended full-torque operating
speed of 1000 rpm.
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where

Aj = (7.25)

Bj = ω0
2 + ��

a
2

� (ω0 + 2ω1 + ⋅ ⋅ ⋅ + 2ωj − 1) + Cj� (7.26)

and

Cj = jb − (7.27)

Equation (7.24) is solved successively for each j. The calculated value of ω at the
end of the final interval will not in general equal the value that was originally
assumed for ω0. If the calculation is rerun with this final speed as the assumed value
for ω0, the numbers will be closer. After a few calculation cycles, the answers will
converge.

Example 5. An induction motor provides 0.175 lb ⋅ ft of torque at the recom-
mended full-load operating speed of 1000 rpm. The linear portion of the torque-
speed curve also goes through the point of 0.102 lb ⋅ ft torque at 1025 rpm. Using the
torque-angle curve for the load given in Fig. 7.5, find Cs if the load has the same 
200-rpm speed as the flywheel and J = 0.085 lb ⋅s2 ⋅ ft referred to the flywheel.

The motor has been chosen so that the average loading torque balances 
the motor torque at the recommended speed; since the speed of the motor is
1000/200 = 5 times the speed of the load, the average load should be approximately
T = 5(0.175) = 0.875 lb ⋅ ft.

Referring the motor torques and speeds to the flywheel speed, the two points on
the torque-speed curve become 0.175(5) = 0.875 lb ⋅ ft at 1000/5 = 200 rpm and
0.102(5) = 0.510 lb ⋅ ft at 1025/5 = 205 rpm. With 200 rpm = 2π(200)/60 = 20.944 rad/s

T0 + 2T1 + 2T2 + ⋅ ⋅ ⋅ + 2Tj − 1 + Tj
����

2

2 ∆θ
�

J

a ∆θ
�

2J

7.12 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 7.5 Torque-angle curve for the load in Example 5.
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and 205 rpm = 2π(205)/60 = 21.468 rad/s, the equation for the linear part of the
torque-speed curve for the motor, referred to the flywheel, is given by the two-point
formula

= (7.28)

or

Ts = −0.697ω + 15.46 (7.29)

Therefore, a = −0.697 lb ⋅s ⋅ ft/rad and b = 15.46 lb ⋅ ft.
For illustration purposes, the machine cycle will be divided into 10 intervals of π/5

rad each (see Fig. 7.5). For an accurate solution, the problem would be programmed
on a computer with perhaps 50 intervals.The loading torque at the end of each inter-
val is first tabulated as shown in column 3 in Table 7.4. The average torque in each
interval, 0.5(Tj − 1 + Tj), is placed in column 4, and the cumulative sum of these num-
bers is placed in column 5. The values in column 5 thus represent the T summation
in Eq. (7.27). In column 6 these values are subtracted from jb = j(15.46) to form Cj.
The values in columns 1 through 6 will not be changed in the iteration process.

For the first iteration, a value of ω0 = 20.944 rad/s is chosen as an initial guess of
the speed at the start of the cycle. For j = 1, ωj − 1 = ω0 = 20.944 rad/s is placed in col-
umn 7. As column 7 is filled, column 8 will be formed as the summation ω0 + 2ω1 +
2ω2 + ⋅ ⋅ ⋅ + 2ωj − 1 required in Eq. (7.26). Bj is then evaluated from Eq. (7.26) using the
values of a, Cj, ω0, and 2 ∆θ/J = 2(π/5)/0.085 = 14.784 rad/(lb ⋅s2 ⋅ ft) and placed in col-
umn 9. With Aj = −0.697(π/5)(0.5)/0.085 = −2.576 rad/s, Eq. (7.24) can be evaluated
to give ωj . For j = 1, ω1 = 20.87 rad/s is thus placed in column 10. This value is then
brought over to column 7 for j = 2 and the process is repeated until column 10 is
filled. The last value in column 10, 21.59 rad/s, is the speed at the end of the cycle
using the initial guess for ω0. Then 21.59 rad/s is used as the ω0 value for the second
iteration, producing columns 11 through 14. This process is repeated until the final
speed for the cycle equals the initial speed that was assumed. In this example this
takes three iterations, giving the speed variation given in column 18.

The maximum and minimum speeds, from column 18, are 21.64 rad/s and 20.32
rad/s. From Eq. (7.1), Cs is then this range divided by the average:

Cs = = = 0.063 (7.30)

7.3 STRESS

7.3.1 Rim-Type: No Bending

If interaction with the spokes is ignored, the stress in a thin-rim flywheel is the uni-
form hoop stress:

σ = = (7.31)

Since the stress is a function of velocity, the strength of flywheel materials can be
given in terms of maximum rim velocity (see Sec. 7.5.1).

ρV 2

�
g

ρra
2ω2

�
g

21.64 − 20.32
��
0.5(21.64 + 20.32)

ωmax − ωmin��
0.5(ωmax + ωmin)

0.510 − 0.875
��
21.468 − 20.944

Ts − 0.875
��
ω − 20.944
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Example 6. An alloy of density 26.6 kN/m3 has an allowable stress of 70 MPa. For
a flywheel speed of 200 rad/s, what is the largest possible average radius, overlook-
ing the additional stress caused by the spokes?

From Eq. (7.31),

V = ��
g
ρ�σ
�� = ��9�.8�0�(7�2

0�6
)�.
(
6�1�0�0�0�)
��

= 160.6 m/s (7.32)

and

ra = �
V
ω

� = �
1
2
6
0
0
0
.6

� = 0.803 m (7.33)

7.3.2 Rim-Type: With Bending

If the effects of the spoke are taken into account, Timoshenko showed that the ten-
sile stress in the thin rim (Fig. 7.6), including bending but neglecting the effect of the
curvature on the bending stress and assuming spokes of constant cross-sectional
area, can be calculated from beam theory using Castigliano’s theorem [7.10], giving

σ = �1 − + �f4 − �
f3

1
α
��� (7.34)

where

f1 = � + �
α
2

�� f2 = f1 − �
2
1
α
� (7.35)

f3 = + f1 + �
A
A

s
� f4 = (7.36)

and the section modulus of the rim Zr is positive for the outer face of the rim and
negative for the inner face. The stress in the spokes is given by

σ = �3 + − � (7.37)

In addition, there will be bending stresses in the spokes as power is exchanged with
the flywheel. This torque might be determined by the maximum shaft torque, by the
minimum braking time from full speed, or, if the flywheel also serves as a pulley, by
the difference in belt force between the power and slack sides.

Depending on how thick the rim is, the spoke will behave as something between
an end-loaded cantilever and a guided cantilever. For a thin rim, the maximum bend-
ing stress on the spokes will occur at the hub, assuming that they do not taper more
than the usual 10 to 25 percent. This bending stress is

σ = (7.38)

If the flywheel serves as a pulley, the torque is not equally distributed to the
spokes; the value for Ns should be halved in this case. For a flywheel with a large rim

T(ra − rh)��
ZsNsra

3r 2

�
ra

2

4A
�
f3As

ρra
2ω2

�
6g

cos β
�
f3 sin α

Ara
2 f2

�
I

sin 2α
�

4
1

�
2 sin2 α

Ara�
3Zr

f4
�
3

ρra
2ω2

�
g
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section in comparison to the spokes, the spokes act as guided cantilevers and have a
maximum bending stress that is half the value given by Eq. (7.38).

Example 7. A cast-iron flywheel with a rectangular rim 5 in thick and 11 in wide
has an average radius of 48 in. If the hub has a 5.2-in radius and each of the 8 spokes
has an area of 11 in2, what are the maximum stresses at a speed of 400 rpm? The max-
imum torque possible is 4000 lb ⋅ ft at full speed.

The area A = (5)(11) = 55 in2, ω = 2π(400)/60 = 41.9 rad/s, I = 11(5)3/12 = 114.6 in4,
and Zr = 11(5)2/6 = 45.8 in3.The angle α is 22.5 degrees, or π/8, and the maximum rim
stress occurs at the inner surface of the rim with β = π/8. From Eqs. (7.34) through
(7.36), using a density of 0.283 lb/in3,

f1 = � + � = 1.274 (7.39)

f2 = 1.274 − = 7.600 × 10−4 (7.40)

f3 = + 1.274 + �
5
1
5
1
� = 7.11 (7.41)

55(48)2 7.600 × 10−4

���
114.6

1
�
π/4

π/8
�

2
sin (π/4)
�

4
1

��
2 sin2 (π/8)

7.16 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 7.6 Rim-type flywheel. The angular position β is measured
from the center line bisecting the adjacent spoke locations. Points P1

through P4 correspond to the values given in Table 7.5.
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f4 = = 0.340 (7.42)

σ = �1 − �
0.3

3
40
� + �

3
5
(−
5(

4
4
5
8
.8
)
)

� �0.340 − �� = 3660 psi (7.43)

Table 7.5 shows the values for points P1, P2, P3, and P4, giving additional digits for
checking computer programs.Although the stress formulation was based on a spoke
of length ra, the maximum tension stress in the spoke is found for the hub radius, 5.2
in. From Eq. (7.37),

σ = �3 + − � = 2850 psi (7.44)

If the spokes are of standard design, an elliptical cross section twice as long in the
direction of motion as in the axial direction, the dimensions for an 11-in2 spoke
would be �2�(1�1�)/�π� = 2.65 in by 5.29 in. The section modulus is then Zs =
π(2.65)(5.29)2/32 = 7.28 in3, and the bending stress in the spokes, from Eq. (7.38),
would be

σ = = 61 psi (7.45)

The combined stress for the spoke is then σ = 2850 + 61 = 2910 psi.

7.3.3 Thin Disk

If a thin disk has a large radius in comparison to its thickness, the stress can be
assumed constant across the thickness. Defining the stress function F as

F = rzσr (7.46)

the stress equation for a thin disk of variable thickness z(r) is

r 2 + r − F + (3 + ν) − �
z
r

� �
d
d

z
r
� �r �

d
d
F
r
� − νF� = 0 (7.47)

and

σt = �
1
z

� �
d
d
F
r
� + ρω2r2 (7.48)

ρω2r3z
�

g
dF
�
dr

d 2F
�
dr 2

4000(48 − 5.2)
��

7.28(8)(48)

3(5.2)2

�
(48)2

4(55)
�
7.11(11)

0.283(48)2(41.9)2

��
6(32.2)(12)

1
�
7.11π/8

0.283(48)2(41.9)2

��
32.2(12)

cos (π/8)
��
7.11 sin (π/8)
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The boundary conditions for the center or inner radius and the outer radius are both
F = 0. If there is a central bore, a finite value for ri is used in the formulation, and for
an infinitesimal hole, the limit is taken later. At the center of the solid disk, σr = σt.
The inertia for a disk is given by

J = �ro

ri

dr (7.49)

Equations (7.46) through (7.48) can be solved explicitly for the uniform and
hyperbolic profiles [7.4]. For the general case, using a difference approximation for
dz/dr and F leads to a tractable banded set of linear simultaneous equations. Divide
the radius into equal intervals of length ∆r. Determine the z derivative for each
point using

zj′ = (7.50)

except at the two boundaries, where, for the same accuracy,

zj′ = (7.51)

at the center or inner radius and

zj′ = (7.52)

at the outer radius. The stress equation then becomes the set of equations

AjFj − 1 + BjFj + CjFj + 1 = Dj (7.53)

where

Aj = � − �
1
2

� + � (7.54)

Bj = −2� �
2

+ νrj� � − 1 (7.55)

Cj = � + �
1
2

� − � (7.56)

Dj = −(3 + ν) (7.57)

At the two boundary points the equation is identically satisfied, leaving (ro − ri)/∆r − 1
equations. For the inner equation, Aj = 0, and for the outer equation, Cj = 0.The simul-
taneous equations are solved for Fj, and the stresses are found from Eqs. (7.46) and
(7.48). See the user’s guide for your computer for a convenient method of solving lin-
ear simultaneous equations.

7.3.4 Disk of Constant Thickness

The solutions for a disk of uniform thickness are simplified if a constant is defined as

σ0 = (7.58)
ρro

2ω2(3 + ν)
��

8g

r j
3zjρω2

�
g

zj′
�
zj

rj
�
2

rj
�
∆r

rj
�
∆r

zj′
�
zj

rj
�
∆r

zj′
�
zj

rj
�
2

rj
�
∆r

rj
�
∆r

11zj − 18zj − 1 + 9zj − 2 − 2zj − 3
����

6 ∆r

2zj + 3 − 9zj + 2 + 18zj + 1 − 11zj
����

6 ∆r

zj + 1 − zj − 1
��

2 ∆r

2πρr3z
�

g
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For a constant-thickness disk without a central hole, the radial and tangential stresses
are then given by

σr = σ0�1 − � (7.59)

σt = σ0 �1 − �
1
3
+
+

3
ν
ν

� � (7.60)

and the maximum stress, at r = 0, is

σr,max = σt,max = σ0 (7.61)

For a disk with a central hole, the stresses are given by

σr = σ0 �1 − + − � (7.62)

σt = σ0 �1 − �
1
3
+
+

3
ν
ν

� + + � (7.63)

The maximum radial stress, at r = �ro�ri�, is

σr,max = σ0�1 − �
r
r

o

i��
2

(7.64)

and the maximum tangential stress, at r = ri, is

σt,max = σ0�2 + �
2
3
−
+

2
ν
ν

� � (7.65)

The inertia is

J = �
π
2
ρ
g
z

� (ro
4 − r i

4) (7.66)

Example 8. A steel disk of uniform thickness and outer radius 0.6 m rotates at 
30 rad/s. Find the maximum stress in the disk if it has an integral shaft, neglecting
stress rises due to the geometry change at the shaft. What is the maximum disk
stress if the disk is bored for a shaft of 0.025-m radius?

The stress is independent of thickness. From Eqs. (7.58) and (7.61) with ρ = 76.5
kN/m3 and ν = 0.3,

σr,max = σt,max = σ0

= = 1.043 MPa (7.67)

For the bored disk, the maximum radial stress occurs at r = �0�.6�(0�.0�2�5�)� = 0.122 m.
From Eq. (7.64),

σr,max = 1.043�1 − �
0.
0
0
.
2
6
5

��
2

= 0.958 MPa (7.68)

76.5(0.6)2(30)2(3 + 0.3)
���

8(9.80)(1000)
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The maximum tangential stress occurs at the hub. From Eq. (7.65),

σt,max = 1.043 �2 + �
= 2.09 MPa (7.69)

7.4 FLYWHEELS FOR ENERGY STORAGE

The flywheel can be used as an energy reservoir, with energy being supplied at a
slow constant rate or when it is available and being withdrawn when desired. A fly-
wheel might, for example, be used to give good acceleration to an automobile that is
underpowered by present standards. Regenerative breaking, power storage for
peak-demand periods, and mechanical replacements for battery banks are all poten-
tial uses for the flywheel. The high charging and discharging rates of a flywheel sys-
tem give it an advantage over other portable sources of power, such as batteries.

Although the concepts developed in the previous sections are still true for
energy-storage flywheels, the purpose is now to store as much kinetic energy, 0.5Jω2,
as possible. In most applications, the flywheel speed does not vary over 50 percent,
so that only about 75 percent of this total energy is actually recoverable. The design
of the ordinary flywheel is usually dictated by the allowable diameter, governed by
the machine size, and the maximum speed, governed by the practicalities of a speed-
increasing drive and higher bearing speeds. These constraints can result in a low
peripheral speed, causing the economics to favor a rim-type flywheel design. The
economics change with the energy-storage flywheel, since (1) larger values of total
stored energy are usually involved, requiring heavier flywheels or more energy per
unit weight of flywheel, (2) the weight of a heavy flywheel and the correspondingly
heavy bearings and other components may be unacceptable, especially in mobile
applications, and (3) the design constraints imposed in a machine where the flywheel
limits the speed variation can be relaxed when the flywheel is the main component,
encouraging optimization. Depending on the application, the energy per dollar,
energy per weight, or energy per swept volume is usually maximized [7.1].

7.4.1 Isotropic and Anisotropic Designs

The stress equations for the thin disk given in Sec. 7.3.3 can be solved with ωr = ωt to
give the shape for a fully stressed thin isotropic disk with no central bore:

z = z0 exp �− � (7.70)

where Sy = allowable strength, for example, the yield strength of the material. Define
the energy stored per unit weight as

R = Fs (7.71)

where Fs is a dimensionless factor that depends only on the shape of the flywheel.
Using Eqs. (7.46) through (7.49), it turns out that the efficiency or geometric shape

Sy
�
ρ

ρω2r2

�
2gSy

(0.025)2

�
(0.6)2

2 − 2(0.3)
��

3 + 0.3
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factor Fs = 1.0 for the fully stressed profile.As Eq. (7.70) indicates, this profile has an
infinite outer radius; truncating the profile reduces Fs substantially. Modifying the
profile can improve the efficiency, increasing Fs to 0.97 (see Table 7.6), but that is the
limit for a homogeneous isotropic design. To avoid this basic limitation and to take
advantage of the higher strength-to-weight and stiffness-to-weight ratio of compos-
ite materials, recent efforts have concentrated on anisotropic designs ([7.1], [7.8]).
Figure 7.7 describes a few of the many designs that are being developed.

7.4.2 Special Considerations

Energy-storage flywheels have special problems which are related to their high
speed, flexibility, and anisotropy. The increased operational speed requires high-
speed power transmission and bearings as well as special attention to drag forces and
the critical vibration speeds of the torsional system. A continuously variable trans-
mission and operation in a vacuum are usually required. Forward whirling is a poten-
tially serious problem that may limit the operating range or require external damping
[7.3].The flexibility can cause flywheel vibration modes with frequencies in the oper-
ating range and can also cause significant imbalance to occur as the flywheel deforms
with speed. Anisotropy can cause failure in the weak direction (matrix failure or
delamination) before the full strength in the strong direction is utilized.

7.5 STRENGTH AND SAFETY

7.5.1 Materials

Neglecting gravity and other secondary loads, the stresses in a flywheel will be pro-
portional to V 2 = (roω)2. Two flywheels of the same design but of different size will
therefore have the same rim stress when their rim velocities are equal. Also, since
the stress is proportional to V 2, a 10 percent increase in rotational speed will cause a
21 percent increase in stress.Although the strengths of flywheel materials are some-
times given in terms of their maximum rim velocities, these strengths include gener-
ous factors of safety to account for all the possible variations in the material
properties, design details, and methods of manufacture. A rational approach would
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7.22 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 7.7 Energy-storage flywheel designs. (a) Flywheel of helically woven fabric with variable
properties in the radial and circumferential directions (exploded view) (Avco Systems Division); (b)
filament-wound graphite/epoxy rim with laminated S2-glass/epoxy disk (General Electric Company);
(c) subcircular multilayer rim of S-glass and Kevlar, with graphite/epoxy spokes (Garrett AiResearch
Corporation); (d) bare-filament Kevlar rim with aluminum hub (Istituto della Motorizzazione,
Torino, Italy, built by Industrie Pirelli S.p.A. and sponsored by the Italian National Research Council);
(e) graphite/epoxy and steel-filament/epoxy rim with a woven graphite/epoxy overwrap (MAN
Advanced Technology, Munich, Germany); (f) variable-thickness graphite/epoxy laminated disk
(Lawrence Livermore National Laboratory).

(a) (b)

(c) (d)

(e) (f)
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FLYWHEELS 7.23

FIGURE 7.7 (Continued) Energy-storage flywheel designs. (g) bare-filament high-strength steel-
wire rim, as used in steel-belted radial tires, with fiberglass hub (The Johns Hopkins University
Applied Physics Laboratory); (h) multilayer rim of S-glass and Kevlar, with catenary tension-
balanced spokes (William M. Brobeck and Associates); (i) graphite/epoxy-wound rim with overwrap
over an aluminum liner with two contoured-aluminum hubs (Rockwell International/Rocketdyne
Division); (j) vinyl-coated S-glass rim with Russian birch hub (The Johns Hopkins University Applied
Physics Laboratory); (k) Metglas (amorphous steel) ribbon rim with aluminum spokes (The Johns
Hopkins University Applied Physics Laboratory); (l) contoured graphite/epoxy filament-wound disk
(Hercules Aerospace). (Kevlar is a registered trademark of E. I. du Pont de Nemours and Company,
Inc.; Metglas is a registered trademark of The Allied Corporation.) (Photographs assembled with the
assistance of W. Wilkinson, The Johns Hopkins University Applied Physics Laboratory, and S. Kul-
karni, The Lawrence Livermore National Laboratory; by permission.)

(g) (h)

(i) (j)

(k) (l)

FLYWHEELS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



be to assign risk factors to each unknown in the specific flywheel design and multi-
ply the resulting factors of safety or, if sufficient data are available, to use a proba-
bilistic or statistical approach [7.6].

Cast iron has often been chosen as a flywheel material on the basis of cost per
pound. However, this criterion is valid only if the design constraints on radius and
speed dictate a low rim stress. Otherwise the higher strength-to-weight ratio of other
materials may make them less expensive. With any cast flywheel there is the possi-
bility of brittleness, of blowholes, and of other casting flaws; shrinkage stresses in the
casting must also be controlled. To reduce shrinkage stresses, one-piece flywheels
larger than a few feet in diameter are often cast with a split hub, i.e., with each sepa-
rate arc of the hub allowed to move with the attached spokes.After cooling, the hub
is then bolted together using spacer plates.

The rim is sometimes cast separately from the spokes, and special care must be
taken to design an efficient joint between the two. On flywheels larger than 10 ft in
diameter, the rim is sometimes fabricated in two or more sections, usually for trans-
portation reasons.The joint efficiency in these cases can be as low as 30 percent, and
so extreme care should be taken in designing the joint. The more efficient designs
rely on bow tie or ring shrink-fit connectors placed at the spoke locations. A more
advanced study should be made unless the calculated stresses are markedly low; a
photoelastic or finite-element model [7.9] might be constructed, for example.

Cast steel is stronger than cast iron and is widely used. Flame-cut steel-plate fly-
wheels are relatively inexpensive to manufacture, and their simplicity may make up
for their inefficient shape. Flywheels welded from steel plate are inherently stronger
than cast flywheels as long as proper care is taken to control flaws and residual weld
stresses.

7.5.2 Safety

If the designer can reduce the uncertainty in any of the design unknowns, the neces-
sary factor of safety will be less and a lighter flywheel will result. Design unknowns
include (1) material properties, (2) analysis error, (3) loading, and (4) installation.
The material properties of the finished flywheel may vary due to welds, porous cast-
ing, or lamination flaws.The analysis may have been an elementary beam calculation
or a detailed finite-element/fatigue/fracture mechanics study. The input and output
loads and speeds may be estimated, calculated, or measured values. The skill or care
used in installation may be unknown or well controlled. Improvement in any of
these areas will give a better design.

Another way to reduce the necessary factor of safety is through testing. Both
destructive and nondestructive tests of the material are excellent tools in answering
questions about material properties and fabrication technique. The spin test, of
course, is the primary proof of the material, fabrication, and design. Although it will
not ordinarily answer questions of fatigue or cycled loads, a destructive spin test
gives the best indication of the true safety margin. Long-term cyclic life tests are very
helpful if a realistic load cycle can be devised.

A third way to reduce the necessary factor of safety is to reduce the physical and
financial harm that would be caused by a flywheel failure. No matter what material
is used, any flywheel will break if it is rotated fast enough. If this failure can be con-
trolled in some way, the design speed of the flywheel can be closer to the failure
speed without undue risk. Standard steel rim-type and disk flywheels usually burst
into three to six pieces at failure; each piece travels with quite a bit of kinetic energy.
One method to control failure is therefore to force a breakup into smaller pieces;
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many composite flywheels shred, for example. Another method used with the
energy-storage flywheel relies on centrifugal force to separate the outer circular sec-
tions of the flywheel from the spokes or inner hub section before the material begins
to fail. If a benign failure mode cannot be introduced into the design, a heavier con-
tainment enclosure could serve the same purpose, lessening the consequence of a
flywheel failure.

REFERENCES

7.1 1980 Flywheel Technology Symposium, October 1980, Scottsdale, Arizona, University of
California Lawrence Livermore National Laboratory, Livermore, Calif., NTIS CONF-
801022.

7.2 Rowland S. Benson and N. D. Whitehouse, Internal Combustion Engines, Pergamon,
New York, 1979.

7.3 C.W. Bert and G. Ramunujam,“Design Guide for Composite-Material Flywheels: Rotor
Dynamic Considerations, Part I,” University of Oklahoma, Norman, Okla., September
1981, UCRL-15420.

7.4 J. P. Den Hartog, Advanced Strength of Materials, McGraw-Hill, New York, 1952.

7.5 R. R. Gilbert, et al.,“Flywheel Feasibility Study and Demonstration,” Lockheed Missiles
and Space Company, Sunnyvale, Calif., April 1971, NTIS PB-200143.

7.6 Edward B. Haugen, Probabilistic Approaches to Design, John Wiley & Sons, New York,
1968.

7.7 Charles R. Mischke, Elements of Mechanical Analysis, Addison-Wesley, Reading,
Mass., 1963.

7.8 R. P. Nimmer, K. Torossian, and W. W. Wilkening, “Laminated Composite Disk Flywheel
Development,” General Electric Company, Schenectady, N.Y., UCRL-15383.

7.9 M. Saraph, A. Midha, and J. C. Wambold, “Automated Stress Analysis of Mechanical
Sheaves and Pulleys,” Computers in Mechanical Engineering, pp. 34–42, October 1982.

7.10 Joseph E. Shigley and Charles R. Mischke, Mechanical Engineering Design, 5th ed.,
McGraw-Hill, New York, 1989.

7.11 Joseph Edward Shigley and John Joseph Uicker, Jr., Theory of Machines and Mecha-
nisms, 2d ed. McGraw-Hill, New York, 1995.

FLYWHEELS 7.25

FLYWHEELS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



FLYWHEELS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



CHAPTER 8
CLUTCHES AND BRAKES

John R. Zimmerman, Ph.D.
Professor of Mechanical and Aerospace Engineering

University of Delaware
Newark, Delaware

8.1 TYPES, USES, ADVANTAGES, AND CHARACTERISTICS / 8.4

8.2 TORQUE AND ENERGY CONSIDERATIONS / 8.14

8.3 TEMPERATURE CONSIDERATIONS / 8.21

8.4 FRICTION MATERIALS / 8.23

8.5 TORQUE AND FORCE ANALYSIS OF RIM CLUTCHES AND BRAKES / 8.25

8.6 BAND AND CONE BRAKES AND CLUTCHES / 8.34

8.7 DISK CLUTCHES AND BRAKES / 8.40

8.8 ELECTROMAGNETIC TYPES / 8.45

8.9 ACTUATION PROBLEMS / 8.48

REFERENCES / 8.50

SUGGESTED READING / 8.50

GLOSSARY OF SYMBOLS

a Vehicle deceleration, ft/s2 (m/s2)
a Location of shoe pivot, in (m)
a Lever arm for larger band force, in (m)
A Area, in2 (m2)
b Percentage of grade
b Width of band, shoe, or web, in (m)
c Lever arm for smaller band force, in (m)
C Center of pressure
C Specific heat, Btu/(lbm ⋅ °F) [J/(kg ⋅ °C)]
d Inside disk diameter, in (m)
D Outside disk diameter, in (m)
D Pitch diameter of gear, in (m)
Dmax Maximum roll diameter, in (m)
e Radius to center of circular brake pad, in (m)
E Total energy dissipated, ft ⋅ lb or Btu (J)
f Coefficient of friction
fv Ventilation factor
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F Actuating force, lb (N)
FD Prime-mover factor
Fl Actuating force on leading shoe, lb (N)
FL Load factor
Fn Normal force, lb (N)
FS Starting factor
Ft Tension force on web, lb (N)
Ft Actuating force on trailing shoe, lb (N)
g Local acceleration of gravity, ft/s2 (m/s2)
gc Gravitational constant, 32.174 lbm ⋅ ft/(lb ⋅ s2) [1 kg ⋅ m/(N ⋅ s2)]
h Overall heat transfer coefficient, Btu/(in2 ⋅ s ⋅ °F) [W/(m2 ⋅ °C)]
hc Convection heat transfer coefficient, Btu/(in2 ⋅ s ⋅ °F) [W/(m2 ⋅ °C)]
hr Radiation heat transfer coefficient, Btu/(in2 ⋅ s ⋅ °F) [W/(m2 ⋅ °C)]
Hav Average rate of heat dissipation, lb ⋅ ft/s or Btu/s (W)
I Mass moment of inertia, lb ⋅ in ⋅ s2 (kg ⋅ m2)
IL Mass moment of inertia on load side, lb ⋅ in ⋅ s2 (kg ⋅ m2)
IP Mass moment of inertia on prime-mover side, lb ⋅ in ⋅ s2 (kg ⋅ m2)
KS Service factor
� Moment arm of actuating force (drum brake); length of actuating lever in

a band brake, in (m)
m Mass, lbm (kg)
Ma Moment of actuating force, lb ⋅ in (N ⋅ m)
Mf Moment of resultant friction force, lb ⋅ in (N ⋅ m)
Mn Moment of resultant normal force, lb ⋅ in (N ⋅ m)
n Shaft speed, r/s (Hz) or r/min
N Number of pairs of friction surfaces in disk clutches or brakes
N Number of shoes in centrifugal clutch
p Normal pressure, psi (MPa) or r/min
pav Average contact pressure, psi (MPa)
ph Hydraulic pressure, psi (MPa)
pmax Maximum contact pressure, psi (MPa)
p�

max Maximum contact pressure on leading shoe, psi (MPa)
pt

max Maximum contact pressure on trailing shoe, psi (MPa)
P Resultant normal force between drum and shoe, lb (N)
P Power, Btu/s or hp (kW)
Px Component of normal force in x direction, lb (N)
Py Component of normal force in y direction, lb (N)
P1 Larger band tension, lb (N)
P2 Smaller band tension, lb (N)
q Rate of energy dissipation during clutch slip, Btu/s (W)
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Q Actuating force (band brake), lb (N)
r Brake drum radius, in (m)
r Radius to point on disk, in (m)
rf Radius to center of pressure, in (m)
R Tire-rolling radius, in (m)
R Reaction force (drum brake), lb (N)
R Radius to rim of centrifugal brake, in (m)
Re Effective friction radius, in (m)
Ri Inside radius, in (m)
Ro Outside radius, in (m)
s Total stopping distance, ft (m)
S Initial tension, lb (n)
S Stops per hour
t Web thickness, mils (mm)
td Combined delay time for driver reaction and brake system reaction, s
ts Total stopping time, s
T Torque; nominal torque, lb ⋅ ft (N ⋅ m)
Ta Temperature of surrounding air, °F (°C)
Td Disk temperature, °F (°C)
∆T Temperature rise, °F (°C)
Tdes Design torque, lb ⋅ ft (N ⋅ m)
TL Load torque, lb ⋅ ft (N ⋅ m)
Tmax Maximum torque, lb ⋅ ft (N ⋅ m)
TP Prime mover torque, lb ⋅ ft (N ⋅ m)
V Rubbing velocity, ft/s (m/s)
Vo Initial velocity, ft/s (m/s)
Vf Final velocity, ft/s (m/s)
Vw Web velocity, ft/s (m/s)
w Web tension per unit thickness and unit width, lb/(mil ⋅ in) [N/(mm ⋅ m)]
W Vehicle weight, lb (N)
α Cone angle, deg
δ Multiplier for circular disk brake pads
ε Angular position of actuation force, deg
θ Angle of wrap, deg
θ Angular position, deg
θ1 Starting position of brake shoe lining, deg
θ2 Ending position of brake shoe lining, deg
ω Shaft speed, rad/s
ωe Engagement speed, rad/s
ωo Initial shaft speed, rad/s
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ωf Final shaft speed, rad/s
ΩL Initial shaft speed on load side of clutch, rad/s
ΩP Initial shaft speed on prime-mover side of clutch, rad/s

This chapter begins with an introduction to brakes and clutches, the various types
and their applications. The problem of energy dissipation and temperature rise is
discussed along with the proper selection of friction materials. Design methods are
presented for almost every type of brake and clutch. A discussion of the actuation
problems of brakes and clutches, including electromagnetic devices, is also pre-
sented.

8.1 TYPES, USES, ADVANTAGES, 
AND CHARACTERISTICS

8.1.1 Types of Clutches

The characteristic use of a clutch is to connect two shafts rotating at different speeds
and bring the output shaft up to the speed of the input shaft smoothly and gradually.

Classifying clutches is done by distinguishing (1) the physical principle used to
transmit torque from one member to another and (2) the means by which the mem-
bers are engaged or by which their relative speed is controlled. Here, we classify
clutches as follows:

1. Engagement or actuation method
a. Mechanical
b. Pneumatic
c. Hydraulic
d. Electrical
e. Automatic

2. Basic operating principle
a. Positive contact

(1) Square jaw
(2) Spiral jaw
(3) Toothed

b. Friction
(1) Axial
(2) Radial
(3) Cone

c. Overrunning
(1) Roller
(2) Sprag
(3) Wrap-spring

d. Magnetic
(1) Magnetic particle
(2) Hysteresis
(3) Eddy current

e. Fluid coupling
(1) Dry fluid
(2) Hydraulic

8.4 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY
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Coupling Methods. Positive-contact clutches have interlocking engaging surfaces
to form a rigid mechanical junction. Three types of positive-contact clutches are
shown in Fig. 8.1.

Frictional clutches are used most frequently. Two opposing surfaces are forced
into firm frictional contact. Figures 8.2, 8.3, and 8.4 show axial, radial, and cone types.

Overrunning clutches are used when two members are to run freely relative to
each other in one direction but are to lock in the other. Roller, sprag, and wrap-
spring types are shown in Fig. 8.5. In the roller-ramp clutch (Fig. 8.5a), the members
are locked together when the rollers (or balls) ride on a race with a slight cam pro-
file. Eccentric cams are pinched between concentric races in the sprag-type
clutches (Fig. 8.5b). And in the basic wrap-spring clutch (Fig. 8.5c), the spring’s
inside diameter is slightly smaller than the outside diameters of the input and out-
put hubs. When the spring is forced over the two hubs, rotation of the input hub in

CLUTCHES AND BRAKES 8.5

FIGURE 8.1 Positive-contact clutches. (a) Square-jaw—
the square teeth lock into recesses in the facing plate; (b)
spiral-jaw—the sloping teeth allow smoother engagement
and one-way drive; (c) toothed-clutch—engagement is
made by the radial teeth.

(a)

(b)

(c)
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the drive direction causes the spring to tighten down on the hubs. Torque is then
transmitted. But rotation in the opposite direction opens the spring, and no torque
is transmitted.

A magnetic clutch (Sec. 8.8) uses magnetic forces to couple the rotating members
or to provide the actuating force for a friction clutch.

Fluid couplings may make use of a hydraulic oil or a quantity of heat-treated
steel shot. In the dry-fluid coupling, torque is developed when the steel shot is
thrown centrifugally to the outside housing (keyed to the input shaft) as the input

8.6 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 8.2 Schematic drawing of an axial clutch; A, driving member; B, driven shaft;
C, friction plates; D, driven plate; E, pressure plate.

FIGURE 8.3 Schematic drawing of a radial clutch built within a gear; A, gear, the driving member;
B, driven shaft; C, friction plate; D, pressure plate; E, movable sleeve; F, toggle link.This type of clutch
can also be made within a V-belt sheave.
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shaft begins to rotate.At the design speed the shot is solidly packed, and the housing
and rotor lock together.

Control Methods. Mechanical control is achieved by linkages or by balls or rollers
working over cams or wedges. The actuating force can be supplied manually or by
solenoid, electric motor, air cylinder, or hydraulic ram.

Electrical control of friction or tooth clutches often involves engaging the clutch
electrically and releasing it by spring force.Thus the clutch is fail-safe: If power fails,
the clutch is disengaged automatically. But where shafts are coupled for much longer
periods than they are uncoupled, the opposite arrangement may be used: spring
force to engage, electromagnetic force to disengage.

Pneumatic, or hydraulic, control is accomplished in several ways. Actuating pistons
may be used either to move the actuating linkage or to directly apply a normal force
between frictional surfaces. In other designs an inflatable tube or bladder is used to
apply the engagement force. Such designs permit close control of torque level.

Automatic control of clutches implies that they react to predetermined conditions
rather than simply respond to an external command. Hydraulic couplings and eddy-
current clutches both have torque regulated by the slip. Centrifugal clutches (Fig. 8.6)
use speed to control torque.

8.1.2 Selecting Clutches

A starting point is a selection table constructed by Proctor [8.5] and reproduced
here as Table 8.1. Four additional tables in Proctor’s article also are useful for pre-
liminary decisions. Designers will have to consult the manufacturers before making
final decisions.

8.1.3 Types of Brakes

Physically, brakes and clutches are often nearly indistinguishable. If two shafts ini-
tially at different speeds are connected by a device to bring them to the same speed,

CLUTCHES AND BRAKES 8.7

FIGURE 8.4 Schematic drawing of a cone clutch; A, driving member; B, driven shaft; C,
movable sleeve.
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8.8 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 8.5 Overrunning clutches. (a) Roller-ramp clutch; springs are often used
between the rollers and the stops. (b) Portion of a Formsprag clutch. Rockers or sprags,
acting as cams, are pushed outward by garter springs at both ends of the prismatic sprags.
(c) Torsion spring winds up when the clutch is in “drive” and grips both hubs. Larger-
torque loads can be carried by making the springs of rectangular-section wire.

(a)

(b)

(c)
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it is a clutch. If one member is fixed and the torque is used to slow down or stop the
rotating member, the device is a brake. A classification scheme for brakes is pre-
sented in Fig. 8.7.

Brake Configuration. Band brakes can be made simple (not self-energizing) or
differential (self-energizing). In designing a differential band brake (Fig. 8.19), care
must be taken to ensure that the brake is not self-locking.

Short-shoe brakes have been used for hoists. Centrifugal brakes employ speed as
the actuating signal for short-shoe internal-block brakes and are used in a wide vari-
ety of applications.

Drum brakes (Fig. 8.8) are used principally for vehicles, although seldom on the
front axles of passenger cars. On the rear axles, drum brakes supply high braking
torque for a given hydraulic pressure because one or both of the long shoes can be
made self-energizing.

For a leading shoe, the friction moment exerted on the shoe by the drum 
assists in actuating the shoe. The friction moment on a trailing shoe opposes the
actuating moment. Thus a leading shoe is self-energizing, but a trailing shoe is self-
deenergizing.

The leading-shoe trailing-shoe design (Fig. 8.8) provides good braking torque in
forward or reverse. The two-leading-shoe design has an even higher braking torque
in forward, but a much lower braking capacity in reverse. Very high braking torque
is available from the duo-serve design. Here the friction force on the “leading shoe”
assists in actuating the “trailing shoe.”

One difficulty with drum brakes is instability. If a brake’s output is not sensitive
to small changes in the coefficient of friction, the brake is stable. But if small changes

CLUTCHES AND BRAKES 8.9

FIGURE 8.6 Centrifugal clutch. (BLM Automatic Clutch Limited.)
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8.10 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

TABLE 8.1 Selecting the Right Clutch
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FIGURE 8.7 Classification of brakes.
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in the friction coefficient cause large changes in brake torque, the brake is unstable.
It will tend to grab and squeal if the coefficient of friction increases. But if the coef-
ficient decreases (say, because of a temperature increase), there will be a noticeable
drop in capacity.

Full disk brakes are used principally for industrial machinery.They are very much
like full disk clutches in construction. Indeed, they are found in clutch-brake combi-
nation drives where both members of the drive are full disk in construction.

Caliper disk brakes (Fig. 8.9) are now familiar components of vehicles, but they
find applications in industrial equipment as well. The Chrysler brake shown uses a
floating caliper. In this design, an automatic mechanism to adjust for pad wear can
be incorporated easily.

Generally caliper disk brakes are not self-energizing, although they can be. An
advantage of the non-self-energizing disk brake is its great stability; it is relatively
insensitive to changes in the coefficient of friction.

Brake Actuation. Four principal actuation methods are shown in the classification
chart of Fig. 8.7: mechanical, pneumatic (or hydraulic), electric, and automatic.
Sometimes the methods are combined.

The drum brake of Fig. 8.8 and the disk brake of Fig. 8.9 are both hydraulically
operated. Both are intended for vehicles. In industrial applications, air is often the
actuating fluid. The air-tube configuration in Fig. 8.10 can be used for a pneumati-
cally operated clutch or brake.

Electrically operated brakes most commonly use electromagnetic forces to actu-
ate a full-disk-friction brake. However, a number of other designs are found (see
Sec. 8.8).

Automatically operated brakes are used for both transportation and industrial
equipment. Sometimes manual operation is overridden by automatic actuation.
Truck brakes are available with spring actuators that engage if the air pressure is
lost. The air brake, as originally conceived by George Westinghouse for railroad
applications, was of this fail-safe design. Electrically, hydraulically, and pneumati-
cally operated brakes can all be designed for automatic operation. Antiskid brakes
for automobiles and trucks superimpose on the usual manual control an automatic
control that releases braking pressure if lockup and skidding are imminent.

8.12 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 8.8 Drum brake. (Chrysler Corporation.)
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8.1.4 Selecting a Brake

To help narrow the choice of a brake, Table 8.2 has been provided. Some general
indicators are given for performance requirements and environmental conditions.
Typical applications are listed as well. The brake factor is the ratio of the frictional
braking force developed to the actuating force.

Note that temperature considerations have been omitted from the environmen-
tal conditions in Table 8.2. For high temperatures, the capacity of all brakes listed is
limited by the type of friction material. The performance of all brakes listed is con-

CLUTCHES AND BRAKES 8.13

FIGURE 8.9 Automotive disk brake. (Chrysler Corporation.)
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sidered good for low temperatures, but ice
buildup must be avoided.

8.2 TORQUE AND ENERGY
CONSIDERATIONS

In selecting or designing a clutch, the torque
requirement, energy dissipation, and tempera-
ture rise are the principal factors to be consid-
ered. The torque requirement and energy
dissipation are covered in this section. Estimat-
ing temperature rise is the subject of Sec. 8.3.

8.2.1 Torque Requirement: Clutches

The torque requirement of a clutch will have
to be substantially greater than the nominal 
torque it is transmitting in order to accelerate
the load. The character of the prime-mover
output torque and of the load torque also
influences the designer’s selection of torque
capacity.

Gagne [8.4] recommended the following technique for calculating clutch capac-
ity for design purposes. Calculate the design torque as a multiple of the nominal
torque T:

Tdes = KST (8.1)

where KS = service factor taking into account the load inertia, the character of the
prime mover’s output torque, and the character of the load torque. The service fac-
tor KS is

KS = (FS
2 + FD

2 + FL
2 − 2)1/2 (8.2)

where FS, FD, and FL are the starting, prime-mover, and load factors, respectively.
Recommended values for these factors are given in Tables 8.3 to 8.5. Note that if
each factor is unity, the service factor is unity also.

But the service factor KS will usually be greater than unity. Indeed, an old rule of
thumb was that the clutch should be designed for a torque capacity at least twice the
nominal torque.

Example 1. A multicylinder diesel engine is used to drive an electric generator in
a hospital’s emergency-power facility. What service factor should be used?

Solution. From Table 8.3, a reasonable selection of values for the torque factors
is FS = 2, FD = 1.5, and FL = 1.0. The corresponding service factor is

KS = [22 + (1.5)2 + (1.0)2 − 2]1/2 = 2.29

8.14 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 8.10 A pneumatically actu-
ated brake using an expandable tube.
(Eaton Corporation.)
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8.2.2 Equivalent Inertias

Two shafts geared together and rotating at different speeds are shown in Fig. 8.11a.
The inertias I1 and I2 are each assumed to include the corresponding shaft and gear.
For design calculations, it is necessary to have an equivalent inertia for the whole
system referred to a single shaft. Figure 8.11b and c shows this. In each case an equiv-
alent inertia has been added to the shaft. So I2′ is the equivalent inertia on shaft 1 of
shaft 2 and its hardware. Similarly, I1′ is the equivalent inertia on shaft 2 of shaft 1
and its hardware.

A simple way to find the equivalent inertia is to equate the kinetic energies of the
actual and equivalent inertias.Thus, to find the equivalent inertia I2′ referred to shaft
1 (Fig. 8.11b), we write

�
1
2

�I2′ω 1
2 = �

1
2

�I2ω 2
2

Thus I2′ = ��
ω
ω

2

1
��

2

I2 (8.3)

8.16 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

TABLE 8.3 Suggested Values of Torque
Starting Factor FS for Friction Clutches

TABLE 8.4 Suggested Values of Torque Drive (Prime-Mover) Factor FD for Friction
Clutches

TABLE 8.5 Suggested Values of Torque Load Factor FL for Friction Clutches
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Similarly,

I 1′ = ��
ω
ω

1

2
��

2

I1 (8.4)

In general,

Il′ = ��
ω
ωj

i
��

2

Ii = ��
n
nj

i
��

2

Ii (8.5)

where the equivalent inertia of the ith shaft is referred to the jth shaft. Equation
(8.5) can be used to reduce a machine with several shafts connected by gears or flex-
ible connectors to a single equivalent shaft.

Example 2. For the two-shaft machine in Fig. 8.11a, the inertias are I1 = 2.88
pound-inch-square seconds (lb ⋅ in ⋅ s2) [0.3254 kilogram-square meters (kg ⋅ m2)]
and I2 = 0.884 lb ⋅ in ⋅ s2 (0.09988 kg ⋅ m2). The pitch diameters of the gears are D1 = 4
in [0.102 meter (m)] and D2 = 7 in (0.178 m).What is the equivalent inertia of shaft 2
referred to shaft 1?

CLUTCHES AND BRAKES 8.17

FIGURE 8.11 Equivalent inertia. I1, I2 = inertia of input and output shafts, respectively; I′ = equiv-
alent inertia. (a) Original configuration; (b) equivalent system referred to input shaft; (c) equivalent
system referred to output shaft. For a more extensive treatment of equivalent inertias, see “Suggested
Reading” list, Mischke.

(a)

(b) (c)
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Solution. Equation (8.3) can be used once the speed ratio ω2/ω1 is known. For
spur or helical gears,

�
ω
ω2

1
� = �

D
D

1

2
� = �

4
7

� = 0.5714

Thus

I2′ = (0.5714)2(0.884) = 0.2887 lb ⋅ in ⋅ s2 (0.0326 kg ⋅ m2)

8.2.3 Torque Requirement: Brakes

Industrial Brakes. The torque to bring a rotating machine from an initial speed ωo

to a lower one ωf (perhaps to rest) in a slowdown time of tS is

T = �
I(ωo

tS

− ωf)
� (8.6)

Vehicle Brakes. The braking torque to stop a vehicle of weight W at a deceleration
rate a on a grade of b percent can be estimated as

T = �
W

g
R
� ��

a
g

� + �
1
b
00
�� (8.7)

Here R is the tire-rolling radius. This is a conservative approach; both tire-rolling
resistance and air resistance have been neglected. Of course, this torque capacity T
must be allocated to the several brakes in a rational way (for example, in propor-
tion to the weight of the vehicle supported by the corresponding wheel during a
panic stop).

For parking-brake capacity, simply set a = 0 in Eq. (8.7).
The required acceleration rate a can be determined by setting either a total stop-

ping time tS or a total stopping distance s:

a = �
tS

V
−

o

td
� (8.8)

a = �
2(s −

V
V
o
2

otd)
� (8.9)

In these equations, td is the combined delay time (about 1 s for a passenger car) for
driver reaction and brake system reaction.

8.2.4 Energy Dissipation: Clutches

A simple model of a clutch connecting a prime mover and a load is shown in Fig.
8.12. The clutch capacity is T, the driving torque provided by the prime mover is TP,
and the load torque is TL. The inertias IP and IL include all rotating masses on their
respective sides of the clutch.

If the two sides of the clutch are initially rotating at ΩP and ΩL radians per second
(rad/s) when the clutch is actuated, the duration of the slip period is
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CLUTCHES AND BRAKES

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



tS = (8.10)

The rate at which energy is dissipated during the slip period is, at t s from the begin-
ning,

q(t) = T � � (8.11)

And the total energy dissipated in one actuation operation is

E = (8.12)

8.2.5 Energy Dissipation: Brakes

Vehicle Brakes. When a vehicle of weight W is slowed from an initial velocity Vo

to a final velocity Vf, the heat energy that the brakes must dissipate is equal to the
change of kinetic energy E:

E = �
2
W
g
� (V o

2 − Vf
2 ) (8.13)

In dealing with individual brakes, let W be that portion of the vehicle’s weight for
which the brake is responsible.

Example 3. A sports car weighing 3185 lb [14.2 kilonewtons (kN)] has 62 percent
of its weight on the front axle during an emergency stop. What energy must each of
the front-wheel brakes dissipate in braking from 55 miles per hour (mph) [88 kilo-
meters per hour (km/h)] to rest? Local acceleration of gravity is 32.17 feet per sec-
ond (ft/s) (9.81 m/s).

Solution. Each front brake is responsible for a weight of

W = 0.5(0.62)(3185) = 987 lb (4.39 kN)

The initial velocity is

Vo = 55��
8
6
8
0
�� = 80.7 ft/s (24.6 m/s)

T(ΩP − ΩL)2IP IL
���
2T(IP + IL) − (ILTP + IPTL)

ILTP + IPTL − T(IP + IL)t
���

IPIL + ΩP − ΩL

IPIL(ΩP − ΩL)
���
T(IP + IL) − (ILTP + IPTL)
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FIGURE 8.12 Abstract model of a machine using a clutch.
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Finally, the energy to be dissipated is

E = �
2
W
g
� (Vo

2 − Vf
2) = �

2(3
9
2
8
.
7
17)
� [(80.7)2 − 02]

= 99 900 lb ⋅ ft (135.5 kN ⋅ m)

= 128.4 Btu [135.5 kilojoules (kJ)]

Industrial Brakes. The approach is the same as for vehicular brakes. The heat
energy the brake must dissipate equals the change in kinetic energy of the rotating
machine:

E = �
2
I

� (ωo
2 − ωf

2) (8.14)

where, with n in rev/min,

ω = �
2
6
π
0
n

� (8.15)

In many industrial applications, the brakes are applied frequently. The average
rate of heat dissipation is, for S stops per hour,

Hav = �
3
E
60

S
0

� (8.16)

Tensioning Applications. In tensioning applications, a continuous application of
the brake is required, for example, in unwinding a roll of aluminum foil. The maxi-
mum torque occurs at the maximum roll diameter Dmax. It is

Tmax = �
Dm

2
axFt
� (8.17)

The tension Ft is, for material width b and thickness t,

Ft = wtb (8.18)

Typical values of tension per unit width and per unit thickness for a few materials
are given in Table 8.6.
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TABLE 8.6 Tension Data for Typical Materials
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The rate at which heat is generated by the brake friction is

Hav = FtVw (8.19)

Example 4. A printing press is to print on Mylar 0.002 in [0.051 millimeter (mm)]
thick.The web velocity is 4000 ft/min (20.3 m/s).The maximum roll diameter is 55 in
(1.4 m). The web is 54 in wide. Find the necessary braking torque and the rate at
which heat is generated by braking.

Solution. For Mylar the unit tension is 0.60 lb/mil per inch (379.2 kN/mm per
meter). So the web tension is

F = wtb = 0.60(2)(54) = 64.8 lb (288 N)

The maximum brake torque is

Tmax = �
Dm

2
axFt
� = �

55(6
2
4.8)
� = 1782 in ⋅ lb (201 N ⋅ m)

The rate at which the brake must dissipate heat is, by Eq. (8.19),

Hav = FtVw

The web velocity is

Vw = �
40
6
0
0
0

� = 66.67 ft/s (20.3 m/s)

So Hav is

Hav = 64.8(66.67) = 4320 ft ⋅ lb/s [5855 watts (W)]

= 5.55 Btu/s

8.3 TEMPERATURE CONSIDERATIONS

8.3.1 Intermittent Operation: Clutches and Brakes

The temperature rise can be estimated as

∆T = �
C
E
m
� (8.20)

where m [pounds mass (lbm) or kilograms (kg)] = mass of the parts adjacent to the
friction surfaces.The specific heat C for steel or cast iron is about 0.12 Btu/(lbm ⋅ °F)
[500 J/(kg ⋅ °C)].

8.3.2 Frequent Operation: Caliper Disk Brakes

The average rate at which heat must be dissipated can be calculated by Eq. (8.16).
The disk is capable of dissipating heat by a combination of convection and radiation.
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And the convection-heat transfer is sensitive to the velocity of air moving over the
disk. The rate at which the disk can dissipate heat is

Hdiss = hA(Td − Ta) (8.21)

The overall heat transfer coefficient h is

h = hr + fvhc (8.22)

The heat transfer coefficients for radiation hr and convection hc are plotted in Fig.
8.13 against the temperature rise of the disk above the surrounding air. The ventila-
tion factor fv is plotted against the velocity of the moving air in Fig. 8.14.

Example 5. An industrial caliper brake is used 19 times per hour on average to
stop a machine with a rotating inertia of I = 328 lb ⋅ in ⋅ s2 (37.06 kg ⋅ m2) from a speed
of 315 rev/min. The mean air velocity over the disk will be 30 ft/s (9.14 m/s). What
minimum exposed area on the disk is needed to limit the disk’s temperature rise to
200°F (111°C)?

Solution. From Figs. 8.13 and 8.14, hr = 3.1 × 10−6 Btu/(in2 ⋅ s ⋅ °F), hc = 2.0 × 10−6

Btu/(in2 ⋅ s ⋅ °F), and fv = 5.25. The overall heat transfer coefficient is

h = 3.1 × 10−6 + 5.25(2.0 × 10−6) = 13.6 × 10−6 Btu/(in2 ⋅ s ⋅ °F)

The energy the brake must dissipate per stop is, by Eq. (8.14),

E = �
2
I

� (ωo
2 − ωf

2)
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FIGURE 8.13 Heat transfer coefficients in still air. (Tol-o-matic.)
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Here

ωo = �
2
6
π
0
� (315) = 33 rad/s ωf = 0

Therefore,

E = �
32
2
8

�(332) = 178.6 × 103 lb ⋅ in

= 19.1 Btu (20.150 kJ)

The average rate of energy generation is found by Eq. (8.16):

Hav = �
3
E
60

S
0

� = �
19

3
.1
6
(
0
1
0
9)

� = 0.101 Btu/s (107 W)

The disk area needed can be calculated by using Eq. (8.21) and setting Hav = Hdiss =
0.101 Btu/s. Thus

A = �
h(T

H

d

d

−
iss

Ta)
� =�

(13.6 ×
0.

1
1
0
0

−

1
6)(200)
� = 37.1 in2 (0.0239 m2)

8.4 FRICTION MATERIALS

To help in preliminary design, Tables 8.7 and 8.8 have been compiled, principally
from data supplied by British and U.S. manufacturers of friction materials.Although
these data are representative, they are hardly exhaustive. And they should be used
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FIGURE 8.14 Ventilation factors. (Tol-o-matic.)
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for preliminary design estimates only. A friction materials manufacturer should be
consulted both to learn of additional options and to get more authoritative data.

Although Table 8.7 lists maximum recommended values for contact pressure and
rubbing velocity, it is not very likely that you can go the limit on both parameters at
once. And a careful distinction must be made between the maximum temperature
permissible for a short time and the safe temperature level for continuous operation.
The temperature limit for continuous operation is much lower than that for a brief
temperature peak.

Preliminary design of brakes is aided by calculating the lining area needed for the
average rate at which energy has to be dissipated by the brakes (braking power).
Table 8.8 lists values that are typical of modern design practice. Again, after using
these data to make some preliminary design estimates, you will need to contact the
manufacturers of the friction materials before making final design decisions.

8.5 TORQUE AND FORCE ANALYSIS OF RIM
CLUTCHES AND BRAKES

8.5.1 Long-Shoe Rim Brake

One shoe of an internal expanding rim brake is shown in Fig. 8.15. Usually there is a
second shoe as well. The shoe is pivoted about the fixed point A. It is actuated by a
force F which can be provided in a number of ways: mechanically, hydraulically,
pneumatically, electromagnetically, or by some combination of these.

The forces on the shoe include the actuating force F, a reaction force R at the
pivot, the distributed normal force, and the distributed friction force, the latter two
exerted by the drum on the shoe.

For purposes of analysis, the distributed normal and frictional forces on the shoe
can be replaced by a resultant normal force P and a resultant frictional force fP. Use
of these fictional concentrated forces simplifies the analysis.There is one odd conse-
quence, however. The resultant frictional force fP has to be regarded as acting
beyond the surface of the shoe at some point C, the center of pressure. Figure 8.16
shows the shoe subjected to this equivalent force system.

Pressure Distribution along Lining. A first step in developing an equation for the
torque capacity of the shoe is to adopt a model for the pressure distribution along
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TABLE 8.8 Area of Friction Material Required for a Given Average Braking Power
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the lining of the shoe. Assuming that the lining is elastic and of uniform thickness,
but that the drum is perfectly rigid, the expression for the normal pressure p on the
lining at any angular position θ is

p = �
p
(s

m

i
a

n
x

θ
si
)
n

ma

θ
x

� (8.23)

In the usual case, the shoe straddles the θ = 90° position and (sin θ)max = 1.
The variation of contact pressure along the lining is significant. To assume a uni-

form pressure is to oversimplify. For example, for a shoe extending from θ = 30° to
θ = 165°, the pressure varies from 0.5pmax at 30° to pmax at 90°, and to 0.26pmax at 165°.

8.26 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 8.15 Forces on an internal long shoe.
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Torque Capacity. With a model for contact pressure variation in hand, the friction
torque exerted by the shoe on the drum can be found by a simple integration:

T = �θ2

θ1

fpbr2 dθ (8.24)

where b = width of lining. Substituting for p from Eq. (8.23) and integrating, we get

T = �
(sin

pm

θ
a

)
x

max
�fbr2(cos θ1 − cos θ2) (8.25)

Normal Force. To determine the actuating force and the pin reaction, it is neces-
sary first to find the normal force P. The components of P are

Px = �θ2

θ1

pbr dθ sin θ (8.26)

and Py = �θ2

θ1

pbr dθ cos θ (8.27)
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FIGURE 8.16 Equivalent force system on a long internal shoe.
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Again, substituting for p from Eq. (8.23) and integrating, we find

Px = �
2(

b
si

r
n
p

θ
m

)
ax

max
� (θ2 − θ1 + sin θ1 cos θ1 − sin θ2 cos θ2) (8.28)

and

Py = �
2(

b
si

r
n
p

θ
m

)
ax

max
� (cos2 θ1 − cos2 θ2) (8.29)

The resultant normal force P has the magnitude

P = (Px
2 + P y

2)1/2 (8.30)

and is located at the angle θp, where

θp = tan−1 �
P
P

x

y
� (8.31)

Effective Friction Radius. The location rf of the center of pressure C is found by
equating the moment of a concentrated frictional force fP to the torque capacity T:

T = fPrf or rf = �
f
T
P
� (8.32)

Brake-Shoe Moments. The last basic task is to find a relation among actuating
force F, normal force P, and the equivalent friction force fP. The moments about the
pivot point A are

Ma − Mn + Mf = 0 (8.33)

where

Ma = F� (8.34)

Mn = Pa sin θp (8.35)

Mf = P(rf − a cos θp) (8.36)

Self-energizing Shoes. The brake shoe in Fig. 8.16 is said to be self-energizing,
for the frictional force fP exerts a clockwise moment about point A, thus assisting
the actuating force. On vehicle brakes, this would also be called a leading shoe.
Suppose a second shoe, a trailing shoe, were placed to the left of the one shown in
Fig. 8.16. For this shoe, the frictional force would exert a counterclockwise
moment and oppose the action of the actuating force. Equation (8.33) can 
be written in a form general enough to apply to both shoes and to external shoes
as well:

Ma − Mn ± Mf = 0 (8.37)

Burr [8.2], p. 84, proposes this simple rule for using Eq. (8.37): “If to seat a shoe
more firmly against the drum it would have to be rotated in the same sense as the
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drum’s rotation, use the positive sign for the Mf term. Otherwise, use the negative
sign.”

Pin Reaction. At this point in the analysis, the designer should sketch a free-body
diagram of each shoe, showing the components of the actuating force F, the normal
force P, and the friction force fP. Then the components of the pin reaction can be
found by setting to zero the sum of the force components in each direction (x and y).

Design. The design challenge is to produce a brake with a required torque capac-
ity T. A scale layout will suggest tentative values for the dimensions θ1, θ2, a, �, and ε.
From the lining manufacturer we learn the upper limit on maximum contact pres-
sure pmax and the expected range for values of the frictional coefficient f. The
designer must then determine values for lining width b and the actuating force F for
each shoe.

Since the friction force assists in seating the shoe for a self-energizing shoe but
opposes the actuating moment for a self-deenergizing shoe, a much larger actuating
force would be needed to provide as large a contact pressure for a trailing shoe as for
a leading shoe. Or if, as is often the case, the same actuating force is used for each
shoe, a smaller contact pressure and a smaller torque capacity are achieved for the
trailing shoe.

The lining manufacturer will usually specify a likely range of values for the coef-
ficient of friction. It is wise to use a low value in estimating the torque capacity of the
shoe.

In checking the design, make sure that a self-energizing shoe is not, in fact, self-
locking. For a self-locking shoe, the required actuating force is zero or negative.That
is, the lightest touch would cause the brake to seize. A brake is self-locking when

Mn ≤ Mf (8.38)

As a design rule, make sure that self-locking could occur only if the coefficient of
friction were 25 to 50 percent higher than the maximum value cited by the lining
manufacturer.

Example 6. Figure 8.17 shows a preliminary layout of an automotive brake with
one leading shoe and one trailing shoe. The contact pressure on the lining shall not
exceed 1000 kilopascals (kPa). The lining manufacturer lists the coefficient of fric-
tion as 0.34 ± 0.02. The brake must be able to provide a braking torque of 550 N ⋅ m.
Two basic design decisions have already been made: The same actuating force is
used on each shoe, and the lining width is the same for each.

Check dimension a to make sure that self-locking will not occur. Determine the
lining width b, the actuating force F, and the maximum contact pressure pmax for each
shoe.

Solution. One way to proceed is to express the braking torque T, the normal
moment Mn, and the frictional moment Mf in terms of lining width b and maximum
contact pressure pmax. Then the design can be completed by equating the actuating
force for the two shoes, setting the sum of the braking torques to 550 N ⋅ m, and
selecting the lining width b so that the maximum contact pressure is within
bounds.

1. The dimension a is

a = (832 + 252)1/2 = 86.7 mm = 0.0867 m
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2. For either shoe the braking torque can be written in terms of the coefficient of
friction, the lining width, and the maximum contact pressure. From Eq. (8.25),

T = �
(sin

pm

θ
a

)
x

max
� fbr2(cos θ1 − cos θ2)

= �
pm

1
ax
� fb(0.125)2(cos 10° − cos 126°)

= 0.024 57fbpmax

The numerical values of T are different for the two shoes, since pmax differs.

3. Now the normal force P must be calculated. Equations (8.28), (8.29), (8.30), and
(8.31) are used:

8.30 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

FIGURE 8.17 A leading-shoe trailing-shoe automotive brake.
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Px = �
2(

b
si

r
n
p

θ
m

)
ax

max
� (θ2 − θ1 + sin θ1 cos θ1 − sin θ2 cos θ2)

= �
b(0.1

2
2
(1
5
)
)pmax
� ��12

5
6
7
°
.2

−
96

1
°
0°

� + sin 10° cos 10° − sin 126° cos 126°�
= 0.1671bpmax

Py = �
2(

b
si

r
n
p

θ
m

)
ax

max
� (cos2 θ1 − cos2 θ2)

= �
b(0.1

2
2
(1
5
)
)pmax
� (cos2 10° − cos2 126°) = 0.0390bpmax

P = (P x
2 + Py

2)1/2 = 0.1716bpmax

θp = tan−1 �
P
P

x

y
� = tan−1 �

0
0
.
.
1
0
6
3
7
9
1
0

� = 76.85°

4. The effective friction radius rf is, by Eq. (8.32),

rf = �
f
T
P
� =�

f
0
(
.
0
0
.
2
1
4
71

5
6
7
b
fb

p
p

m

m

ax

a

)
x

� = 0.1432 m = 143.2 mm

5. The moments about pivot point A are found by Eqs. (8.34) to (8.36):

Ma = F� = F(0.072 + 0.083) = 0.155F

Mn = Pa sin θp = 0.1716bpmax(0.0867)(sin 76.85°) = 0.014 49bpmax

Mf = fP(rf − a cos θp)

= f(0.1716bpmax)(0.1432 − 0.0867 cos 76.85°)

= 0.021 19fbpmax

6. For the leading (self-energizing) shoe, the proper form of Eq. (8.37) is

Ma − Mn + Mf = 0

Therefore

0.155F l − 0.014 49bpl
max + 0.021 19fbpl

max = 0

The superscript l has been used to designate the leading shoe.

7. For the trailing shoe, Eq. (8.37) has the form

Ma − Mn − Mf = 0

Thus

0.155F t − 0.014 49bpt
max − 0.021 19fbpt

max = 0
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8. Since the same actuating force is used for each shoe, Fl = Ft. After substituting
from the two moment equations, we obtain

=

After cancellation and substitution of f = 0.32 (the most pessimistic assump-
tion),

p l
max = 2.759p t

max

9. The torque capacities of the shoe must sum to 550 N ⋅ m:

Tl + T t = 550

(0.024 57)(0.32)b(pl
max + pt

max) = 550

Then

b(pl
max + p t

max) = 69.95 kN ⋅ m

10. Enough information has been accumulated to begin to specify the design. Since
pl

max = 1000 kPa, p t
max = 1000/2.759 = 362.4 kPa. Now the distance b can be found.

Since

b(pl
max + p t

max) = 69.95

we have

b = = 0.0513 m, or about 51 mm

11. The actuating force F (F l = F t) can be found from either shoe’s moment equa-
tion. For the leading shoe,

0.155F l − 0.014 49bpl
max + 0.021 19fbpl

max = 0

Substituting values of b, f, and p l
max gives F = 2.55 kN. Thus F = F l = F t = 2.55 kN.

12. Now we determine whether the leading shoe is self-locking or too close to self-
locking for safety.The moment equation used above in step 11 is used again, but
this time with an f value 50 percent higher than the maximum value cited by the
lining manufacturer. Use

f = 1.5(0.34 + 0.02) = 0.54

Then by substituting into the moment equation, the corresponding value of F
can be found:

0.155Fl − (0.014 49)(0.0513)(1000) + (0.021 19)(0.54)(0.0513)(1000) = 0

Solving gives Fl = F t = 1.001 kN. Since a large positive force is required to acti-
vate the leading shoe even for this very high coefficient of friction, the brake is
in no danger of self-locking.

69.95 × 103

���
(1000 + 362.4)(103)

0.014 49bpt
max + 0.021 19fbpt

max
����

0.155
0.014 49bpl

max − 0.021 19fbpl
max

����
0.155

8.32 MACHINE ELEMENTS THAT ABSORB AND STORE ENERGY

CLUTCHES AND BRAKES

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



8.5.2 Centrifugal Clutches

The simple centrifugal clutch shown in Fig. 8.18 has a number of shoes which can
move radially and against the drum as the input shaft speed increases. A garter
spring regulates the engagement speed. At engagement speed the weights contact
the drum’s inner surface and begin to drive it, and the attached pulley, by means of
friction to bring it up to speed.

Design Equations. The normal force between each shoe and the inner circumfer-
ence of the drum is principally due to centrifugal force. However, the garter spring
exerts some inward force. The net normal force [8.1] is

Fn = �
m

g
r

c

ω2

� − 2S cos �90° − �
1
N
80

s

°
�� (8.39)

Engagement occurs at the shaft speed ωe when F = 0. The proper initial tension S
for the garter spring is found by setting ω = ωe and F = 0 in Eq. (8.39). The engage-
ment speed is selected by the designer (for example, about 70 percent of running
speed). The required value for S is

S = (8.40)
mrωe

2

���
2gc cos (90° − 180°/Ns)
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FIGURE 8.18 Free-shoe centrifugal clutch with garter spring to regulate
engagement speed. A, input shaft; B, output pulley; C, drum; D, weights; E, garter
spring.
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The torque capacity at any shaft speed ω is

T = fFnRNs (8.41)

Example 7. A centrifugal clutch is being considered for an application where the
running speed is 3000 rev/min and engagement is to begin at 1000 rev/min. It is
planned to use four shoes, each with a mass of 140 grams (g).A coefficient of friction
f = 0.3 can be achieved. The inner diameter of the drum is 75 mm, and the radius R
to the center of gravity of each shoe is 25 mm. (1) What should be the initial tension
of the garter spring? (2) What is the normal force on each shoe at running speed? (3)
What is the torque capacity at running speed? (4) What is the power capacity at run-
ning speed if a service factor of 2.25 is required?

Solution.

1. The initial tension of the garter spring is found from Eq. (8.40):

S = = 27.1 N

2. The normal force on each shoe at 3000 rev/min is, by Eq. (8.39),

Fn = − 2(27.1) cos (90° − 180°/4)

= 307.1 N

3. The torque capacity at running speed is

T = fFn RNs = (0.3)(307.1) ��0.0
2
75
�� (4) = 13.8 N ⋅ m

4. The power capacity uncorrected for service factor is

P = �
9
T
55

n
0

� = �
13.8

9
(
5
3
5
0
0
00)

� = 4.34 kW

Correcting for service factor, we see the power rating is

Prating = �
K
P

S
� = �

4
2
.
.
3
2
4
5

� = 1.93 kW

8.6 BAND AND CONE BRAKES AND CLUTCHES

8.6.1 Band Brakes

A typical design for a band brake is shown in Fig. 8.19. A flexible metal band lined
with a friction material contacts the drum over an angle of wrap θ and exerts a brak-
ing torque T on the drum.This particular design is self-energizing, since the moment
exerted on the lever by force P1 assists in actuating the brake.

(0.140)(0.025)[(2π/60)(3000)]2

����
1

0.140(0.025)[1000(2π/60)]2

���
2(1) cos (90° − 180°/4)
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Four basic relationships are needed for analysis or design. For a band wrapped
around a drum, the ratio of tensions is

�
P
P

1

2
� = e fθ (8.42)

where the notation is indicated in Fig. 8.19. The net torque exerted on the drum by
the band is

T = (P1 − P2 ��
D
2
�� (8.43)

The maximum contact pressure between the band and the drum occurs at the
more taut P1 end of the band:

pmax = �
2
b
P
D

1
� (8.44)

Finally, it is necessary to sum moments on the lever about pivot A to get the rela-
tionship involving the actuating force Q:
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FIGURE 8.19 Forces on a band brake; b = bandwidth.
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Q� − P2c + P1a = 0 (8.45)

After substituting for P1 and P2 in terms of pmax, f, and θ, we get the following equa-
tion for actuating force:

Q = �
bD

2
p
�

max
� ��

e
c
f θ� − a� (8.46)

For pmax you should use the value suggested by the lining manufacturer.
This brake could be self-locking if the designer were to get careless. The actuat-

ing force Q should always be positive. If it were zero or negative, the slightest touch
on the lever would cause the brake to lock abruptly.The expression in the parenthe-
ses in Eq. (8.46) must always be positive. Thus, as a rule, design the brake so that

a < �
e
c
f θ� (8.47)

In checking for self-locking, use a value for f that is 25 to 50 percent greater than the
maximum value cited by the lining manufacturer.

Example 8. A band brake like that in Fig. 8.19 is needed to exert a braking torque of
3100 lb ⋅ in (350 N ⋅ m) on a drum with 10-in (0.254-m) diameter. The actuating force
Q (exerted by the operator’s foot) should not have to exceed 25 lb (111 N). Limit the
maximum contact pressure to 60 pounds per square inch (psi) [0.414 megapascal
(MPa)]. The value for f is 0.31 ± 0.03. (1) Make sure the brake will not be self-locking
for an f value 30 percent above the maximum value. (2) Calculate the bandwidth b to
limit the contact pressure. (3) Find the length � for the operating lever. (4) For the
same actuating force, what is the braking torque if the drum’s rotation is reversed?

Solution. A scale layout indicates that a = 1 in (0.0254 m) and θ = 200° are fea-
sible values when the lever’s pivot point A is placed directly below the center of the
drum. Then c = 5 in (0.127 m), corresponding to the drum’s radius.

1. First make sure that the brake will not be self-locking. Use f = 1.3(0.31 + 0.03)
= 0.442 and θ = 200°/57.296 = 3.491 rad. Then, from Eq. (8.47),

a < �
0.442(

5
3.491)
� or a < 1.069 in

So the dimension a = 1 in will do nicely.
2. Now select a bandwidth b so that pmax does not exceed 60 psi (0.414 MPa). By

Eqs. (8.42) and (8.43),

�
P
P

1

2
� = e 0.28(3.491) = 2.658

3100 = (P1 − P2)��
1
2
0
��

Solving these for P1 and P2 gives P1 = 994 lb (4420 N) and P2 = 374 lb (1664 N). So,
by Eq. (8.44), the bandwidth is

b = �
p

2

ma

P

x

1

D
� = �

2
6
(
0
9
(
9
1
4
0
)
)

� = 3.31 in (say 3.5 in)
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3. Next the moment arm length � for the actuating force Q must be found from
Eq. (8.45):

� = �
P2 c

Q
− P1a
� =�

374(5)
2
−
5

994(1)
� = 35 in

4. Finally, the torque capacity of the brake for the same actuating force, but with
the drum rotating counterclockwise, can be evaluated. Since the drum turns coun-
terclockwise, the braking torque must be clockwise. Thus, forces P1 and P2 are inter-
changed.The larger force P1 is applied at point C, and the force P2 is applied at point
B. Equation (8.45), suitably rewritten, is

P1c − P2 a − Q� = 0

But Eqs. (8.42) and (8.43) do not need to be changed:

P1(5) − P2(1) − 25(35) = 0

or

5P1 − P2 = 875

�
P
P

1

2
� = e f θ = 2.658

Then P1 = 189 lb and P2 = 70 lb. And the net braking torque is

T = (P1 − P2) ��
D
2
�� = (189 − 70) ��

1
2
0
�� = 595 lb ⋅ in

This is considerably less than the 3100-lb ⋅ in capacity for clockwise rotation of
the drum.

8.6.2 Cone Brakes and Clutches

Two mating cones kept in contact by an axial force can be used as a clutch, as in Fig.
8.20, or as a brake, as in Fig. 8.21. A small cone angle α produces a wedging action,
and a large torque capacity is achieved for a small actuating force. But if the cone
angle is too small, it becomes difficult to disengage the cones. A cone angle of 10° to
15° is a reasonable compromise.

Basic Relationships. A cone is shown schematically in Fig. 8.22 with three ele-
mentary quantities indicated: area dA, normal contact force dP, and actuating force
dF. From these it follows that the elementary torque dT is

dT = fr dP = frp �
2
s
π
in
r d

α
r

� = �
2π

s
f
i
p
n
r
α

2 dr
� (8.48)

Similarly, the elementary actuating force dF is

dF = dP sin α = 2πpr dr (8.49)

The actuating force F and the torque capacity T are found by integrating in Eqs.
(8.49) and (8.48) from the inside radius d/2 to the outside radius D/2:
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FIGURE 8.20 Cone clutch; A, cup; B, cone; C, shifting groove; D, spring; E, friction
lining; α = cone angle.

FIGURE 8.21 Cone brake; α = cone angle.
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F = 2π �D/2

d/2

pr dr (8.50)

T = �
si
2
n
π
α

� �D/2

d/2

fpr 2 dr (8.51)

Before these integrations can be carried out, assumptions have to be made about
the way in which contact pressure p and friction coefficient f vary across the active
face of the cone. In what follows, the variations of f with pressure and rubbing veloc-
ity have been neglected. Only the variation in contact pressure p is used.

Contact-Pressure Distribution. When the friction surfaces are new, the pressure is
fairly uniform across the clutch face. But after an initial wear-in period, the pressure
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FIGURE 8.22 Elementary quantities on conical surface.
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accommodates itself to a uniform rate of wear. We assume that the wear rate is pro-
portional to the frictional work per unit area, that is, to fpV. If the variations in f are
neglected, then the wear rate is proportional simply to pV, the product of contact
pressure and rubbing velocity. We can write

pV = 2πrωp = constant (8.52)

Thus across the face the product pr is constant, implying that pmax occurs at the inner
radius d/2. In general,

p = �
pm

2
a

r
xd
� (8.53)

A typical pressure distribution is shown in Fig. 8.23.

Torque Capacity. By substituting for p from
Eq. (8.53) in Eq. (8.51) and carrying out the inte-
gration, we find the torque capacity T:

T = �
π
8
f
s
p
i
m

n
ax

α
d

� (D2 − d2) (8.54)

Actuating Force. Equation (8.50) can be inte-
grated to yield

F = �
πp

2
maxd
� (D − d) (8.55)

The last two equations can be combined to pro-
duce the useful result

T = �
4 s

F
in
f

α
� (D + d) (8.56)

The last equation indicates that for the uniform-
wear assumption, the mean friction radius is sim-
ply the average radius.

Moment Equation for Brake Lever. The axial
actuating force for the cone brake shown in Fig.
8.21 can be found by summing moments on the
lever about the pivot point O and solving for F.
Thus

F = �
Q
a
�
� (8.57)

8.7 DISK CLUTCHES AND BRAKES

8.7.1 Multidisk Clutches and Brakes

The multidisk clutch in Fig. 8.24 is intended for wet operation using an oil coolant.
Similar clutches are built for dry operation. Disk brakes are similar in construction
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FIGURE 8.23 Contact-pressure
distribution on face of cone after
wear-in period (for constant f).
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to the disk clutch. In either case, an axial force is applied to the flat surfaces of the
elements to produce tangential frictional forces.Typically not more than the outer 40
percent of the radius is used. The ratio of inside to outside diameters may be as high
as 0.80/1.

Contact-Pressure Distribution. The reasoning used to establish pressure distribu-
tion on the annular clutch or brake plate is the same as that used for cone clutches
and brakes. After an initial wear-in period, the pressure distribution accommodates
itself to a constant rate of wear across the active portion of the disk (Fig. 8.25). Equa-
tions (8.52) and (8.53) apply here also.

Axial Actuating Force. For a given set of dimensions and a permissible contact
pressure, the corresponding actuating force is given by Eq. (8.55), which was devel-
oped for cone clutches and brakes.

Torque Capacity. For this pressure distribution, the torque capacity is

T = �
1
8

�[πfpmaxd(D2 − d2)Np] (8.58)

Although the torque equation could be derived independently, it can also be derived
directly from Eq. (8.54) by setting the cone angle α = 90° and inserting Np, the num-
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FIGURE 8.24 An oil-actuated multiple-disk
clutch for enclosed operation in an oil spray or
bath. (Twin Disc, Inc.)

FIGURE 8.25 A friction member of a
multiple-disk clutch or brake with the
pressure distribution for uniform wear.
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ber of pairs of contacting disk faces. Torque capacity can also be expressed in terms
of the actuating force F:

T = �
Ff

4
Np
� (D + d) (8.59)

8.7.2 Caliper Disk Brakes

The automotive caliper disk brake shown in Fig. 8.9 is hydraulically operated. Two
pads are pressed against opposite sides of the brake disk to provide a braking
torque. The principle of operation is shown schematically in Fig. 8.26a.

Usually each pad is nearly the annular shape, illustrated in Fig. 8.26b, but occa-
sionally a circular pad (“puck” or “button”) is used (Fig. 8.26c).
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FIGURE 8.26 Caliper disk brake. (a) Principle of operation; (b) annular pad; (c) circular pad.

(a) (b)

(c)
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Torque Capacity. The torque capacity per pad is

T = fFRe (8.60)

If two pads are used, then the torque capacity is double the value calculated by Eq.
(8.60).

This torque equation is quite simple.A friction force fF acting at an effective fric-
tion radius Re produces a braking torque T. The practical issues are (1) the value to
use for the effective friction radius Re and (2) the maximum contact pressure pmax

developed.

Actuating Force for Annular Pad. Brake designers often assume that the contact
pressure does not vary very much over the annular pad. But you may prefer to use
the uniform-wear approach as more realistic. Both approaches are given here.

The following two equations are used to calculate the actuating force for the con-
stant-contact-pressure and the uniform-wear approaches, respectively:

F = pavθ �
R o

2

2
− Ri

2

� (8.61)

F = pmaxθRi(Ro − Ri) (8.62)

The notation is shown in Fig. 8.26a and b.
The relation between average and maximum contact pressures for the uniform-

wear approach is

�
p
p

m

a

a

v

x
� = �

1
2
+
R

R
i /

i

R
/R

o

o
� (8.63)

In the limit, the average and maximum pressures become equal as the inner radius
approaches the outer one. For Ri/Ro = 0.60, pav = 0.75pmax; but for Ri/Ro = 0.80, pav =
0.89pmax.

The uniform-wear assumption is the more conservative approach. For a given
actuating force, it implies a smaller torque capacity.

Effective Friction Radius for Annular Pad. If the contact pressure is assumed to
be constant over the pad, the effective friction radius is

Re = �
2
3

� (8.64)

When the uniform-wear assumption is made, the effective friction radius is simply

Re = �
Ri +

2
Ro

� (8.65)

Circular Pads. Fazekas [8.3] has derived the basic equations for circular pads. The
effective friction radius is

Re = δe (8.66)

where e = radius from the center of the disk to the center of the pad and δ = multi-
plier found in Table 8.9. Also tabulated in Table 8.9 is the ratio of maximum to aver-
age contact pressure.

Ro
3 − Rl

3

�
Ro

2 − Rl
2
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The actuating force on each pad is

F = πR2pav (8.67)

The torque capacity per pad is found by using Eq. (8.60) after F and Re have been
calculated.

Example 9. A sports car requires disk brakes for the front wheels. It has been
decided to use two annular pads per wheel with Ri = 3.875 in, Ro = 5.5 in, and θ = 108°.
The friction material supplier guarantees a coefficient of friction of at least f = 0.37.
Each pad is actuated by two hydraulic cylinders, each 1.5 in in diameter. Each front-
wheel brake provides a braking torque capacity of 13 × 103 lb ⋅ in. What hydraulic
pressure is needed at the wheel cylinders? What are the average and the maximum
contact pressures? Assume uniform wear.

Solution

1. The torque capacity per pad has to be (13 × 103)/2 = 6500 lb ⋅ in. Given uniform
wear, the effective friction radius is, by Eq. (8.65),

Re = �
Ri +

2
Ro

� = �
3.875

2
+ 5.5
� = 4.69 in

The corresponding actuating force is, by Eq. (8.60),

T = �
f
T
Re
� = �

0.3
6
7
5
(
0
4
0
.69)
� = 3750 lb per pad

or

F = 1875 lb per wheel cylinder

The hydraulic pressure at the wheel cylinder has to be

ph = �
A
F

p
� = �

π
4
d
F

p
2� = �

4
π
(
(
1
1
8
.5
7
)
5

2

)
� = 1060 psi

2. Equation (8.62) can be used to find the maximum contact pressure:

pmax = �
θRi(R

F

o − Ri)
� = = 316 psi

3750
����
(108°/57.296)(3.875)(5.5 − 3.875)
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TABLE 8.9 Design Factors for Caliper Disk
Brakes with Circular Pads
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For finding the average contact pressure, use Eq. (8.63):

pav = pmax �1
2
+
R
R
i /

i

R
/R

o

o
� = 316 �

1
2(

+
3.

3
8
.
7
8
5
7
)
5
/
/
5
5
.
.
5
5

� = 261 psi

8.8 ELECTROMAGNETIC TYPES

Electromagnetic forces are used in a variety of ways to couple two sides of a clutch
or a brake. The use of electrically generated forces implies relatively easy means of
automatic control.

8.8.1 Magnetically Actuated Friction Clutches and Brakes

The most common use of electromagnetic forces is to provide the actuating force for
a friction brake or clutch. The configuration shown in Fig. 8.27 can be used either as
a clutch or as a brake. When power is applied to the coil, the magnet, faced with a
friction material, attracts the armature.Torque can be varied by using a potentiome-
ter. If one member is fixed, the device functions as a brake; otherwise, it is a clutch.

The combination clutch-brake in Fig. 8.28 uses a single solenoid coil. When the
coil is deenergized, the clutch is disengaged and springs prevent the release of the
brake.When the coil is energized, the clutch is engaged and the brake is released.An
arrangement of opposing mechanical springs ensures that the input-side clutch is
fully engaged for a brief time before the brake is released. This is done by making
the springs assisting clutch engagement weaker than those resisting brake release.
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FIGURE 8.27 Electromagnetic friction clutches and
brakes. (Warner Electric Brake and Clutch Co.)
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8.8.2 Magnetic Clutches

The operating characteristics of three types of magnetic clutches are shown in Fig.
8.29.

Magnetic-particle clutches (Fig. 8.29a) use an iron powder mixed with a lubricant
to partially fill the annular gap between members. When a direct-current (dc) coil
induces a magnetic field, the iron particles form chains and provide the means to
transmit torque. There is a nearly linear relation between coil current and torque.

Hysteresis clutches (Fig. 8.29b) directly couple the two members as long as the
load does not exceed the torque rating. They can also slip continuously to maintain
a constant-torque output independent of speed.

The eddy-current clutch (Fig. 8.29c) is rather like the hysteresis clutch in con-
struction. Torque is developed if there is slip. The torque is associated with dissipa-
tion of eddy currents in the rotor ring’s electric resistance.
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FIGURE 8.28 Clutch-brake transmission. A, input; B, output; C,
field coil bearing; D, field coil assembly; E, pressure cup; F, brake
plate; G, hub spring; H, rotor assembly; I, brake spring; J, brake arma-
ture; K, field coil; L, clutch armature; M, clutch spring; N, drive plate;
P, air gap. (Electroid Corporation.)
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FIGURE 8.29 Torque characteristics of magnetic clutches. (a)
Magnetic-particle clutch has a characteristic that is independent of
slip and increases almost linearly with coil current. (b) Hysteresis
clutch exhibits almost a constant torque out to the thermal, which
begins at B; temperature then limits the torque capacity from B to C.
(c) Eddy-current clutch exhibits a constant-torque characteristic at
rated slip speed. (From Ref. [8.5].)

(a)

(b)

(c)
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8.8.3 Dynamic Braking

When it is necessary to bring a motor-driven load from operating speed to rest in less
than the normal coasting time, braking is necessary. However, for motors, the brak-
ing can be done by purely electrical means through dynamic braking. Electric brak-
ing, or dynamic braking, is done by altering the connections to the motor. It may be
done with or without the aid of an external power source. Dynamic braking is avail-
able for fractional-horsepower motors. The designer should keep this option in
mind.

8.9 ACTUATION PROBLEMS

8.9.1 General

Table 8.10 lists the characteristics of four basic brake actuation methods. Note that
many brakes are made to operate on the fail-safe principle. This means that the
brake is applied by using strong springs and that the method of actuation releases or
holds off the brake. Thus, a reduction, say, in hydraulic pressure would cause the
brake to be applied.

8.9.2 Brake Actuation Systems for Vehicles

The hydraulic system shown schematically in Fig. 8.30 is suitable for a passenger
vehicle using disk brakes on the front axles and drum brakes on the rear. The pedal
force, multiplied by the leverage ratio, is applied to the master cylinder to produce a
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TABLE 8.10 Characteristics of Various Methods of Actuating Band, Drum,
and Disk Brakes
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hydraulic pressure.This hydraulic pressure can itself be multiplied by a power-brake
assist unit which uses either the intake manifold’s vacuum or a positive hydraulic
pressure from the power-steering pump to create a pressure differential.

In a split system, the master cylinder has two pistons and two reservoirs, one for
the front-wheel brakes, the other for the rear. When the primary piston is pushed
forward, the secondary piston is pushed forward as well by the primary piston spring
and the buildup of pressure between the two pistons.Thus hydraulic pressure is built
up in both systems. The springs return the pistons when the brake-pedal force is
removed.

With the split system, one set of brakes can function even if the hydraulic system
for the other set of brakes is damaged. For example, if the hydraulic system of the
front brakes fails, no hydraulic pressure is built up in the front-brake system, and the
secondary piston continues to move until its nose butts against the end of the cylin-
der. The primary piston continues to move and build up pressure between the pri-
mary and secondary pistons to actuate the rear brakes.

Most hydraulic brake systems are equipped with automatic valves:

1. Pressure-differential valve to turn on a warning light if either of the hydraulic sys-
tems (front or rear) fails.

2. Proportioning valve to improve the braking balance between the front and rear
brakes and prevent skidding resulting from the rear brakes locking up before the
front brakes.

3. Metering valve to delay the flow of brake fluid to the front-brake calipers until
the system pressure has risen sufficiently. The motives are to overcome the ten-
sion of the retracting springs at the rear-brake shoes, expand the shoes, and sup-
ply the rear brakes before the front brakes. The metering valve prevents
front-brake lockup during light braking on slippery or icy roads.

All three functions may be merged into a combination valve mounted near the mas-
ter cylinder.

A vacuum-brake booster functions in three modes: released, applied, and holding.
When the brake pedal is released, the engine intake manifold pulls air from the front
shell through a check valve. There is a vacuum on both sides of the diaphragm, and
the pressures are equal. The diaphragm is held to the rear by its spring. No force is
exerted on the master cylinder by the push rod.

CLUTCHES AND BRAKES 8.49

FIGURE 8.30 Hydraulic system with indirect servo. A, master cylinder; B, slave
cylinder and servo; C, disk brake; D, leading-trailing shoe brake.
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When the brake pedal is depressed, the valve rod pushes the valve plunger forward
to close the vacuum port and open the atmospheric port. With atmospheric pressure
on the rear side of the diaphragm and a vacuum at its front side, the diaphragm moves
forward and pushes against the push rod.This is the applied position.

To provide gradual braking when needed (holding position), a position between
the released and the applied positions is provided. The driver has control over the
degree of braking.

8.9.3 Antiskid Brakes

In an antiskid braking system, the brakes are normally under manual control; but if
wheel lockup is imminent, the antiskid system takes corrective action.

Whenever a rear wheel starts to lock, a wheel sensor detects an abrupt decelera-
tion. A computer then causes the pressure in the rear braking system to decrease
slightly, allowing the wheels to accelerate. When the wheel speed approaches its
normal level for the vehicle’s speed, the wheel cylinder pressure is restored. The
antiskid system goes into action repeatedly to prevent wheel lockup and skidding
until the vehicle speed drops to about 5 miles per hour (mph).
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CHAPTER 9
SPUR GEARS
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9.1 DEFINITIONS / 9.3

9.2 TOOTH DIMENSIONS AND STANDARDS / 9.6

9.3 FORCE ANALYSIS / 9.7

9.4 FUNDAMENTAL AGMA RATING FORMULAS / 9.8

9.1 DEFINITIONS

Spur gears are used to transmit rotary motion between parallel shafts. They are
cylindrical, and the teeth are straight and parallel to the axis of rotation.

The pinion is the smaller of two mating gears; the larger is called the gear or the
wheel.

The pitch circle, B in Fig. 9.1, is a theoretical circle upon which all calculations are
based.The operating pitch circles of a pair of gears in mesh are tangent to each other.

The circular pitch, p in Fig. 9.1, is the distance, measured on the theoretical pitch
circle, from a point on one tooth to a corresponding point on an adjacent tooth. The
circular pitch is measured in inches or in millimeters. Note, in Fig. 9.1, that the circu-
lar pitch is the sum of the tooth thickness t and the width of space.

The pitch diameter, d for the pinion and D for the gear, is the diameter of the pitch
circle; it is measured in inches or in millimeters.

The module m is the ratio of the theoretical pitch diameter to the number of teeth
N. The module is the metric index of tooth sizes and is always given in millimeters.

The diametral pitch Pd is the ratio of the number of teeth on a gear to the theo-
retical pitch diameter. It is the index of tooth size when U.S. customary units are used
and is expressed as teeth per inch.

The addendum a is the radial distance between the top land F and the pitch circle
B in Fig. 9.1. The dedendum b is the radial distance between the pitch circle B and
the root circle D in Fig. 9.1. The whole depth ht is the sum of the addendum and
dedendum.

The clearance circle C in Fig. 9.1 is tangent to the addendum circle of the mating
gear.The distance from the clearance circle to the bottom land is called the clearance c.

Backlash is the amount by which the width of a tooth space exceeds the thickness
of the engaging tooth measured on the pitch circle.

Undercutting (see distance u in Fig. 9.1) occurs under certain conditions when a
small number of teeth are used in cutting a gear.

Table 9.1 lists all the relations described above. Additional terminology is shown
in Fig. 9.2. Here line OP is the line of centers connecting the rotation axes of a pair of

9.3
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meshing gears. Line E is the pressure line, and the angle φ is the pressure angle. The
resultant force vector between a pair of operating gears acts along this line.

The pressure line is tangent to both base circles C at points F. The operating diam-
eters of the pitch circles depend on the center distance used in mounting the gears, but
the base circle diameters are constant and depend only on how the tooth forms were
generated, because they form the base or the starting point of the involute profile.

9.4 GEARING

FIGURE 9.1 Terminology of gear teeth. A, addendum circle; B, pitch circle; C, clearance cir-
cle; D, dedendum circle; E, bottom land; F, top land; G, flank; H, face; a = addendum distance;
b = dedendum distance; c = clearance distance; p = circular pitch; t = tooth thickness; u = under-
cut distance.

TABLE 9.1 Basic Formulas for Spur Gears

SPUR GEARS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



Line aPb is the line of action. Point a is the initial point of contact. This point is
located at the intersection of the addendum circle of the gear with the pressure line.
Should point a occur on the other side of point F on the pinion base circle, the pin-
ion flank would be undercut during generation of the profile.

Point b of Fig. 9.2 is the final point of contact. This point is located at the inter-
section of the addendum circle of the pinion with the pressure line. For no under-
cutting of the gear teeth, point b must be located between the pitch point P and
point F on the base circle of the gear.

Line aP represents the approach phase of tooth contact; line Pb is the recess
phase. Tooth contact is a sliding contact throughout the line of action except for an
instant at P when contact is pure rolling. The nature of the sliding is quite different
during the approach action and the recess action; bevel-gear teeth, for example, are
generated to obtain more recess action, thus reducing wear.

Instead of using the theoretical pitch circle as an index of tooth size, the base cir-
cle, which is a more fundamental distance, can be used. The result is called the base
pitch pb. It is related to the circular pitch p by the equation

pb = p cos φ (9.5)

If, in Fig. 9.2, the distance from a to b exactly equals the base pitch, then, when
one pair of teeth are just beginning contact at a, the preceding pair will be leaving
contact at b. Thus, for this special condition, there is never more or less than one pair

SPUR GEARS 9.5

FIGURE 9.2 Layout drawing of a pair of spur gears in mesh.The pinion is the driver and rotates
clockwise about the axis at O. A, addendum circles; B, pitch circles; C, base circles; D, dedendum
circles; E, pressure line; F, tangent points; P, pitch point; a, initial point of contact; b, final point of
contact.
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of teeth in contact. If the distance ab is greater than the base pitch but less than twice
as much, then when a pair of teeth come into contact at a, another pair of teeth will
still be in contact somewhere along the line of action ab. Because of the nature of
this tooth action, usually one or two pairs of teeth in contact, a useful criterion of
tooth action, called the contact ratio mc, can be defined. The formula is

mc = (9.6)

where Lab = distance ab, the length of the line of action. Do not confuse the contact
ratio mc with the module m.

9.2 TOOTH DIMENSIONS AND STANDARDS

The American Gear Manufacturer’s Association (AGMA) publishes much valuable
reference data.† The details on nomenclature, definitions, and tooth proportions for
spur gears can be found in ANSI/AGMA 1012-F90.Table 9.2 contains the most used
tooth proportions. The hob tip radius rf varies with different cutters; 0.300/Pd or
0.300m is the usual value. Tables 9.3 and 9.4 list the modules and pitches in general
use. Cutting tools can be obtained for all these sizes.

Lab�
pb

9.6 GEARING

TABLE 9.2 Standard and Commonly Used Tooth Systems for Spur Gears

TABLE 9.3 Diametral Pitches in General Use

TABLE 9.4 Modules in General Use

† See Chap. 10 for a special note on AGMA.
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9.3 FORCE ANALYSIS

In Fig. 9.3 a gear, not shown, exerts force W against the pinion at pitch point P. This
force is resolved into two components, a radial force Wr , acting to separate the gears,
and a tangential component Wt, which is called the transmitted load.

Equal and opposite to force W is the shaft reaction F, also shown in Fig. 9.3. Force
F and torque T are exerted by the shaft on the pinion. Note that torque T opposes
the force couple made up of Wt and Fx separated by the distance d/2. Thus

T = (9.7)

where T = torque, lb ⋅ in (N ⋅ m)
Wt = transmitted load, lb (N)

d = operating pitch diameter, in (m)

The pitch-line velocity v is given by

v = ft/min v = m/s (9.8)
πdnP�

60
πdnP�

12

Wtd�
2

SPUR GEARS 9.7

FIGURE 9.3 Force analysis of a pinion. A, operating pitch circle; d, operating pitch
diameter; np, pinion speed; φ, pressure angle; Wt, transmitted tangential load; Wr, radial
tooth load; W, resultant tooth load; T, torque; F, shaft force reaction.
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where nP = pinion speed in revolutions per minute (r/min).The power transmitted is

P = 	 hp
(9.9)

Wtv kW

9.4 FUNDAMENTAL AGMA RATING FORMULAS†

Many of the terms in the formulas that follow require lengthy discussions and con-
siderable space to list their values. This material is considered at length in Chap. 10
and so is omitted here.

9.4.1 Pitting Resistance

The basic formula for pitting resistance, or surface durability, of gear teeth is

sc = Cp � �
1/2

(9.10)

where sc = contact stress number, lb/in2 (MPa)
Cp = elastic coefficient, (lb/in2)1/2 [(MPa)1/2]; see Eq. (10.77) and Table 10.4
Wt = transmitted tangential load, lb (N)
Ca = application factor for pitting resistance; see Table 10.3
Cs = size factor for pitting resistance; use 1.0 or more until values are

established
Cm = load distribution factor for pitting resistance; use Tables 9.5 and 9.6
Cf = surface condition factor; use 1.0 or more until values are established
Cv = dynamic factor for pitting resistance; use Fig. 10.4; multiply v in

meters per second by 197 to get feet per minute
d = operating pitch diameter of pinion, in (mm)

= 2C/(mG + 1.0) for external gears
= 2C/(mG − 1.0) for internal gears

C = operating center distance, in (mm)
mG = gear ratio (never less than 1.0)

F = net face width of narrowest member, in (mm)
I = geometry factor for pitting resistance; use Eq. (10.24) with Cψ = 1.0

Allowable Contact Stress Number. The contact stress number sc , used in Eq.
(9.10), is obtained from the allowable contact stress number sac by making several
adjustments as follows:

sc ≤ sac (9.11)
CLCH�
CTCR

CmCf
�

I
Cs�
dF

WtCa�
Cv

Wtv�
33 000
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† See Ref. [10.1].
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where sac = allowable contact stress number, lb/in2 (MPa); see Fig.10.40
CL = life factor for pitting resistance; use Fig.10.49
CH = hardness ratio factor; use Figs. 10.47 and 10.48
CT = temperature factor for pitting resistance; use 1.0 or more, but see

Sec.10.5.1
CR = reliability factor for pitting resistance; use Table 10.6

SPUR GEARS 9.9

TABLE 9.5 Load-Distribution Factors Cm and Km for Spur Gears Having a Face Width of 6 in
(150 mm) and Greater†
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Pitting Resistance Power Rating. The allowable power rating Pac for pitting resis-
tance is given by

Pac = 	 � �
2

hp

(9.12)

� �
2

kW

9.4.2 Bending Strength

The basic formula for the bending stress number in a gear tooth is

St = 	 lb/in2

(9.13)
MPa

where st = bending stress number, lb/in2 (MPa)
Ka = application factor for bending strength; use Table 10.3
Ks = size factor for bending strength; use 1.0 or more until values are

established
Km = load distribution factor for bending strength; use Tables 9.5 and 9.6
Kv = dynamic factor for bending strength; use Fig.10.4; multiply v in

meters per second by 197 to get feet per minute
J = geometry factor for bending strength; use Eq. (10.46) with Cψ = 1.0

and Figs.10.11 to 10.22
m = module, mm
Pd = nominal diametral pitch, teeth per inch

KsKm�
J

1.0
�
Fm

WtKa�
Kv

KsKm�
J

Pd�
F

WtKa�
Kv

CLCH�
CT CR

dsac�
Cp

ICv��
CsCmCfCa

nPF
��
1.91(107)

CLCH�
CT CR

dsac�
Cp

ICv��
CsCmCfCa

nPF
�
126 000
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TABLE 9.6 Load-Distribution Factors Cm and Km for Spur Gears
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Allowable Bending Stress Number. The bending stress number st in Eq. (9.13) is
related to the allowable bending stress number sat by

st ≤ (9.14)

where sat = allowable bending stress number, lb/in2 (MPa); use Fig. 10.41
KL = life factor for bending strength; use Figs. 10.49 and 10.50
KT = temperature factor for bending strength; use 1.0 or more; see Sec. 10.5.1
KR = reliability factor for bending strength; use Table 10.6

Bending Strength Power Rating. The allowable power rating Pat for bending
strength is given by

Pat = 	 hp

(9.15)
Fm kW

SatKL�
KRKT

J
�
KsKm

nPdKv��
1.91(10)7Ka

satKL�
KRKT

FJ
�
PdKsKm

nPdKv��
126 000Ka

satKL�
KTKR
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CHAPTER 10
HELICAL GEARS

Raymond J. Drago, P.E.
Senior Engineer, Advanced Power Train Technology

Boeing Vertol Company
Philadelphia, Pennsylvania

10.1 INTRODUCTION / 10.1

10.2 TYPES / 10.2

10.3 ADVANTAGES / 10.2

10.4 GEOMETRY / 10.5

10.5 LOAD RATING / 10.8

REFERENCES / 10.57

The following is quoted from the Foreword of Ref. [10.1]:

This AGMA Standard and related publications are based on typical or average data,
conditions, or applications. The standards are subject to continual improvement, revi-
sion, or withdrawal as dictated by increased experience. Any person who refers to
AGMA technical publications should be sure that he has the latest information avail-
able from the Association on the subject matter.

Tables or other self-supporting sections may be quoted or extracted in their entirety.
Credit line should read: “Extracted from ANSI/AGMA #2001-C95 Fundamental Rat-
ing Factors and Calculation Methods for Involute Spur and Helical Gear Teeth, with the
permission of the publisher, American Gear Manufacturers Association, Alexandria,
Virginia.”

This reference is cited because numerous American Gear Manufacturer’s Associa-
tion (AGMA) tables and figures are used in this chapter. In each case, the appropri-
ate publication is noted in a footnote or figure caption.

10.1 INTRODUCTION

Helical gearing, in which the teeth are cut at an angle with respect to the axis of rota-
tion, is a later development than spur gearing and has the advantage that the action
is smoother and tends to be quieter. In addition, the load transmitted may be some-
what larger, or the life of the gears may be greater for the same loading, than with an
equivalent pair of spur gears. Helical gears produce an end thrust along the axis of
the shafts in addition to the separating and tangential (driving) loads of spur gears.
Where suitable means can be provided to take this thrust, such as thrust collars or
ball or tapered-roller bearings, it is no great disadvantage.

Conceptually, helical gears may be thought of as stepped spur gears in which the
size of the step becomes infinitely small. For external parallel-axis helical gears to

10.1

Source: STANDARD HANDBOOK OF MACHINE DESIGN
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mesh, they must have the same helix angle but be of different hand. An external-
internal set will, however, have equal helix angle with the same hand.

Involute profiles are usually employed for helical gears, and the same comments
made earlier about spur gears hold true for helical gears.

Although helical gears are most often used in a parallel-axis arrangement, they
can also be mounted on nonparallel noncoplanar axes. Under such mounting condi-
tions, they will, however, have limited load capacity.

Although helical gears which are used on crossed axes are identical in geometry
and manufacture to those used on parallel axes, their operational characteristics are
quite different. For this reason they are discussed separately at the end of this chap-
ter. All the forthcoming discussion therefore applies only to helical gears operating
on parallel axes.

10.2 TYPES

Helical gears may take several forms, as shown in Fig. 10.1:

1. Single
2. Double conventional
3. Double staggered
4. Continuous (herringbone)

Single-helix gears are readily manufactured on conventional gear cutting and grind-
ing equipment. If the space between the two rows of a double-helix gear is wide
enough, such a gear may also be cut and ground, if necessary, on conventional equip-
ment. Continuous or herringbone gears, however, can be cut only on a special shap-
ing machine (Sykes) and usually cannot be ground at all.

Only single-helix gears may be used in a crossed-axis configuration.

10.3 ADVANTAGES

There are three main reasons why helical rather than straight spur gears are used in
a typical application.These are concerned with the noise level, the load capacity, and
the manufacturing.

10.3.1 Noise

Helical gears produce less noise than spur gears of equivalent quality because the
total contact ratio is increased. Figure 10.2 shows this effect quite dramatically. How-
ever, these results are measured at the mesh for a specific test setup; thus, although
the trend is accurate, the absolute results are not.

Figure 10.2 also brings out another interesting point. At high values of helix
angle, the improvement in noise tends to peak; that is, the curve flattens out. Had
data been obtained at still higher levels, the curve would probably drop drastically.
This is due to the difficulty in manufacturing and mounting such gears accurately
enough to take full advantage of the improvement in contact ratio. These effects at

10.2 GEARING
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HELICAL GEARS 10.3

FIGURE 10.1 Terminology of helical gearing. (a) Single-helix gear. (b) Double-helix gear. (c) Types
of double-helix gears: left, conventional; center, staggered; right, continous or herringbone. (d)
Geometry. (e) Helical rack.

(e)

(d)

(c)

(a) (b)
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very high helix angles actually tend to reduce the effective contact ratio, and so noise
increases. Since helix angles greater than 45° are seldom used and are generally
impractical to manufacture, this phenomenon is of academic interest only.

10.3.2 Load Capacity

As a result of the increased total area of tooth contact available, the load capacity of
helical gears is generally higher than that of equivalent spur gears. The reason for
this increase is obvious when we consider the contact line comparison which Fig.
10.3 shows. The most critical load condition for a spur gear occurs when a single
tooth carries all the load at the highest point of single-tooth contact (Fig. 10.3c). In
this case, the total length of the contact line is equal to the face width. In a helical
gear, since the contact lines are inclined to the tooth with respect to the face width,
the total length of the line of contact is increased (Fig. 10.3b), so that it is greater
than the face width. This lowers unit loading and thus increases capacity.

10.3.3 Manufacturing

In the design of a gear system, it is often necessary to use a specific ratio on a specific
center distance. Frequently this results in a diametral pitch which is nonstandard. If

10.4 GEARING

FIGURE 10.2 Effect of face-contact ratio on noise level. Note that
increased helix angles lower the noise level.
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helical gears are employed, a limited number of standard cutters may be used to cut
a wide variety of transverse-pitch gears simply by varying the helix angle, thus allow-
ing virtually any center-distance and tooth-number combination to be accommo-
dated.

10.4 GEOMETRY

When considered in the transverse plane (that is, a plane perpendicular to the axis of
the gear), all helical-gear geometry is identical to that for spur gears. Standard tooth
proportions are usually based on the normal diametral pitch, as shown in Table 10.1.

HELICAL GEARS 10.5

FIGURE 10.3 Comparison of spur and helical contact lines. (a) Transverse sec-
tion; (b) helical contact lines; (c) spur contact line.

(a)

(b)

(c)
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It is frequently necessary to convert from the normal plane to the transverse
plane and vice versa. Table 10.2 gives the necessary equations. All calculations pre-
viously defined for spur gears with respect to transverse or profile-contact ratio, top
land, lowest point of contact, true involute form radius, nonstandard center, etc., are
valid for helical gears if only a transverse plane section is considered.

For spur gears, the profile-contact ratio (ratio of contact to the base pitch) must
be greater than unity for uniform rotary-motion transmission to occur. Helical gears,
however, provide an additional overlap along the axial direction; thus their profile-
contact ratio need not necessarily be greater than unity.The sum of both the profile-

10.6 GEARING

TABLE 10.1 Standard Tooth Proportions for Helical Gears

TABLE 10.2 Conversions between Normal and Transverse Planes

HELICAL GEARS
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contact ratio and the axial overlap must, however, be at least unity. The axial over-
lap, also often called the face-contact ratio, is the ratio of the face width to the axial
pitch. The face-contact ratio is given by

mF = (10.1)

where Pdo = operating transverse diametral pitch
ψo = helix angle at operating pitch circle
F = face width

Other parameters of interest in the design and analysis of helical gears are the
base pitch pb and the length of the line of action Z, both in the transverse plane.
These are

pb = cos φT (10.2)

and

Z = (ro
2 − rb

2)1/2 + (Ro
2 − Rb

2 )1/2 − Co sin φo (10.3)

This equation is for an external gear mesh. For an internal gear mesh, the length of
the line of action is

Z = (Rl
2 − Rb

2)1/2 − (ro
2 − rb

2)1/2 + Co sin φo (10.4)

where Pd = transverse diametral pitch as manufactured
φT = transverse pressure angle as manufactured, degrees (deg)
ro = effective pinion outside radius, inches (in)

Ro = effective gear outside radius, in
Rl = effective gear inside radius, in
φo = operating transverse pressure angle, deg
rb = pinion base radius, in

Rb = gear base radius, in
Co = operating center distance, in

The operating transverse pressure angle φo is

φo = cos−1 � cos φT� (10.5)

The manufactured center distance C is simply

C = (10.6)

for external mesh; for internal mesh, the relation is

C = (10.7)
NG − NP
�

2Pd

NP + NG
�

2Pd

C
�
Co

π
�
Pd

PdoF tan ψo
��

π
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The contact ratio mP in the transverse plane (profile-contact ratio) is defined as the
ratio of the total length of the line of action in the transverse plane Z to the base
pitch in the transverse plane pb. Thus

mP = (10.8)

The diametral pitch, pitch diameters, helix angle, and normal pressure angle at the
operating pitch circle are required in the load-capacity evaluation of helical gears.
These terms are given by

Pdo = (10.9)

for external mesh; for internal mesh,

Pdo = (10.10)

Also,

d = D = (10.11)

ψB = tan−1 (tan ψ cos φT) (10.12)

ψo = tan−1 (10.13)

φNo = sin−1 (sin φo cos ψB) (10.14)

where Pdo = operating diametral pitch
ψB = base helix angle, deg
ψo = helix angle at operating pitch point, deg

φNo = operating normal pressure angle, deg
d = operating pinion pitch diameter, in

D = operating gear pitch diameter, in

10.5 LOAD RATING

Reference [10.1] establishes a coherent method for rating external helical and spur
gears.The treatment of strength and durability provided here is derived in large part
from this source.

Four factors must be considered in the load rating of a helical-gear set: strength,
durability, wear resistance, and scoring probability.Although strength and durability
must always be considered, wear resistance and scoring evaluations may not be
required for every case. We treat each topic in some depth.

tan ψB
�
cos φo

NG
�
Pdo

NP
�
Pdo

NG − NP
�

2Co

NP + NG
�

2Co

Z
�
pb
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10.5.1 Strength and Durability

The strength of a gear tooth is evaluated by calculating the bending stress index
number at the root by

st = (10.15)

where st = bending stress index number, pounds per square inch (psi)
Ka = bending application factor
FE = effective face width, in
Km = bending load-distribution factor
Kv = bending dynamic factor

J = bending geometry factor
Pd = transverse operating diametral pitch
Kb = rim thickness factor

The calculated bending stress index number st must be within safe operating limits
as defined by

st ≤ (10.16)

where sat = allowable bending stress index number
KL = life factor
KT = temperature factor
KR = reliability factor

Some of the factors which are used in these equations are similar to those used in the
durability equations. Thus we present the basic durability rating equations before
discussing the factors:

sc = Cp��
W�C

t�C

v
�a
���

d�F
1�

N
�� �

C�I
m
�� (10.17)

where sc = contact stress index number
Ca = durability application factor
Cv = durability dynamic factor
d = operating pinion pitch diameter

FN = net face width, in
Cm = load-distribution factor
Cp = elastic coefficient

I = durability geometry factor

The calculated contact stress index number must be within safe operating limits as
defined by

sc ≤ (10.18)

where sac = allowable contact stress index number
CL = durability life factor
CH = hardness ratio factor
CT = temperature factor
CR = reliability factor

sacCLCH
�

CTCR

satKL
�
KTKR

KbKm
�

J
Pd
�
FE

WtKa
�

Kv
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To utilize these equations, each factor must be evaluated. The tangential load Wt

is given by

Wt = (10.19)

where TP = pinion torque in inch-pounds (in ⋅ lb) and d = pinion operating pitch
diameter in inches. If the duty cycle is not uniform but does not vary substantially,
then the maximum anticipated load should be used. Similarly, if the gear set is to
operate at a combination of very high and very low loads, it should be evaluated at
the maximum load. If, however, the loading varies over a well-defined range, then
the cumulative fatigue damage for the loading cycle should be evaluated by using
Miner’s rule. For a good explanation, see Ref. [10.2].

Application Factors Ca and Ka. The application factor makes the allowances for
externally applied loads of unknown nature which are in excess of the nominal tan-
gential load. Such factors can be defined only after considerable field experience has
been established. In a new design, this consideration places the designer squarely on
the horns of a dilemma, since “new” presupposes limited, if any, experience.The val-
ues shown in Table 10.3 may be used as a guide if no other basis is available.

2TP
�

d

10.10 GEARING

TABLE 10.3 Application Factor Guidelines

The application factor should never be set equal to unity except where clear
experimental evidence indicates that the loading will be absolutely uniform. Wher-
ever possible, the actual loading to be applied to the system should be defined. One
of the most common mistakes made by gear system designers is assuming that the
motor (or engine, etc.) “nameplate” rating is also the gear unit rating point.

Dynamic Factors Cv and Kv . These factors account for internally generated tooth
loads which are induced by nonconjugate meshing action.This discontinuous motion
occurs as a result of various tooth errors (such as spacing, profile, and runout) and
system effects (such as deflections). Other effects, such as system torsional reso-
nances and gear blank resonant responses, may also contribute to the overall
dynamic loading experienced by the teeth. The latter effects must, however, be sep-
arately evaluated. The effect of tooth accuracy may be determined from Fig. 10.4,
which is based on both pitch line velocity and gear quality Qn as specified in Ref.
[10.3]. The pitch line velocity of a gear is

vt = 0.2618nD (10.20)

HELICAL GEARS
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where vt = pitch line velocity, feet per minute (ft/min)
n = gear speed, revolutions per minute (r/min)

D = gear pitch diameter, in

Effective and Net Face Widths FE and FN. The net minimum face width of the nar-
rowest member should always be used for FN. In cases where one member has a sub-
stantially larger face width than its mate, some advantage may be taken of this fact
in the bending stress calculations, but it is unlikely that a very narrow tooth will fully
transfer its tooth load across the face width of a much wider gear. At best, the effec-
tive face width of a larger-face-width gear mating with a smaller-face-width gear is
limited to the minimum face of the smaller member plus some allowance for the
extra support provided by the wide face. Figure 10.5 illustrates the definition of net
and effective face widths for various cases.

Rim Thickness Factor Kb. The basic bending stress equations were developed for
a single tooth mounted on a rigid support so that it behaves as a short cantilever
beam. As the rim which supports the gear tooth becomes thinner, a point is reached
at which the rim no longer provides “rigid” support. When this occurs, the bending
of the rim itself combines with the tooth bending to yield higher total alternating
stresses than would be predicted by the normal equations. Additionally, when a
tooth is subjected to fully reversed bending loads, the alternating stress is also
increased because of the additive effect of the compressive stress distribution on the
normally unloaded side of the tooth, as Fig. 10.6 shows. Both effects are accounted
for by the rim thickness factor, as Fig. 10.7 indicates.

It must be emphasized that the data shown in Fig. 10.7 are based on a limited
amount of analytical and experimental (photoelastic and strain-gauge) measure-
ments and thus must be used judiciously. Still, they are the best data available to date
and are far better than nothing at all; see Refs. [10.4] and [10.5].

HELICAL GEARS 10.11

FIGURE 10.4 Dynamic factors Cν and Kν. (From Ref. [10.1].)
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10.12 GEARING

FIGURE 10.5 Definition of effective face width. (a) FE1 = F1, FE2 =
F1 + 2WD; FN = F1; (b) FE1 = F1, FE2 = F2, FN = F1; (c) FE1 = FE2 = FN.

(c)

(b)

(a)
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HELICAL GEARS 10.13

FIGURE 10.6 Stress condition for reversing (as with an idler) loading. (a) Load on right
flank; (b) load on left flank; (c) typical waveform for strain gauge at point C.

(c)

(b)

(a)
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For gear blanks which utilize a T-shaped rim and web construction, the web acts
as a hard point, if the rim is thin, and stresses will be higher over the web than over
the ends of the T. The actual value which should be used for such constructions
depends greatly on the relative proportions of the gear face width and the web. If the
web spans 70 to 80 percent of the face width, the gear may be considered as having
a rigid backup. Thus the backup ratio will be greater than 2.0, and any of the curves
shown may be used (that is, curve C or B, both of which are identical above a 2.0
backup ratio, for unidirectional loading or curve A for fully reversed loading). If the
proportions are between these limits, the gear lies in a gray area and probably lies
somewhere in the range defined by curves B and C. Some designer discretion should
be exercised here.

Finally, note that the rim thickness factor is equal to unity only for unidirection-
ally loaded, rigid-backup helical gears. For fully reversed loading, its value will be at
least 1.4, even if the backup is rigid.

Load-Distribution Factors Km and Cc. These factors modify the rating equations
to account for the manner in which the load is distributed on the teeth. The load on
a set of gears will never be exactly uniformly distributed. Factors which affect the
load distribution include the accuracy of the teeth themselves; the accuracy of the

10.14 GEARING

FIGURE 10.7 Rim thickness factor Kb. The backup ratio is defined as the ratio of the rim thickness
to the tooth height. Curve A is fully reversed loading; curves B and C are unidirectional loading.
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housing which supports the teeth (as it influences the alignment of the gear axes);
the deflections of the housing, shafts, and gear blanks (both elastic and thermal); and
the internal clearances in the bearings which support the gears, among others.

All these and any other appropriate effects must be evaluated in order to define
the total effective alignment error et for the gear pair. Once this is accomplished, the
load-distribution factor may be calculated.

In some cases it may not be possible to fully define or even estimate the value of
et. In such cases an empirical approach may be used. We discuss both approaches in
some detail.

The empirical approach requires only minimal data, and so it is the simplest to
apply. Several conditions must be met, however, prior to using this method:

1. Net face width to pinion pitch diameter ratios must be less than or equal to 2.0.
(For double-helix gears, the gap is not included in the face width.)

2. The gear elements are mounted between bearings (not overhung).
3. Face width can be up to 40 in.
4. There must be contact across the full face width of the narrowest member when

loaded.
5. Gears are not highly crowned.

The empirical expression for the load-distribution factor is

Cm = Km = 1.0 + Cmc(CpfCpm + CmaCe) (10.21)

where Cmc = lead correction factor
Cpf = pinion proportion factor

Cpm = pinion proportion modifier
Cma = mesh alignment factor

Ce = mesh alignment correction factor

The lead correction factor Cmc modifies the peak loading in the presence of slight
crowning or lead correction as follows:

	1.0 for gear with unmodified leads
Cmc =

0.8 for gear with leads properly modified by crowning or lead correction

Figure 10.8 shows the pinion proportion factor Cpf, which accounts for deflections
due to load. The pinion proportion modifier Cpm alters Cpf based on the location of
the pinion relative to the supporting bearings. Figure 10.9 defines the factors S and
S1. And Cpm is defined as follows:

	1.0 when S1/S < 0.175
Cpm =

1.1 when S1/S ≥ 0.175

The mesh alignment factor Cma accounts for factors other than elastic deforma-
tions. Figure 10.10 provides values for this factor for four accuracy groupings. For
double-helix gears, this figure should be used with F equal to half of the total face
width. The mesh alignment correction factor Ce modifies the mesh alignment factor
to allow for the improved alignment which may be obtained when a gear set is
adjusted at assembly or when the gears are modified by grinding, skiving, or lapping
to more closely match their mates at assembly (in which case, pinion and gear
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become a matched set). Only two values are permissible for Ce—either 1.0 or 0.8, as
defined by the following requirements:

	
0.80 when the compatibility of the gearing is improved by lapping,

grinding, or skiving after trial assembly to improve contact

Ce = 0.80 when gearing is adjusted at assembly by shimming support bear-
ings and/or housing to yield uniform contact

1.0 for all other conditions

If enough detailed information is available, a better estimate of the load-
distribution factor may be obtained by using a more analytical approach. This
method, however, requires that the total alignment error et be calculated or esti-
mated. Depending on the contact conditions, one of two expressions is used to cal-
culate the load-distribution factor.

10.16 GEARING

FIGURE 10.8 Pinion proportion factor Cpf. (From Ref. [10.1].)

FIGURE 10.9 Definition of distances S and S1. Bearing span is
distance S; pinion offset from midspan is S1. (From Ref. [10.1].)
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If the tooth contact pattern at normal operating load essentially covers the entire
available tooth face, Eq. (10.22) should be used. If the tooth contact pattern does not
cover the entire available tooth face (as would be the case for poorly aligned or
high-crowned gears) at normal operating loads, then Eq. (10.23) must be used:

Cm = 1.0 + (10.22)

and

Cm = �� (10.23)

where Wt = tangential tooth load, pounds (lb)
G = tooth stiffness constant, (lb/in)/in of face
Z = length of line of contact in transverse plane
et = total effective alignment error, in/in

pb = transverse base pitch, in
F = net face width of narrowest member, in

The value of G will vary with tooth proportions, tooth thickness, and material. For
steel gears of standard or close to standard proportions, it is normally in the range of
1.5 × 106 to 2.0 × 106 psi. The higher value should be used for higher-pressure-angle
teeth, which are normally stiffer, while the lower value is representative of more
flexible teeth. The most conservative approach is to use the higher value in all cases.

GetZF
�
Wt pb

GetZF
�
4Wt pb
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FIGURE 10.10 Mesh alignment factor Cma. For analytical method for determination of Cma, see Eq.
(10.21). (From Ref. [10.1].)
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For double-helix gears, each half should be analyzed separately by using the
appropriate values of F and et and by assuming that half of the tangential tooth load
is transmitted by each half (the values for pb, Z, and G remain unchanged).

Geometry Factor I. The geometry factor I evaluates the radii of curvature of the
contacting tooth profiles based on the pressure angle, helix, and gear ratio. Effects of
modified tooth proportions and load sharing are considered. The I factor is defined
as follows:

I = (10.24)

where Cc = curvature factor at operating pitch line
Cx = contact height factor
Cψ = helical overlap factor
mN = load-sharing ratio

The curvature factor is

Cc = (10.25)

for external mesh; for internal mesh,

Cc = (10.26)

The contact height factor Cx adjusts the location on the tooth profile at which the
critical contact stress occurs (i.e., face-contact ratio > 1.0). The stress is calculated at
the mean diameter or the middle of the tooth profile. For low-contact-ratio helical
gears (that is, face-contact ratio ≤ 1.0), the stress is calculated at the lowest point of
single-tooth contact in the transverse plane and Cx is given by Eq. (10.27):

Cx = (10.27)

where RP = pinion curvature radius at operating pitch point, in
RG = gear curvature radius at operating pitch point, in
R1 = pinion curvature radius at critical contact point, in
R2 = gear curvature radius at critical contact point, in

The required radii are given by

RP = sin φo RG = sin φo (10.28)

where d = pinion operating pitch diameter, in
D = gear operating pitch diameter, in
φo = operating pressure angle in transverse plane, deg

R1 = RP − Zc (10.29)

and

R2 = RG + Zc (10.30)

D
�
2

d
�
2

R1R2
�
RPRG

NG
�
NG − NP

cos φo sin φo
��

2

NG
�
NG + NP

cos φo sin φo
��

2

CcCxCψ
2

�
mN
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for external gears; for internal gears,

R2 = RG − Zc (10.31)

where Zc is the distance along the line of action in the transverse plane to the criti-
cal contact point. The value of Zc is dependent on the transverse contact ratio. For
helical gears where the face-contact ratio ≤ 1.0, Zc is found by using Eq. (10.32). For
normal helical gears where the face-contact ratio is > 1.0, Eq. (10.33) is used:

Zc = pb − 0.5[(do
2 − db

2)1/2 − (d2 − db
2)1/2] mF ≤ 1.0 (10.32)

and

Zc = 0.5 [(d2 − db
2)1/2 − (dm

2 − db
2)1/2] mF > 1.0 (10.33)

where pb = base pitch, in
do = pinion outside diameter, in
db = pinion base diameter, in
dm = pinion mean diameter, in

The pinion mean diameter is defined by Eq. (10.34) or (10.35). For external mesh,

dm = Co − (10.34)

For internal mesh,

dm = − Co (10.35)

where Do = external gear outside diameter and DI = internal gear inside diameter.
The helical factor Cψ accounts for the partial helical overlap action which occurs

in helical gears with a face-contact ratio mF ≤ 1.0. For helical gears with a face-
contact ratio > 1.0, Cψ is set equal to unity; for low-contact helical gears, it is

Cψ = ��1 −� m�F�+��� (10.36)

where Z = total length of line of action in transverse plane, in
F = net minimum face width, in

mF = face-contact ratio
Cx = contact height factor [Eq. (10.27)]

Cxn = contact height factor for equivalent normal helical gears [Eq. (10.37)]
ψb = base helix angle, deg

The Cxn factor is given by

Cxn = (10.37)

where R1n = curvature radius at critical point for equivalent normal helical 
pinion, in

R2n = curvature radius at critical contact point for equivalent normal 
helical gear, in

R1nR2n
�
RPRG

CxnZmF
2

��
CxF sin ψb

DI + do
�

2

Do − do
�

2
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The curvature radii are given by

R1n = RP − Zc (10.38)

R2n = RG + Z external gears

R2n = RG − Zc internal gears
(10.39)

where Eq. (10.38) applies to external gears and Eq. (10.39) to either, as appropriate.
Also, the term Zc is obtained from Eq. (10.32).

The load-sharing ratio mN is the ratio of the face width to the minimum total
length of the contact lines:

mN = (10.40)

where mN = load-sharing ratio
F = minimum net face width, in

Lmin = minimum total length of contact lines, in

The calculation of Lmin is a rather involved process. For most helical gears which
have a face-contact ratio of at least 2.0, a conservative approximation for the load-
sharing ratio ratio mN may be obtained from

mN = (10.41)

where pN = normal circular pitch in inches and Z = length of line of action in the
transverse plane in inches. For helical gears with a face-contact ratio of less than 2.0,
it is imperative that the actual value of Lmin be calculated and used in Eq. (10.40).
The method for doing this is shown in Eqs. (10.42) through (10.45):

Lmin = [(P1 − Q1) + (P2 − Q2) + ⋅⋅⋅

+ (Pi − Qi) + ⋅⋅⋅ + (Pn − Qn)] (10.42)

where n = limiting number of lines of contact, as given by

n = (10.43)

Also, Pi = sum of base pitches in inches. The ith term of Pi is the lesser of

ipx tan ψb or Z (10.44)

Finally, Qi = remainder of base pitches in inches. Its value is

Qi = 0 if ipx ≤ F

But when ipx > F, then Qi is the ith term and is the lesser of

(ipx − F) tan ψb or Z (10.45)

(Z/tan ψb) + F
��

px

1
�
sin ψb

PN
�
0.95Z

F
�
Lmin
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Geometry Factor J. The bending strength geometry factor is

J = (10.46)

where Y = tooth form factor
Kf = stress correction factor
Cψ = helical factor
mN = load-distribution factor

The helical and load-distribution factors were both defined in the discussion of the
geometry factor I. The calculation of Y is also a long, tedious process. For helical
gears in which load sharing exists among the teeth in contact and for which the face-
contact ratio is at least 2.0, the value of Y need not be calculated, since the value for
J may be obtained directly from the charts shown in Figs. 10.11 through 10.25 with
Eq. (10.47):

J = J′QTRQTTQAQH (10.47)

where J′ = basic geometry factor
QTR = tool radius adjustment factor
QTT = tooth thickness adjustment factor
QA = addendum adjustment factor
QH = helix-angle adjustment factor

In using these charts, note that the values of addendum, dedendum, and tool-tip
radius are given for a 1-normal-pitch gear. Values for any other pitch may be
obtained by dividing the factor by the actual normal diametral pitch. For example, if
an 8-normal-pitch gear is being considered, the parameters shown on Fig. 10.11 are

Addendum a = = 0.125 in

Dedendum b = = 0.168 75 in

Tool (hob) tip radius rT = = 0.0525 in

The basic geometry factor J′ is found from Figs. 10.11 through 10.25. The tool
radius adjustment factor QTR is found from Figs. 10.14 through 10.16 if the edge
radius on the tool is other than 0.42/Pd, which is the standard value used in calculat-
ing J′. Similarly, for gears with addenda other than 1.0/Pd or tooth thicknesses other
than the standard value of π/(2Pd), the appropriate factors may be obtained from
these charts. In the case of a helical gear, the adjustment factor QH is obtained from
Figs. 10.23 through 10.25. If a standard helical gear is being considered, QTR, QTT, and
QA remain equal to unity, but QH must be found from Figs. 10.23 to 10.25.

These charts are computer-generated and, when properly used, produce quite
accurate results. Note that they are also valid for spur gears if QH is set equal to unity
(that is, enter Figs. 10.23 through 10.25 with 0° helix angle).

The charts shown in Figs. 10.11 through 10.25 assume the use of a standard full-
radius hob.Additional charts, still under the assumption that the face-contact ratio is

0.42
�

8

1.35
�

8

1.0
�
8

YCψ
�
Kf mN
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10.22 GEARING

FIGURE 10.11 Basic geometry factors for 20° spur teeth; φN = 20°, a = 1.00, b = 1.35, rT = 0.42, ∆t = 0.
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at least 2.0 for other cutting-tool configurations, are shown in Figs. 10.26 through
10.36.† For these figures,

mN = (10.48)

where the value of Z is for an element of indicated number of teeth and a 75-tooth
mate. Also, the normal tooth thicknesses of pinion and gear teeth are each reduced
0.024 in, to provide 0.048 in of total backlash corresponding to a normal diametral
pitch of unity. Note that these charts are limited to standard addendum, dedendum,
and tooth thickness designs.

If the face-contact ratio is less than 2.0, the geometry factor must be calculated in
accordance with Eq. (10.46); thus, it will be necessary to define Y and Kf. The defi-
nition of Y may be accomplished either by graphical layout or by a numerical itera-
tion procedure. Since this Handbook is likely to be used by the machine designer
with an occasional need for gear analysis, rather than by the gear specialist, we
present the direct graphical technique. Readers interested in preparing computer
codes or calculator routines might wish to consult Ref. [10.6].

The following graphical procedure is abstracted directly from Ref. [10.1] with
permission of the publisher, as noted earlier. The Y factor is calculated with the aid

PN
�
0.95Z
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FIGURE 10.12 Basic geometry factors for 221⁄2° spur teeth; φN = 221⁄2°, a = 1.00, b = 1.35, rT = 0.34,
∆t = 0.

† These figures are extracted from AGMA 908-B89 with the permission of the AGMA.
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of dimensions obtained from an accurate layout of the tooth profile in the normal
plane at a scale of 1 normal diametral pitch. Actually, any scale can be used, but the
use of 1 normal diametral pitch is most convenient. Depending on the face-contact
ratio, the load is considered to be applied at the highest point of single-tooth contact
(HPSTC), Fig. 10.37, or at the tooth tip, Fig. 10.38. The equation is

Y = (10.49)

The terms in Eq. (10.49) are defined as follows:

Kψ = helix-angle factor
φNo = normal operating pressure angle [Eq. (10.14)]
φL = load angle
Ch = helical factor

t = tooth thickness from layout, in
u = radial distance from layout, in

Ps = normal diametral pitch of layout (scale pitch), usually 1.0 in−1

KψPs
�����
[cos (φL)/cos (φNo)][(1.5/uCh) − tan (φL)/t]

10.24 GEARING

FIGURE 10.13 Basic geometry factors for 25° spur teeth; φN = 25°, a = 1.00, b = 1.35, rT = 0.24, ∆t = 0.
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HELICAL GEARS 10.25

FIGURE 10.14 Tool-tip radius adjustment factor for 20° spur teeth. Tool-tip radius = rT

for a 1-diametral-pitch gear.

FIGURE 10.15 Tool-tip radius adjustment factor for 221⁄2° spur teeth.Tool-tip radius = rT for
a 1-diametral-pitch gear.
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10.26 GEARING

FIGURE 10.16 Tool-tip radius adjustment factor for 25° spur teeth. Tool-tip radius = rT for
a 1-diametral-pitch gear.

FIGURE 10.17 Tooth thickness adjustment factor QTT for 20° spur teeth. Tooth thickness modifica-
tion = δt for 1-diametral-pitch gears.
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HELICAL GEARS 10.27

FIGURE 10.18 Tooth thickness adjustment factor QTT for 221⁄2° spur teeth. Tooth thickness modifica-
tion = δt for 1-diametral-pitch gears.

FIGURE 10.19 Tooth thickness adjustment factor QTT for 25° spur teeth. Tooth thickness modifica-
tion = δt for 1-diametral-pitch gears.
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10.28 GEARING

FIGURE 10.20 Addendum adjustment factor QA for 20° spur teeth. Addendum factor
modification = δa for 1-diametral-pitch gears.

FIGURE 10.21 Addendum adjustment factor QA for 221⁄2° spur teeth. Addendum factor
modification = δa for 1-diametral-pitch gears.

To make the Y factor layout for a helical gear, an equivalent normal-plane gear
tooth must be created, as follows:

Ne = (10.50)

dc = (10.51)

dbe = de cos φn = Ne cos φc (10.52)

dPnd
�
cos2 ψ

NP
�
cos3 ψ
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a = Pnd (10.53)

b = Pnd (10.54)

doe = de + 2a (10.55)

dRe = de − 2b (10.56)

r1 = (10.57)
(b − rTe)2

��
Ro + b − rTe

d − dR
�

2

do − d
�

2
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FIGURE 10.22 Addendum adjustment factor QA for 25° spur teeth. Addendum factor
modification = δa for 1-diametral-pitch gears.

FIGURE 10.23 Helix-angle adjustment factor QH for φN = 20°.
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rf = r1 + rTe (10.58)

rTe = rTPnd (10.59)

For a hob or rack-shaped cutting tool,

Ro = (10.60)

For a pinion-shaped cutting tool,

Ro = (10.61)
dseDcPnd

��
2(dse + DcPnd)

dse
�
2
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FIGURE 10.24 Helix-angle adjustment factor QH for φN = 221⁄2°.

FIGURE 10.25 Helix-angle adjustment factor QH for φN = 25°.
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De = (10.62)

A = Pnd (10.63)

Doe = De + 2A (10.64)

Dbe = De cos φn (10.65)

dse = (10.66)
Ne
�
Ps

Do − D
�

2

DPnd
�
cos2 ψ
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FIGURE 10.26 Geometry factor J for a 141⁄2° normal-pressure-angle helical gear.
These factors are for a standard addendum finishing hob as the final machining opera-
tion. See Fig. 10.27a. (From AGMA 908-B89.)

FIGURE 10.27 Generating racks. (a) For teeth of Fig. 10.26; (b) for teeth of Fig.
10.29. (From AGMA 218.01.)

(a) (b)
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10.32 GEARING

FIGURE 10.28 J factor multipliers for 141⁄2° normal-pressure-angle helical gear.These factors can
be applied to the J factor when other than 75 teeth are used in the mating element. (From AGMA
908-B89.)

FIGURE 10.29 Geometry factor J for a 20° normal-pressure-angle helical gear. These
factors are for standard addendum teeth cut with a full-fillet hob. See Fig. 10.27b. (From
AGMA 908-B89.)
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HELICAL GEARS 10.33

FIGURE 10.30 Geometry factor J for a 20° normal-pressure-angle helical gear.
These factors are for standard addendum teeth cut with a finishing hob as the final
machining operation. See Fig. 10.31a. (From AGMA 908-B89.)

FIGURE 10.31 Generating racks. (a) For teeth of Fig. 10.30; (b) for teeth of
Fig. 10.32. (From AGMA 908-B89.)

FIGURE 10.32 Geometry factor J for 20° normal-pressure-angle helical gear.
These factors are for long-addendum (125 percent of standard) shaved teeth cut
with a preshave hob. See Fig. 10.31b. (From AGMA 908-B89.)

(a) (b)
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where Ne = equivalent number of pinion teeth
dse = equivalent generating pitch diameter, in
dR = root diameter for actual number of teeth and generated pitch, in

dRe = equivalent root diameter for equivalent number of teeth, in
dbe = equivalent base diameter for equivalent number of teeth, in
de = equivalent operating pitch diameter for equivalent number of teeth, in

doe = equivalent outside diameter for equivalent number of teeth, in
a = operating addendum of pinion at 1 normal diametral pitch, in
b = operating dedendum of pinion at 1 normal diametral pitch, in
rf = minimum fillet radius at root circle of layout, in
rT = edge radius of cutting tool, in
rTe = equivalent edge radius of cutting tool, in
Ro = relative radius of curvature of pitch circle of pinion and pitch line or

circle of cutting tool, in
Dc = pitch diameter of pinion-shaped cutting tool, in
De = equivalent operating pitch diameter of mating gear for equivalent

number of teeth, in

10.34 GEARING

FIGURE 10.33 Geometry factor J for 20° normal-pressure-angle helical gear. These
factors are for short-addendum teeth (75 percent of standard) cut with a preshave hob.
See Fig. 10.34. (From AGMA 908-B89.)

FIGURE 10.34 Generating rack for teeth of
Fig. 10.33. (From AGMA 908-B89.)
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FIGURE 10.35 J factor multipliers for 20° normal-pressure-angle helical gears. These factors can be
applied to the J factor when other than 75 teeth are used in the mating element. (From Ref. [10.1].)

FIGURE 10.36 J factor multipliers for 20° normal-pressure-angle helical gears with short
addendum (75 percent of standard). These factors can be applied to the J factor when other
than 75 teeth are used in the mating element. (From Ref. [10.1].)
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Doe = equivalent outside diameter of mating gear for equivalent number of
teeth, in

Dbe = equivalent base diameter of mating gear for equivalent number of
teeth, in

A = operating addendum of mating gear at 1 normal diametral pitch, in

The dimensions defined by Eqs. (10.50) through (10.66) are then used to make a
tooth-stress layout, as shown in either Fig. 10.37 or 10.38 as required by the face-
contact ratio.That is, helical gears with low face-contact ratio (mF ≤ 1.0) are assumed
to be loaded at the highest point of single-tooth contact; normal helical gears (mF >
1.0) use tip loading, and the Ch factor compensates for the actual loading on the
oblique line.

To find Y from the above data, a graphical construction, as follows, is required.
For low-contact-ratio helical gears (with mF ≤ 1.0), using Fig. 10.37, draw a line a�a�
through point p, the intersection of diameter dL with the profile, and tangent to the
base diameter dbe:

dL = 2 	�� ����
2� −� ����

2� + Zd�
2

+ � �
2



1/2

(10.67)

where Zd = distance on line of action from highest point of single-tooth contact to
pinion operating pitch circle, in inches, and so

Zd = π cos φc − Ze (10.68)

dbe
�
2

dbe
�
2

de
�
2

10.36 GEARING

FIGURE 10.37 Tooth form factor with load at highest point of single-tooth con-
tact (HPSTC) shown in the normal plane through the pitch point. Note that rf occurs
at the point where the trochoid meets the root radius. (From Ref. [10.1].)
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Letting Ze = distance on line of action from gear outside diameter to pinion operat-
ing pitch circle, in inches, we have

Ze = � ���
2� −� ����

2� − � ����
2� −� ����

2� (10.69)

For normal helical gears with mF > 1.0, using Fig. 10.38, we find DL = doe. Draw a line
aa�a� through point p, the tip of the tooth profile, and tangent to the base diameter dbe.
Continue the layout for all gear types as follows:

Through point f, draw a line b�b� perpendicular to the tooth centerline. The
included angle between lines aa�a� and b�b� is load angle φL.

Draw line c�d�e� tangent to the tooth fillet radius rf at e, intersecting line b�b� at d and
the tooth centerline at c so that c�d� = d�e�.

Draw line f�e�.
Through point e, draw a line perpendicular to f�e�, intersecting the tooth centerline

at n.
Through point e, draw a line m�e� perpendicular to the tooth centerline.
Measure the following in inches from the tooth layout:

m�n� = u m�e� = �
2
t
�

Dbe
�

2
De
�
2

Dbe
�

2
Doe
�

2
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FIGURE 10.38 Tooth form factor layout with load at tooth tip; shown in normal plane through the
pitch point. (From Ref. [10.1].)
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and

m�f� = h (required for calculating Kf)

The helix-angle factor Kψ is set equal to unity for helical gears with mF ≤ 1.0, but
for helical gears with mF > 1.0, it is given by

Kψ = cos ψo cos ψ (10.70)

where ψo = helix angle at operating pitch diameter [from Eq. (10.13)] and ψ = helix
angle at standard pitch diameter.

The helical factor Ch is the ratio of the root bending moment produced by the
same intensity of loading applied along the actual oblique contact line (Fig. 10.39). If
the face width of one gear is substantially larger than that of its mate, then full but-
tressing may exist on the wider face gear. If one face is wider than its mate by at least
one addendum on both sides, then the value of Ch defined below may be increased
by 10 percent only. The helical factor is given by either Eq. (10.71) for low-contact-
ratio helical gears (mF ≤ 1.0) or Eq. (10.72) for normal-contact-ratio (mF > 1.0) heli-
cals. These equations are valid only for helix angles up to 30°:

10.38 GEARING

FIGURE 10.39 Oblique contact line. Full buttressing
exists when Fa ≥ one addendum.

Ch = 1.0 (10.71)

Ch = (10.72)

where ω = tan−1 (tan ψo sin φNo) = inclination angle, deg
ψo = helix angle at operating pitch diameter, deg [Eq. (10.13)]

φNo = operating normal pressure angle, deg [Eq. (10.14)]

The tooth form factor Y may now be calculated from Eq. (10.49).
The stress correction factor is the last item which must be calculated prior to find-

ing a value for the bending geometry factor J. Based on photoelastic studies by
Dolan and Broghamer, the empirical relations shown in Eqs. (10.73) through (10.76)
were developed:

Kf = H + � �
L

� �
m

(10.73)
t

�
h

t
�
rf

1.0
���
1 − [(ω/100) (1 − ω/100)]1/2
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H = 0.18 − 0.008(φNo − 20) (10.74)

L = H − 0.03 (10.75)

m = 0.45 + 0.010(φNo − 20) (10.76)

Elastic Coefficient Cp. This factor accounts for the elastic properties of various
gear materials. It is given by Eq. (10.77).Table 10.4 provides values directly for Cp for
various material combinations, for which Poisson’s ratio is 0.30.

HELICAL GEARS 10.39

TABLE 10.4 Values of Elastic Coefficient Cp for Helical Gears with Nonlocalized Contact and
for υ = 0.30

Cp = 	 

1/2

(10.77)

where νP, νG = Poisson’s ratio for pinion and gear, respectively
EP, EG = modulus of elasticity for pinion and gear, respectively

Allowable Stresses sac and sat. The allowable stresses depend on many factors, such
as chemical composition, mechanical properties, residual stresses, hardness, heat
treatment, and cleanliness.As a guide, the allowable stresses for helical gears may be
obtained from Tables 10.5 and 10.6 or Figs. 10.40 and 10.41. Where a range of values
is shown, the lowest values are used for general design. The upper values may be
used only when the designer has certified that

1. High-quality material is used.
2. Section size and design allow maximum response to heat treatment.
3. Proper quality control is effected by adequate inspection.
4. Operating experience justifies their use.

Surface-hardened gear teeth require adequate case depth to resist the subsurface
shear stresses developed by tooth contact loads and the tooth root fillet tensile
stresses. But depths must not be so great as to result in brittle tooth tips and high
residual tensile stress in the core.

1
����
π[(1 − νP

2 )/EP + (1 − νG
2 )/EG]
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The effective case depth for carburized and induction-hardened gears is defined
as the depth below the surface at which the Rockwell C hardness has dropped to 50
RC or to 5 points below the surface hardness, whichever is lower.

The values and ranges shown in Fig. 10.42 have had a long history of successful
use for carburized gears and can be used as guides. For gearing in which maximum
performance is required, detailed studies must be made of the application, loading,
and manufacturing procedures to obtain desirable gradients of both hardness and
internal stress. Furthermore, the method of measuring the case, as well as the allow-
able tolerance in case depth, should be a matter of agreement between the customer
and the manufacturer.

10.42 GEARING

TABLE 10.6 Reliability Factors KR and CR

FIGURE 10.40 Allowable contact stress number sac for steel gears. Lower curve
is maximum for grade 1 and upper curve is maximum for grade 2. (From Ref.
[10.1].)
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HELICAL GEARS 10.43

FIGURE 10.41 Allowable bending stress number sat for steel gears. Lower curve
is maximum for grade 1 and upper curve is maximum for grade 2. (From Ref.
[10.1].)

FIGURE 10.42 Effective case depth he for carburized gears based on normal diametral pitch.
The effective case depth is defined as the depth of case which has a minimum hardness of 50 RC.
The total case depth to core carbon is about 1.5he. The values and ranges shown on the case depth
curves are to be used as guides. For gearing in which maximum performance is required, detailed
studies must be made of the application, loading, and manufacturing procedures to obtain desir-
able gradients of both hardness and internal stress. Furthermore, the method of measuring the
case as well as the allowable tolerance in case depth should be a matter of agreement between the
customer and the manufacturer. (From Ref. [10.1].)
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A guide for minimum effective case depth he at the pitch line for carburized and
induction-hardened teeth, based on the depth of maximum shear from contact load-
ing, is given by

he = (10.78)

where he = minimum effective case depth in inches and UH = hardening process fac-
tor in pounds per square inch. In Eq. (10.78), UH = 6.4 × 106 psi for carburized teeth
and 4.4 × 106 psi for tooth-to-tooth induction-hardened teeth.

You should take care when using Eq. (10.78) that adequate case depths prevail at
the tooth root fillet, and that tooth tips are not overhardened and brittle. A sug-
gested value of maximum effective case depth he,max at the pitch line is

he,max = or he,max = 0.56to (10.79)

where he,max = suggested maximum effective case depth in inches and to = normal
tooth thickness at top land of gear in question, in inches.

For nitrided gears, case depth is specified as total case depth hc, and hc is defined
as the depth below the surface at which the hardness has dropped to 110 percent of
the core hardness.

For gearing requiring maximum performance, especially large sizes, coarse
pitches, and high contact stresses, detailed studies must be made of application, load-
ing, and manufacturing procedures to determine the desirable gradients of hardness,
strength, and internal residual stresses throughout the tooth.

A guide for minimum case depth for nitrided teeth, based on the depth of maxi-
mum shear from contact loading, is given by

hc = (10.80)

where hc = minimum total case depth in inches and Uc = core hardness coefficient,
from Fig. 10.43.

If the value of hc from Eq. (10.80) is less than the value from Fig. 10.44, then the
minimum value from Fig. 10.44 should be used. The equation for the lower or left-
hand curve in Fig. 10.44 is

hc = (4.328 96)(10−2) − Pnd(9.681 15)(10−3) + Pnd
2 (1.201 85)(10−3)

− Pnd
3 (6.797 21)(10−5) + Pnd

4 (1.371)(10−6) (10.81)

The equation of the right-hand curve is

hc = (6.600 90)(10−2) − Pnd(1.622 24)(10−2) + Pnd
2 (2.093 61)(10−3)

− Pnd
3 (1.177 55)(10−4) + Pnd

4 (2.331 60)(10−6) (10.82)

Note that other treatments of the subject of allowable gear-tooth bending rec-
ommend that the value obtained from Table 10.6 or Fig. 10.41 be multiplied by 0.70
for teeth subjected to reversed bending. This is not necessary within the context of
this analysis, since the rim thickness factor Kb accounts for reversed bending.

CGUcscd sin φo
���
(1.66 × 107)(cos ψb)

0.4
�
Pd

CGscd sin φo
��

UH cos ψb
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HELICAL GEARS 10.45

FIGURE 10.43 Core-hardness coefficient Uc as a function of the contact stress number sc. The
upper portion of the core-hardness bands yields heavier case depths and is for general design pur-
poses; use the lower portion of the bands for high-quality material. (From Ref. [10.1].)

FIGURE 10.44 Minimum total case depth hc for
nitrided gears based on the normal diametral pitch.
(From Ref. [10.1].)
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For through-hardened gears, the yield stress at maximum peak stress should also
be checked as defined by Eq. (10.83):

SayKy ≥ (10.83)

where Wt,max = peak tangential tooth load, lb
Ka = application factor
Kv = dynamic factor
F = minimum net face width, in

Km = load-distribution factor
Kf = stress correction factor
Ky = yield strength factor
say = allowable yield strength number, psi (from Fig. 10.46)

The yield strength factor should be set equal to 0.50 for conservative practice or to
0.75 for general industrial use.

Km
�
Kf

Pd
�
F

Wt,maxKa
�

Kv

10.46 GEARING

FIGURE 10.45 Variations in hardening patterns obtainable with flame or
induction hardening. (From Ref. [10.1].)
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Hardness Ratio Factor CH. It is common practice in using through-hardened gear
sets to utilize a higher hardness on the pinion than on the gear. The pinion typically
sees many more cycles than the gear; thus a more economical overall design is
obtained by balancing the surface durability and wear rate in this manner. Similarly,
surface-hardened pinions may be used with through-hardened gears to provide
improved overall capacity through the work-hardening effect which a “hard” pinion
has on a “soft” gear. The hardness ratio factor adjusts the allowable stresses for this
effect.

For through-hardened gear sets, CH can be found from Fig. 10.47, while Fig. 10.48
provides values for surface-hardened pinions mating with through-hardened gears.

Life Factors KL and CL. The allowable stresses shown in Tables 10.5 and 10.6 and
Figs. 10.40 and 10.41 are based on 10 000 000 load cycles. The life factor adjusts the
allowable stresses for design lives other than 10 000 000 cycles. A unity value for the
life factor may be used for design lives beyond 10 000 000 cycles only when it is jus-
tified by experience with similar designs.

Insufficient specific data are available to define life factors for most materials.
For steel gears, however, experience has shown that the curves shown in Figs. 10.49
and 10.50 are valid.

In utilizing these charts, care should be exercised whenever the product of KL and
sat equals or exceeds say, as shown on Fig. 10.46, since this indicates that localized
yielding may occur. For low-speed gears without critical noise vibration or transmis-

HELICAL GEARS 10.47

FIGURE 10.46 Allowable yield strength number say for steel gears. (From Ref.
[10.1].)
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sion accuracy requirements, local yielding may be acceptable, but it should be
avoided in general.

Reliability Factors CR and KR. The allowable stress levels are not absolute param-
eters. Rather, a specific probability of failure is associated with each allowable level.
The values shown in Figs. 10.40 and 10.41 and Table 10.5 are based on a 99 percent
probability of success (or a 1 percent probability of failure). This means that in a
large population, at least 99 percent of the gears designed to a particular listed allow-
able stress will run for at least 10 000 000 cycles without experiencing a failure in the
mode (that is, bending or durability) addressed.

In some cases it is desirable to design to higher or lower failure probabilities.
Table 10.6 provides values for CR and KR which will permit the designer to do so.
Before deciding on the reliability factor which is appropriate for a particular design,
the analyst should consider what is meant by a “failure.” In the case of a durability
failure, a failure is said to have occurred when the first pit, or spall, is observed. Obvi-
ously a long time will elapse between the occurrence of a durability failure and the
time at which the gear will cease to perform its normal power-transmission function.

10.48 GEARING

FIGURE 10.47 Hardness ratio factor CH for through-hardened gears. In this
chart, HBP is the Brinell hardness of the pinion, and HBG is the Brinell hardness of
the gear. (From Ref. [10.1].)
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In the case of a bending failure, the appearance of a crack in the fillet area is the cri-
terion. In most cases, and for most materials, the progression of this crack to the
point at which a tooth or a piece of tooth fractures is rather quick.A bending failure
will almost always progress to the point where function is lost much more rapidly
than a durability failure. For this reason it is sometimes desirable to use a higher
value for KR than for CR.

Because of the load sharing which occurs on most normal helical gears, a com-
plete fracture of a full single tooth, as often occurs on a spur gear, is not usually the
mode of failure on a helical gear. A certain redundancy is built into a helical gear,
since initially only a piece of a tooth will normally fracture.

Temperature Factors CT and KT. At gear blank operating temperatures below
250°F and above freezing, actual operating temperature has little effect on the
allowable stress level for steel gears; thus a temperature factor of unity is used. At
higher or lower temperatures, the allowable stress levels are altered considerably.
Unfortunately, few hard data are available to define these effects. At very low tem-

HELICAL GEARS 10.49

FIGURE 10.48 Hardness ratio factor CH for surface-hardened teeth.
The rms values shown correspond to the surface finish of the pinion fp in
microinches. (From Ref. [10.1].)
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FIGURE 10.49 Pitting-resistance life factor CL. This curve does not apply where a service factor
CSF is used. Note: The choice of CL above 107 cycles is influenced by lubrication regime, failure crite-
ria, smoothness of operation required, pitch line velocity, gear material cleanliness, material ductility
and fracture toughness, and residual stress. (From Ref. [10.1].)

FIGURE 10.50 Bending-strength life factor KL. This chart does not apply where a service factor
KSF is used. Note: The choice of KL above 3 × 106 cycles is influenced by pitch line velocity, gear mate-
rial cleanliness, residual stress, gear material ductility, and fracture toughness. (From Ref. [10.1].)
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peratures, the impact resistance and fracture toughness of most materials are
reduced; thus special care must be exercised in such designs if nonuniform loading is
expected. A temperature factor greater than unity should be used in such cases.
Although no specific data are available, a value between 1.25 and 1.50 is recom-
mended for gears which must transmit full power between 0 and −50°F.

At high temperatures, most materials experience a reduction in hardness level.
Nonmetallic gears are not ordinarily used at high temperatures; thus our comments
are restricted to steel gearing. The temperature factor should be chosen on the basis
of the hot hardness curve for the particular material in use. That is, the temperature
factor is equal to the allowable stress at room-temperature hardness divided by the
allowable stress at the hardness corresponding to the higher temperature. For infor-
mation related to typical trends, Fig. 10.51 shows the hardness-temperature charac-
teristics for two gear steels (AISI 9310 and VASCO-X2). Two typical bearing steels
(M-50 and SAE 52100) are also shown for reference purposes.

Once the strength and durability analyses have been completed, the wear and
scoring resistance of the gears must be defined.Wear (see Chap. 34) is usually a con-
cern only for relatively low-speed gears, whereas scoring is a concern only for rela-
tively high-speed gears.

Wear. Gear-tooth wear is a very difficult phenomenon to predict analytically. For-
tunately, it is not a major problem for most gear drives operating in the moderate- to

HELICAL GEARS 10.51

FIGURE 10.51 Hardness as a function of temperature for several steels.
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high-speed range. In the case of low-speed gears, however, not only is wear a signif-
icant problem, but also it can be the limiting factor in defining the load capacity of
the mesh.

In low-speed gear drives, the film which separates the mating tooth surfaces is
insufficient to prevent metal-to-metal contact; thus wear occurs. In higher-speed
gears, the film becomes somewhat thicker, and gross contact of the mating surfaces
is prevented. Indeed, grinding lines are still visible on many aircraft gears after hun-
dreds of hours of operation.The type of surface distress which will occur in a gear set
is dependent, to a certain extent, on the pitch line velocity. As shown in Fig. 10.52,
wear predominates in the lower-speed range, while scoring rules the upper-speed
range. In the midrange, pitting controls the gear life.

10.52 GEARING

FIGURE 10.52 Gear distress as a function of pitch line velocity.

The elastohydrodynamic (EHD) film thickness can provide some guidance in the
evaluation of the wear potential of a gear set. Care must be used in the application
of these methods, since the existing data are far from complete and there are many
instances of contradictory results. One of the simplest approaches is due to Dowson;
see Ref. [10.7] and Chap. 20. The equation is

= (10.84)

where h = calculated minimum film thickness, in
R′ = relative radius of curvature in transverse plane at pitch point, in
α = lubricant pressure-viscosity coefficient, in2/lb

E′ = effective elastic modulus, psi
µo = sump lubricant viscosity, centipoise (cP)
u = rolling velocity in transverse plane, inches per second (in/s)
w = load per unit length of contact, lb/in

(4.46 × 10−5)(αE′)0.54[µou/(E′R′)]0.70

����
[w/(E′R′)]0.13

h
�
R′
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Wellauer and Holloway ([10.8]) present a nomograph to compute the film thick-
ness at the pitch point; but this nomograph is quite detailed and is not included here.

The parameter of interest in our discussion is not the film thickness itself, but
rather the ratio of the film thickness to the relative surface roughness. This ratio is
defined as the specific film thickness and is given by

λ = �
S
h
′

� (10.85)

The relative surface roughness [root-mean-square (rms)] is given by

S′ = (10.86)

Typical values for various gear manufacturing processes are shown in Table 10.7.

SP + SG
�

2
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TABLE 10.7 Tooth Surface Texture 
in the As-Finished Condition

Once the specific film thickness has been determined, the probability of surface
distress occurring can be determined through the use of Fig. 10.53.

Although the data presented thus far can be quite useful, several factors must be
kept in mind in applying them to actual design. Most of the experimental data on
which this information is based were obtained from through-hardened gear sets
operating with petroleum-based oils. Gears operating with synthetic oils appear able
to operate successfully at film thicknesses much less than those predicted by this
analysis. The same is true for case-hardened gears of 59 RC and higher hardness. The
results may be further altered by the use of friction modifiers or EP additives in the
oil. Finally, wear, of and by itself, is not necessarily a failure. In many cases, wear is an
acceptable condition; it is simply monitored until it reaches some predetermined
level, at which time the gears are replaced.

Perhaps the most useful application for this analysis is as a comparative, relative
rating tool, rather than as an absolute design criterion.

The occurrence of wear is difficult to predict, but the rate of wear is even more so.
Equation (10.87) may be useful as a guide in predicting wear, but its accuracy has not
been rigorously verified:
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q = (10.87)

where q = wear, in
nT = number of cycles
Sy = yield strength of gear material, psi
K = factor from Eq. (10.88)

and

3.1 ≥ Kλ1.645 × 109 ≥ 1.8 (10.88)

In applying these equations, greater emphasis should be placed on the trend indi-
cated than on the absolute value of the numbers. For example, a new design might be
compared with an existing similar design for which the wear characteristics have
been established. This could be accomplished by calculating the q value for each by

KWt nT
�

FSy
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FIGURE 10.53 Surface-distress probability chart as a function of pitch line velocity and spe-
cific film thickness. Curves represent 80, 40, and 5 percent probability of distress. The region
above the 80 percent line is unsatisfactory; the region below the 5 percent line is good.
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Eqs. (10.87) and (10.88) and then comparing them, rather than looking at absolute
values of either. The ratio of the two q values is far more accurate than the absolute
value of either.

Scoring. Very few data concerning the scoring behavior of gears are available in an
easily usable form. Scoring is normally a problem for heavily loaded, high-speed
steel gears.The exact mechanism by which scoring occurs is not yet fully understood.

At high speeds, the calculated film thickness is often quite large. Yet a wearlike
failure mode sometimes occurs. Under high-speed conditions, the sliding motion of
one gear tooth on another may create instantaneous conditions of temperature and
pressure which destroy the film of oil separating the tooth flanks. When this occurs,
the asperities on the surfaces of the mating teeth instantaneously weld. As the gears
continue to rotate, these welds break and drag along the tooth flanks, causing
scratches, or “score” marks, in the direction of sliding. If the damage which occurs is
very slight, it is often referred to as scuffing or frosting. In some cases, light frosting
may heal over and not progress; however, scoring is generally progressively destruc-
tive. Though never a catastrophic failure itself, scoring destroys the tooth surface,
which leads to accelerated wear, pitting, and spalling. If scoring is allowed to
progress unchecked, tooth fracture may ultimately occur.

Note that scoring is not a fatigue phenomenon; that is, its occurrence is not time-
dependent. In general, if scoring does not occur within 15 to 25 minutes (min) at a
certain operating condition, usually it will not occur at that condition at all. Only a
change in operating condition, and not the accumulation of cycles, will cause scoring.

A theory known as the critical-temperature theory, originally proposed by Har-
men Blok, is usually used in the evaluation of scoring hazard for a set of helical
gears.

If we consider a simple analogy, the concept of critical temperature will become
clear. Consider the old method of making fire by rubbing two sticks together. If the
sticks are held together with only light pressure and/or they are rubbed slowly, they
will simply wear. If, however, the pressure is increased and the sticks are rubbed
more rapidly, then the temperature at the mating surfaces will increase. If the pres-
sure (load) and the rubbing speed (sliding velocity) are progressively increased,
eventually the sticks will ignite.At the point of ignition, the sticks have reached their
critical temperature. Quite obviously, the critical temperature will vary with the type
of wood, its moisture content, and other factors.

In a similar manner, as gear-tooth sliding velocity and load are increased, eventu-
ally a point will be reached at which the temperature at the conjunction attains a
critical value, and then the film separating the tooth flanks will be destroyed. At this
point the teeth are in metal-to-metal contact, and instantaneous welding of the sur-
face asperities occurs. The continued rotation of the mesh rips apart these micro-
scopic welds and produces the scored appearance from which this failure derives its
name. The critical temperature varies with the type of gear material, surface hard-
ness, surface finish, type and viscosity of oil, additives in the oil, etc. When the film is
destroyed, it is sometimes referred to as flashing; thus the parameter used to evalu-
ate this condition has come to be known as the flash temperature. When the flash
temperature reaches its critical value, failure by scoring will occur. Note that the
flash temperature referred to here is not related in any way to the flash point of the
oil, and the oil flash point shown on some manufacturers’ specification sheets is in no
way related to the allowable flash temperature discussed here.

Many refinements have been made to Blok’s original theory, and it is currently
accepted as the best method available for evaluating scoring resistance for spur, heli-
cal, and bevel gears. Reference [10.9] presents a method of analysis for steel spur and
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helical gears based on Blok’s method.The scoring hazard is evaluated by calculating
a flash temperature rise ∆TFi. The flash temperature rise is added to the gear blank
temperature TB and compared with the allowable tooth flash temperature for the
particular material and lubricant combination being used.

The flash temperature rise is given by

∆TFi = � �
0.75

� � (µZti) � � (10.89)

where TFi = flash temperature rise at ith contact point along line of action, °F
Wti = tangential tooth load at ith contact point, lb

F = net minimum face width, in
Ca = application factor
Cm = load-distribution factor
Cv = dynamic factor
nP = pinion speed, revolutions per minute (r/min)
Pd = transverse diametral pitch
S′ = relative surface roughness, Eq. (10.86)

Zti = scoring geometry factor at ith contact point along line of action

The factors Ca, Cv, and Cm are the same as those used in the durability formula [Eq.
(10.17)].

The scoring geometry factor is given by

Zti = (10.90)

where ρPi, ρGi = radius of curvature of pinion and gear, respectively, at ith contact
point, in

NP, NG = tooth numbers of pinion and gear, respectively
Pd = transverse diametral pitch
φi = pressure angle at ith contact point, deg

The tooth flash temperature is then calculated by

TFi = TB + ∆TFi (10.91)

0.2917[ρPi
1/2 − (NPρGi /NG)1/2]Pd

1/4

����
(cos φi)0.75[ρPiρGi /(ρPi + ρGi)]0.25

50
�
50 − S′

nP
0.5

�
P d

0.25

WtiCaCm
�

FCv
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TABLE 10.8 Allowable Flash Temperatures for Some Gear Materials 
and for Spur and Helical Gears

HELICAL GEARS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



In most cases the blank temperature will be very close to the oil inlet temperature.
Thus, unless the actual blank temperature is known, the oil inlet temperature may be
used for TB. Table 10.8 gives allowable values of the total flash temperature.

Equations (10.89) through (10.91) refer to the ith contact point. In utilizing these
equations, the entire line of contact should be examined on a point-by-point basis to
define the most critical contact point. Depending on the pitch of the tooth, 10 to 25
divisions should be adequate. For hand calculations, this could be quite burdensome.
A quick look at the highest and lowest points of single-tooth contact (based on a
transverse-plane slice of the helical set) will provide a reasonable approximation.

The range of materials and oils shown in Table 10.8 is limited. Generally, scoring
is a problem only in high-speed, high-load applications.

The most likely applications to be affected are aerospace types. This being the
case, the material choice is limited to those shown, and usually either MIL-L-23699
or MIL-L-7808 oil is used. Some of the new XAS-2354 oils will provide much
improved scoring resistance, but hard data are not presently available.
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11.1 INTRODUCTION

This chapter provides you with information necessary to design a bevel- or hypoid-
gear set. It includes guidelines for selecting the type and size of a gear set to suit the
application requirements. Equations and graphs are provided for calculating gear-
tooth geometry, strength, surface durability, and bearing loads.

Although the text provides sufficient data to design a gear set, reference is also
made to appropriate American Gear Manufacturer’s Association (AGMA) publica-
tions and software available for computer-aided design.

11.2 TERMINOLOGY

11.2.1 Types of Bevel and Hypoid Gears

Straight-bevel gears are the simplest form of bevel gears. The teeth are straight and
tapered, and if extended inward, they would pass through the point of intersection of
the axes. See Fig. 11.1.

Spiral-bevel gears have teeth that are curved and oblique to their axes. The con-
tact begins at one end of the tooth and progresses to the other. See Fig. 11.2.

Zerol bevel gears have teeth that are in the same general direction as straight-
bevel gears and are curved similarly to spiral-bevel gears. See Fig. 11.3.

11.1

Source: STANDARD HANDBOOK OF MACHINE DESIGN
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Hypoid gears are similar in appearance to spiral-bevel gears. They differ from
spiral-bevel gears in that the axis of the pinion is offset from the axis of the gear. See
Fig. 11.4.

11.2.2 Tooth Geometry

The nomenclature used in this chapter relative to bevel and hypoid gears is illus-
trated in Figs. 11.5, 11.6, and 11.7.

The following terms are used to define the geometry:

Addendum of pinion (gear) ap (aG) is the height that the tooth projects above the
pitch cone.

Backlash allowance B is the amount by which the circular tooth thicknesses are
reduced to provide the necessary backlash in assembly.

Clearance c is the amount by which the dedendum in a given gear exceeds the
addendum of its mating gear.

Cone distance, mean Am is the distance from the apex of the pitch cone to the mid-
dle of the face width.

Cone distance, outer Ao is the distance from the apex of the pitch cone to the outer
ends of the teeth.

Control gear is the term adopted for bevel gearing in place of the term master gear,
which implies a gear with all tooth specifications held to close tolerances.

Crown to crossing point on the pinion (gear) xo (Xo) is the distance in an axial sec-
tion from the crown to the crossing point, measured in an axial direction.

Cutter radius rc is the nominal radius of the face-type cutter or cup-shaped grind-
ing wheel that is used to cut or grind the spiral-bevel teeth.

11.2 GEARING

FIGURE 11.1 Straight-bevel set. (Gleason
Machine Division.)

FIGURE 11.2 Spiral-bevel set. (Gleason
Machine Division.)
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FIGURE 11.3 Zerol bevel set. (Gleason
Machine Division.)

FIGURE 11.4 Hypoid set. (Gleason Machine
Division.)

FIGURE 11.5 Bevel-gear nomenclature—axial plane. Sec-
tion A-A is illustrated in Fig. 11.6.
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Dedendum angle of pinion (gear) δP (δG) is the angle between elements of the root
cone and pitch cone.

Dedendum angles, sum of Σδ is the sum of the pinion and gear dedendum angles.

Dedendum of pinion (gear) bp (bG) is the depth of the tooth space below the pitch
cone.

Depth, mean whole hm is the tooth depth at midface.

Depth, mean working h is the depth of engagement of two gears at midface.

Diametral pitch Pd is the number of gear teeth per unit of pitch diameter.

Face angle of pinion (gear) blank γo (Γo) is the angle between an element of the
face cone and its axis.

Face apex beyond crossing point on the pinion (gear) Go (Zo) is the distance
between the face apex and the crossing point on a bevel or hypoid set.

Face width F is the length of the teeth measured along a pitch-cone element.

Factor, mean addendum cl is the addendum modification factor.

Front crown to crossing point on the pinion (gear) xi (Xi) is the distance in an axial
section from the front crown to the crossing point, measured in the axial direction.

Hypoid offset E is the distance between two parallel planes, one containing the
gear axis and the other containing the pinion axis of a hypoid-gear set.

Number of teeth in pinion (gear) n (N) is the number of teeth contained in the
whole circumference of the pitch cone.

11.4 GEARING

FIGURE 11.6 Bevel-gear nomenclature—mean transverse section AA in Fig. 11.5.
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FIGURE 11.7 Hypoid gear nomenclature.
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Pitch angle of pinion (gear) γ (Γ) is the angle between an element of the pitch cone
and its axis.

Pitch apex beyond crossing point on the pinion (gear) G (Z) is the distance
between the pitch apex and the crossing point on a hypoid set.

Pitch diameter of pinion (gear) d (D) is the diameter of the pitch cone at the out-
side of the blank.

Pitch, mean circular pm is the distance along the pitch circle at the mean cone dis-
tance between corresponding profiles of adjacent teeth.

Pressure angle φ is the angle at the pitch point between the line of pressure which
is normal to the tooth surface and the plane tangent to the pitch surface. It is speci-
fied at the mean cone distance.

Ratio, gear mG is the ratio of the number of gear teeth to the number of pinion
teeth.

Root angle of pinion (gear) γR (ΓR) is the angle between an element of the root
cone and its axis.

Root apex beyond crossing point on the pinion (gear) GR (ZR) is the distance
between the root apex and the crossing point on a bevel or hypoid set.

Shaft angle Σ is the angle between the axes of the pinion shaft and the gear shaft.

Spiral angle ψ is the angle between the tooth trace and an element of the pitch
cone. It is specified at the mean cone distance.

Spiral-bevel gear, left-hand is one in which the outer half of a tooth is inclined in
the counterclockwise direction from the axial plane through the midpoint of the
tooth, as viewed by an observer looking at the face of the gear.

Spiral-bevel gear, right-hand is one in which the outer half of a tooth is inclined in
the clockwise direction from the axial plane through the midpoint of the tooth, as
viewed by an observer looking at the face of the gear.

Tangential force Wt is the force applied to a gear tooth at the mean cone distance
in a direction tangent to the pitch cone and normal to a pitch-cone element.

Thickness of pinion (gear), mean circular t (T) is the length of arc on the pitch cone
between the two sides of the tooth at the mean cone distance.

Thickness of pinion (gear), mean normal chordal tnc (Tnc) is the chordal thickness
of the pinion tooth at the mean cone distance in a plane normal to the tooth trace.

11.2.3 Calculation Methods

Four methods of blank design are commonly used in the design of bevel and hypoid
gears:

1. Standard taper
2. Duplex taper
3. Uniform taper
4. Tilted root-line taper

11.6 GEARING
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The taper you select depends in some instances on the manufacturing equipment
available for producing the gear set.Therefore, before starting calculations, you should
familiarize yourself with the equipment and method used by the gear manufacturer.

11.3 GEAR MANUFACTURING

11.3.1 Methods of Generation

Generation is the basic process in the manufacture of bevel and hypoid gears in that
at least one member of every set must be generated. The theory of generation as
applied to these gears involves an imaginary generating gear, which can be a crown
gear, a mating gear, or some other bevel or hypoid gear.The gear blank or workpiece
is positioned so that when it is rolled with the generating gear, the teeth of the work-
piece are enveloped by the teeth of the generating gear.

In the actual production of the gear teeth, at least one tooth of the generating
gear is described by the motion of the cutting tool or grinding wheel.The tool and its
motion are carried on a rotatable machine member called a cradle, the axis of which
is identical with the axis of the generating gear. The cradle and the workpiece roll
together on their respective axes exactly as would the workpiece and the generating
gear.

The lengthwise tooth curve of the generating gear is selected so that it is easily
followed with a practical cutting tool and mechanical motion. Figure 11.8 illustrates
the representation of a generating gear by a face-mill cutter. Figure 11.9 shows the
basic machine elements of a bevel-gear face-mill generator.

Most generating gears are based on one of two fundamental concepts.The first is
complementary crown gears, where two gears with 90° pitch angles fit together like
mold castings. Each of the crown gears is the generating gear for one member of the
mating set. Gears generated in this manner have line contact and are said to be con-
jugate to each other.With the second concept, the teeth of one member are form-cut
without generation. This member becomes the generating gear for producing the
mating member. Again, gears generated in this manner are conjugate to each other.

11.3.2 Localization of Contact

Any displacement in the nominal running position of either member of a mating
conjugate gear set shifts the contact to the edges of the tooth. The result is concen-
trated loading and irregular motion. To accommodate assembly tolerances and
deflections resulting from load, tooth surfaces are relieved in both the lengthwise
and profile directions.The resulting localization of the contact pattern is achieved by
using a generating setup which is deliberately modified from the conjugate generat-
ing gear.

11.3.3 Testing

The smoothness and quietness of operation, the tooth contact pattern, the tooth size,
the surface finish, and appreciable runout can be checked in a running test. This is a
subjective test. The machine consists of two spindles that can be set at the correct
shaft angle, mounting distances, and offset. The gear to be inspected is mounted on

BEVEL AND HYPOID GEARS 11.7
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one spindle, and the mating gear or a control gear is mounted on the other spindle.
Tooth contact is evaluated by coating the teeth with a gear-marking compound and
running the set under light load for a short time. At the same time, the smoothness
of operation is observed. Spacing errors and runout are evaluated by noting varia-
tions in the contact pattern on the teeth around the blank. Poor surface finish shows
up as variations within the marked contact pattern. Tooth size is measured by lock-
ing one member and rotating a tooth of the mating member within the slot to deter-
mine the backlash.

The contact pattern is shifted lengthwise along the tooth to the inside and outside
of the blank by displacing one member along its axis and in the offset direction. The
amount of displacement is used as a measure of the set’s adjustability.

It is normal practice for tooth spacing and runout to be measured with an addi-
tional operation on inspection equipment designed specifically for that purpose.
AGMA publication 2011-A98 specifies allowable tolerances for spacing and runout
based on diametral pitch and pitch diameter.

Double- and single-flank test equipment can be used to measure tooth-profile
errors, tooth spacing, and runout. The test equipment has transducers on the work
spindles, and the output data are in chart form. The output data not only provide a
record of the quality of the gear set, but can also be related to gear noise.

Three-dimensional coordinate-measuring machines can be used to compare the
actual gear-tooth geometry with theoretical data.

11.8 GEARING

FIGURE 11.8 Imaginary generating gear.
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FIGURE 11.9 Basic machine setup of spiral-bevel face-mill generator.
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11.4 GEAR DESIGN CONSIDERATIONS

11.4.1 Application Requirements

Bevel and hypoid gears are suitable for transmitting power between shafts at practi-
cally any angle and speed.The load, speed, and special operating conditions must be
defined as the first step in designing a gear set for a specific application.

A basic load and a suitable factor encompassing protection from intermittent
overloads, desired life, and safety are determined from

1. The power rating of the prime mover, its overload potential, and the uniformity
of its output torque

2. The normal output loading, peak loads and their duration, and the possibility of
stalling or severe loading at infrequent intervals

3. Inertia loads arising from acceleration or deceleration

The speed or speeds at which a gear set will operate must be known to determine
inertia loads, velocity factor, type of gear required, accuracy requirements, design of
mountings, and the type of lubrication.

Special operating conditions include

1. Noise-level limitations
2. High ambient temperature
3. Presence of corrosive elements
4. Abnormal dust or abrasive atmosphere
5. Extreme, repetitive shock loading or reversing
6. Operating under variable alignment
7. Gearing exposed to weather
8. Other conditions that may affect the operation of the set

11.4.2 Selection of Type of Gear

Straight-bevel gears are recommended for peripheral speeds up to 1000 feet per
minute (ft/min) where maximum smoothness and quietness are not of prime impor-
tance. However, ground straight bevels have been successfully used at speeds up to
15 000 ft/min. Plain bearings may be used for radial and axial loads and usually result
in a more compact and less expensive design. Since straight-bevel gears are the sim-
plest to calculate, set up, and develop, they are ideal for small lots.

Spiral-bevel gears are recommended where peripheral speeds are in excess of
1000 ft/min or 1000 revolutions per minute (r/min). Motion is transmitted more
smoothly and quietly than with straight-bevel gears. So spiral-bevel gears are pre-
ferred also for some lower-speed applications. Spiral bevels have greater load shar-
ing, resulting from more than one tooth being in contact.

Zerol bevel gears have little axial thrust as compared to spiral-bevel gears and
can be used in place of straight-bevel gears. The same qualities as defined under
straight bevels apply to Zerol bevels. Because Zerol bevel gears are manufactured
on the same equipment as spiral-bevel gears, Zerol bevel gears are preferred by
some manufacturers. They are more easily ground because of the availability of
bevel grinding equipment.

11.10 GEARING
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Hypoid gears are recommended where peripheral speeds are in excess of 1000
ft/min and the ultimate in smoothness and quietness is required.They are somewhat
stronger than spiral bevels. Hypoids have lengthwise sliding action, which enhances
the lapping operation but makes them slightly less efficient than spiral-bevel gears.

11.4.3 Estimated Gear Size

Figures 11.10 and 11.11 relate size of bevel and hypoid gears to gear torque, which
should be taken at a value corresponding to maximum sustained peak or one-half
peak, as outlined below.

If the total duration of the peak load exceeds 10 000 000 cycles during the
expected life of the gear, use the value of this peak load for estimating gear size. If,
however, the total duration of the peak load is less than 10 000 000 cycles, use one-
half the peak load or the value of the highest sustained load, whichever is greater.

Given gear torque and the desired gear ratio, the charts give gear pitch diameter.
The charts are based on case-hardened steel and should be used as follows:

1. For other materials, multiply the gear pitch diameter by the material factor from
Table 11.1.

2. For general industrial gearing, the preliminary gear size is based on surface
durability.

3. For straight-bevel gears, multiply the gear pitch diameter by 1.2; for Zerol bevel
gears, multiply the gear pitch diameter by 1.3.

4. For high-capacity spiral-bevel and hypoid gears, the preliminary gear size is
based on both surface capacity and bending strength. Choose the larger of the
gear diameters, based on the durability chart and the strength chart.

BEVEL AND HYPOID GEARS 11.11

FIGURE 11.10 Gear pitch diameter based on surface durability.
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5. For high-capacity ground spiral-bevel and hypoid gears, the gear diameter from
the durability chart should be multiplied by 0.80.

6. For hypoid gears, multiply the gear pitch diameter by D/(D + E).
7. Statically loaded gears should be designed for bending strength rather than sur-

face durability. For statically loaded gears subject to vibration, multiply the gear
diameter from the strength chart by 0.70. For statically loaded gears not subject
to vibration, multiply the gear diameter from the strength chart by 0.60.

8. Estimated pinion diameter is d = Dn/N.

11.4.4 Number of Teeth

Figure 11.12 gives the recommended tooth numbers for spiral-bevel and hypoid
gears. Figure 11.13 gives the recommended tooth numbers for straight-bevel and
Zerol bevel gears. However, within limits, the selection of tooth numbers can be
made in an arbitrary manner.

More uniform gears can be obtained in the lapping process if a common factor
between gear and pinion teeth is avoided. Automotive gears are generally designed
with fewer pinion teeth. Table 11.2 indicates recommended tooth numbers for auto-
motive spiral-bevel and hypoid drives.

11.4.5 Face Width

The face width should not exceed 30 percent of the cone distance for straight-bevel,
spiral-bevel, and hypoid gears and should not exceed 25 percent of the cone distance
for Zerol bevel gears. In addition, it is recommended that the face width F be limited to

11.12 GEARING

FIGURE 11.11 Gear pitch diameter based on bending strength.
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The design chart in Fig. 11.14 gives the approximate face width for straight-bevel,
spiral-bevel, and hypoid gears. For Zerol bevel gears, the face width given by this
chart should be multiplied by 0.83.

BEVEL AND HYPOID GEARS 11.13

TABLE 11.1 Material Factors CM

FIGURE 11.12 Recommended tooth numbers for spiral-bevel and hypoid gears.
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11.4.6 Diametral Pitch

The diametral pitch is now calculated by dividing the number of teeth in the gear by
the gear pitch diameter. Because tooling for bevel gears is not standardized accord-
ing to pitch, it is not necessary that the diametral pitch be an integer.

11.14 GEARING

FIGURE 11.13 Recommended tooth numbers for straight- and Zerol-bevel gears.

TABLE 11.2 Recommended Tooth Numbers
for Automotive Applications
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11.4.7 Hypoid Offset

In the design of hypoid gears, the offset is designated as being above or below cen-
ter. Figure 11.15a and b illustrates the below-center position, and Fig. 11.15c and d
illustrates the above-center position. In general, the shaft offset for power drives
should not exceed 25 percent of the gear pitch diameter, and on very heavily loaded
gears, the offset should be limited to 12.5 percent of the gear pitch diameter.

Hypoid pinions are larger in diameter than the corresponding spiral-bevel pin-
ion.This increase in diameter may be as great as 30 percent, depending on the offset,
spiral angle, and gear ratio.

BEVEL AND HYPOID GEARS 11.15

FIGURE 11.14 Face width of spiral-bevel and hypoid gears.
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11.4.8 Spiral Angle

In designing spiral-bevel gears, the spiral angle should be sufficient to give a face-
contact ratio of at least 1.25. For maximum smoothness and quietness, the face-
contact ratio should be between 1.50 and 2.00. High-speed applications should be
designed with a face-contact ratio of 2.00 or higher for best results. Figure 11.16 may
be used to assist in the selection of the spiral angle.

For hypoid gears, the desired pinion spiral angle can be calculated by

ψP = 25 + 5���
+ 90 �

D
E

�

where ψP is in degrees.

11.4.9 Pressure Angle

The commonly used pressure angle for bevel gears is 20°, although pressure angles
of 22.5° and 25° are used for heavy-duty drives.

In the case of hypoids, the pressure angle is unbalanced on opposite sides of the
gear teeth in order to produce equal contact ratios on the two sides. For this reason,
the average pressure angle is specified for hypoids. For automotive drives, use 18° or
20°, and for heavy-duty drives, use 22.5° or 25°.

N
�
n

11.16 GEARING

FIGURE 11.15 Hypoid offset. To determine the direction of
offset, always look at the gear with the pinion at the right. Thus
the gear sets of (a) and (b) are both offset below center; similar
reasoning shows that (c) and (d) are offset above center. (Glea-
son Machine Division.)
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11.4.10 Cutter Diameter

A cutter diameter must be selected for spiral-bevel, Zerol bevel, and hypoid gears.
The usual practice is to use a cutter diameter approximately equal to the gear diam-
eter.To increase adjustability of the gear set and obtain maximum strength, a smaller
cutter should be used. Cutter diameters are standardized. Therefore, Table 11.3 is
included to aid in cutter selection.
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FIGURE 11.16 Selection of spiral angle.
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11.4.11 Materials and Heat Treatment

Through-hardening steels are used when medium wear resistance and medium load-
carrying capacity are desired.The following steels are some of those used and listed,
beginning with the steel of lowest hardenability: AISI 1045, 1144, 4640, 4150, and
4340. When greater hardenability is required for larger gears, it is sometimes neces-
sary to increase the carbon content of these steels or to select a different steel.

Carburized gears are used when high wear resistance and high load-carrying
capacity are required. Carburizing steels used in gears normally have a carbon con-
tent of 0.10 to 0.25 percent and should have sufficient alloy content to allow hard-
ening in the section sizes in which they are used. For low-heat-treat distortion, 4620
or 8620 might be used; if high core hardness is desired, 9310 might be used. The fol-
lowing steels have been commonly used and are listed, beginning with the steel of
lowest core hardenability: AISI 4620, 8620, 9310, and 4820.

Carburized gears should be specified as follows:

1. Total depth of carburized case after finishing operations
2. Surface hardness
3. Core hardness
4. Maximum case carbon content (optional)

Gears should be quenched from a temperature which will ensure a minimum
amount of retained austenite.

Nitriding steels are used in applications which require high wear resistance with
minimum distortion in heat treating.The commonly used steels are AISI 4140, 4150,
and 4340. If extreme hardness and wear resistance are required, the nitralloy steels
can be used. To achieve the desired results in the nitriding operation, all material

11.18 GEARING

TABLE 11.3 Standard Cutter Radii 
Corresponding to Various Gear Pitch 
Diameters for Spiral-Bevel, Zerol Bevel,
and Hypoid Gears
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should be hardened and tempered above the nitriding temperature prior to finish
machining. Sharp corners should be avoided on external surfaces.

Nitrided gears should be specified as follows:

1. Total depth of nitrided case after finishing operations
2. Surface hardness
3. Core hardness

Cast iron is used in place of non-heat-treated steel where good wear resistance
plus excellent machineability is required. Complicated shapes can be cast more eas-
ily from iron than they can be produced by machining from bars or forgings.

11.5 GEAR-TOOTH DIMENSIONS

11.5.1 Calculation of Basic Bevel-Gear-Tooth Dimensions

All bevel-gear-tooth dimensions are calculated in a similar manner. Therefore,
straight-bevel, spiral-bevel, and Zerol bevel gears are considered as a group. In Sec.
11.4 we selected

1. Number of pinion teeth n
2. Number of gear teeth N
3. Diametral pitch Pd

4. Shaft angle Σ
5. Face width F
6. Pressure angle φ
7. Spiral angle ψ
8. Hand of spiral (pinion), left-hand/right-hand (LH/RH)
9. Cutter radius rc

The formulas in Table 11.4 are now used to calculate the blank and tooth dimensions.

11.5.2 Tooth Taper

Spiral-bevel- and hypoid-gear blanks are designed by one of four methods—stan-
dard taper, duplex taper, tilted root line, or uniform depth.

Standard taper is the case where the root lines of mating members, if extended,
would intersect the pitch-cone apex. The tooth depth changes in proportion to the
cone distance.

Duplex taper is the case where the root lines are tilted so that the slot width is
constant. This condition permits each member of a pair to be finished in one opera-
tion, using circular cutters which cut in one slot.

Tilted root-line taper is a compromise between duplex and standard taper. The
blanks are designed with duplex taper except when the taper becomes excessive.
When the taper is 1.3 times standard taper or greater, 1.3 times standard taper is used.

Uniform-depth taper is the case where the root lines are not tilted. The tooth
depth is uniform from the inside to the outside of the blank.

BEVEL AND HYPOID GEARS 11.19
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TABLE 11.4 Formulas for Computing Blank and Tooth Dimensions
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TABLE 11.4 Formulas for Computing Blank and Tooth Dimensions (Continued)
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11.22 GEARING

TABLE 11.4 Formulas for Computing Blank and Tooth Dimensions (Concluded)

TABLE 11.5 Depth Factor

TABLE 11.6 Clearance Factors
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In many cases, the type of taper depends on the manufacturing method. Before
selecting a tooth taper, you should consult with the manufacturer to ensure compat-
ibility between the design and the cutting method.

Straight-bevel gears are usually designed with standard taper. Zerol bevel gears
are usually designed with duplex taper.

BEVEL AND HYPOID GEARS 11.23

TABLE 11.7 Mean Addendum Factor

TABLE 11.8 Minimum Normal Backlash Allowance†
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The formulas used to calculate the sum of dedendum angles and the dedendum
angles are shown in Table 11.9.

11.5.3 Hypoid Dimensions

The geometry of hypoid gears is complicated by the offset between the axes of the
mating members. Therefore a separate set of calculation formulas is needed.

The starting data are the same as for bevel gears with the following exceptions:

1. Hypoid offset E is required.

2. Pinion spiral angle ψP is specified.

The formulas in Table 11.10 are now used to calculate the blank and tooth dimensions.

11.24 GEARING

FIGURE 11.17 Circular thickness factor. These curves are plotted from the equation K =
−0.088 + 0.092mG − 0.004mG

2 + 0.0016 (n − 30) (mG − 1).
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11.5.4 AGMA References†

The following AGMA standards are helpful in designing bevel and hypoid gears:

AGMA Design Manual for Bevel Gears, 2005
AGMA Rating Standard for Bevel Gears, 2003

These are available through American Gear Manufacturer’s Association, Alexan-
dria, Virginia.

11.6 GEAR STRENGTH

Under ideal conditions of operation, bevel and hypoid gears have a tooth contact
which utilizes the full working profile of the tooth without load concentration in any

BEVEL AND HYPOID GEARS 11.25

TABLE 11.9 Formulas for Computing Dedendum Angles and Their Sum

† The notation and units used in this chapter are the same as those used in the AGMA standards. These
may differ in some respects from those used in other chapters of this Handbook.
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TABLE 11.10 Formulas for Computing Blank and Tooth Dimensions of Hypoid Gears

11.26
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TABLE 11.10 Formulas for Computing Blank and Tooth Dimensions of Hypoid Gears 
(Continued)
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TABLE 11.10 Formulas for Computing Blank and Tooth Dimensions of Hypoid Gears
(Continued)

11.28
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TABLE 11.10 Formulas for Computing Blank and Tooth Dimensions of Hypoid Gears
(Continued)

11.29
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11.30 GEARING

TABLE 11.10 Formulas for Computing Blank and Tooth Dimensions of Hypoid Gears
(Concluded)
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area.The recommendations and rating formulas which follow are designed for a tooth
contact developed to give the correct pattern in the final mountings under full load.

11.6.1 Formulas for Contact and Bending Stress

The basic equation for contact stress in bevel and hypoid gears is

Sc = Cp ��������� (11.1)

and the basic equation for bending stress is

St = (11.2)

where St = calculated tensile bending stress at root of gear tooth, pounds
per square inch (lb/in2)

Sc = calculated contact stress at point on tooth where its value will
be maximum, lb/in2

Cp = elastic coefficient of the gear-and-pinion materials combination,
(lb)1/2/in

TP, TG = transmitted torques of pinion and gear, respectively, pound-
inches (lb ⋅ in)

Ko, Co = overload factors for strength and durability, respectively
Kv, Cv = dynamic factors for strength and durability, respectively

Km, Cm = load-distribution factors for strength and durability, respectively
Cf = surface-condition factor for durability

I = geometry factor for durability
J = geometry factor for strength

11.6.2 Explanation of Strength Formulas and Terms

The elastic coefficient for bevel and hypoid gears with localized tooth contact pat-
tern is given by

Cp = ����� (11.3)

where µP, µG = Poisson’s ratio for materials of pinion and gear, respectively (use
0.30 for ferrous materials)

EP, EG = Young’s modulus of elasticity for materials of pinion and gear,
respectively (use 30.0 × 106 lb/in2 for steel)

The overload factor makes allowance for the roughness or smoothness of opera-
tion of both the driving and driven units. Use Table 11.11 as a guide in selecting the
overload factor.

The dynamic factor reflects the effect of inaccuracies in tooth profile, tooth spac-
ing, and runout on instantaneous tooth loading. For gears manufactured to AGMA
class 11 tolerances or higher, a value of 1.0 may be used for dynamic factor. Curve 2
in Fig. 11.18 gives the values of Cv for spiral bevels and hypoids of lower accuracy or
for large, planed spiral-bevel gears. Curve 3 gives the values of Cv for bevels of lower
accuracy or for large, planed straight-bevel gears.

1
���
(1 − µP

2 )/EP + (1 − µG
2 )/EG

3
�
2π

1.2Km�
J

Pd�
FD

2TGKo�
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�
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1
�
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The load-distribution factor allows for misalignment of the gear set under oper-
ating conditions. This factor is based on the magnitude of the displacements of the
gear and pinion from their theoretical correct locations. Use Table 11.12 as a guide
in selecting the load-distribution factor.

The surface-condition factor depends on surface finish as affected by cutting, lap-
ping, and grinding. It also depends on surface treatment such as lubrizing.And Cf can
be taken as 1.0 provided good gear manufacturing practices are followed.

Use Table 11.13 to locate the charts for the two geometry factors I and J.
The geometry factor for durability I takes into consideration the relative radius

of curvature between mating tooth surfaces, load location, load sharing, effective
face width, and inertia factor.

The geometry factor for strength J takes into consideration the tooth form factor,
load location, load distribution, effective face width, stress correction factor, and
inertia factor.

11.32 GEARING

TABLE 11.11 Overload Factors Ko, Co
†

FIGURE 11.18 Dynamic factors Kv and Cv.

BEVEL AND HYPOID GEARS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



Interpolation between charts may be necessary for both the I and J factors.

11.6.3 Allowable Stresses

The maximum allowable stresses are based on the properties of the material. They
vary with the material, heat treatment, and surface treatment. Table 11.14 gives
nominal values for allowable contact stress on gear teeth for commonly used gear
materials and heat treatments. Table 11.15 gives nominal values for allowable
bending stress in gear teeth for commonly used gear materials and heat treat-
ments.

Carburized case-hardened gears require a core hardness in the range of 260 to
350 HB (26 to 37 RC) and a total case depth in the range shown by Fig. 11.49.

The calculated contact stress Sc times a safety factor should be less than the
allowable contact stress Sac. The calculated bending stress St times a safety factor
should be less than the allowable bending stress Sat.
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TABLE 11.12 Load-Distribution Factors Km, Cm

TABLE 11.13 Location of Geometry Factors

Figure no.

Gear type Pressure angle, φ Shaft angle, Σ Helix angle, ψ I Factor J Factor

Straight bevel 20° 90° 0° 11.19 11.20
25° 90° 0° 11.21 11.22

Spiral bevel 20° 90° 35° 11.23 11.24
20° 90° 25° 11.25 11.26
20° 90° 15° 11.27 11.28
25° 90° 35° 11.29 11.30
20° 60° 35° 11.31 11.32
20° 120° 35° 11.33 11.34
20°† 90° 35° 11.35 11.36

Hypoid 19° E/D = 0.10 11.37 11.38
19° E/D = 0.15 11.39 11.40
19° E/D = 0.20 11.41 11.42
221⁄2° E/D = 0.10 11.43 11.44
221⁄2° E/D = 0.15 11.45 11.46
221⁄2° E/D = 0.20 11.47 11.48

† Automotive applications.
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FIGURE 11.19 Geometry factor I for durability of straight-bevel gears with 20° pressure
angle and 90° shaft angle.

FIGURE 11.20 Geometry factor J for strength of straight-bevel gears with 20° pressure
angle and 90° shaft angle.
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11.35

FIGURE 11.21 Geometry factor I for durability of straight-bevel gears with 25° pres-
sure angle and 90° shaft angle.

FIGURE 11.22 Geometry factor J for strength of straight-bevel gears with 25° pressure angle
and 90° shaft angle.
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11.36

FIGURE 11.23 Geometry factor I for durability of spiral-bevel gears with 20° pressure
angle, 35° spiral angle, and 90° shaft angle.

FIGURE 11.24 Geometry factor J for strength of spiral-bevel gears with 20° pressure
angle, 35° spiral angle, and 90° shaft angle.
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11.37

FIGURE 11.25 Geometry factor I for durability of spiral-bevel gears with 20° pressure
angle, 25° spiral angle, and 90° shaft angle.

FIGURE 11.26 Geometry factor J for strength of spiral-bevel gears with 20° pressure angle,
25° spiral angle, and 90° shaft angle.
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FIGURE 11.27 Geometry factor I for durability of spiral-bevel gears with 20° pres-
sure angle, 15° spiral angle, and 90° shaft angle.

11.38

FIGURE 11.28 Geometry factor J for strength of spiral-bevel gears with 20° pressure angle, 15°
spiral angle, and 90° shaft angle.
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11.39

FIGURE 11.29 Geometry factor I for durability of spiral-bevel gears with 25° pres-
sure angle, 35° spiral angle, and 90° shaft angle.

FIGURE 11.30 Geometry factor J for strength of spiral-bevel gears with 25° pressure angle, 35°
spiral angle, and 90° shaft angle.
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11.40

FIGURE 11.31 Geometry factor I for durability of spiral-bevel gears with 20° pressure
angle, 35° spiral angle, and 60° shaft angle.

FIGURE 11.32 Geometry factor J for strength of spiral-bevel gears with 20° pressure
angle, 35° spiral angle, and 60° shaft angle.
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11.41

FIGURE 11.33 Geometry factor I for durability of spiral-bevel gears with 20° pressure
angle, 35° spiral angle, and 120° shaft angle.

FIGURE 11.34 Geometry factor J for strength of spiral-bevel gears with 20° pressure
angle, 35° spiral angle, and 120° shaft angle.
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11.6.4 Scoring Resistance

Scoring is a temperature-related process in which the surfaces actually tend to weld
together. The oil film breaks down, and the tooth surfaces roll and slide on one
another, metal against metal. Friction between the surfaces causes heat which
reaches the melting point of the tooth material, and scoring results. The factors
which could cause scoring are the sliding velocity, surface finish, and load concen-
trations along with the lubricant temperature, viscosity, and application. But see also
Chap. 34. If you follow the recommendations under Sec. 11.7.6 on lubrication and
the manufacturer uses acceptable practices in processing the gears, then scoring
should not be a problem.

11.42 GEARING

FIGURE 11.35 Geometry factor I for durability of automotive spiral-bevel gears with 20° pressure
angle, 35° spiral angle, and 90° shaft angle.
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11.44

FIGURE 11.37 Geometry factor I for hypoid gears with 19° average pressure angle and E/D ratio of 0.10.

FIGURE 11.38 Geometry factor J for strength of hypoid gears with 19° average pressure angle and
E/D ratio of 0.10.
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11.45

FIGURE 11.39 Geometry factor I for durability of hypoid gears with 19° average pressure angle and
E/D ratio of 0.15.

FIGURE 11.40 Geometry factor J for strength of hypoid gears with 19° average pressure angle and
E/D ratio of 0.15.
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11.46

FIGURE 11.41 Geometry factor I for durability of hypoid gears with 19° average pressure angle
and E/D ratio of 0.20.

FIGURE 11.42 Geometry factor J for strength of hypoid gears with 19° average pressure angle and
E/D ratio of 0.20.
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11.47

FIGURE 11.43 Geometry factor I for durability of hypoid gears with 221⁄2° average pressure angle
and E/D ratio of 0.10.

FIGURE 11.44 Geometry factor J for strength of hypoid gears with 221⁄2° average pressure angle and
E/D ratio of 0.10.
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11.48

FIGURE 11.45 Geometry factor I for durability of hypoid gears with 221⁄2° average pressure angle
and E/D ratio of 0.15.

FIGURE 11.46 Geometry factor J for strength of hypoid gears with 221⁄2° average pressure angle and
E/D ratio of 0.15.
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11.49

FIGURE 11.47 Geometry factor I for durability of hypoid gears with 221⁄2° average pressure angle and
E/D ratio of 0.20.

FIGURE 11.48 Geometry factor J for strength of hypoid gears with 221⁄2° average pressure angle and
E/D ratio of 0.20.
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11.7 DESIGN OF MOUNTINGS

The normal load on the tooth surfaces of bevel and hypoid gears may be resolved
into two components: one in the direction along the axis of the gear and the other
perpendicular to the axis. The direction and magnitude of the normal load depend
on the ratio, pressure angle, spiral angle, hand of spiral, and direction of rotation as
well as on whether the gear is the driving or driven member.

11.7.1 Hand of Spiral

In general, a left-hand pinion driving clockwise (viewed from the back) tends to
move axially away from the cone center; a right-hand pinion tends to move toward
the center because of the oblique direction of the curved teeth. If possible, the hand
of spiral should be selected so that both the pinion and the gear tend to move out of
mesh, which prevents the possibility of tooth wedging because of reduced backlash.
Otherwise, the hand of spiral should be selected to give an axial thrust that tends to
move the pinion out of mesh. In a reversible drive, there is no choice unless the pair
performs a heavier duty in one direction for a greater part of the time.

11.50 GEARING

TABLE 11.14 Allowable Contact Stress Sac
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On hypoids when the pinion is below center and to the right (when you are fac-
ing the front of the gear), the pinion hand of spiral should always be left-hand. With
the pinion above center and to the right, the pinion hand should always be right-
hand. See Fig. 11.15.

11.7.2 Tangential Force

The tangential force on a bevel or hypoid gear is given by

WtG = = (11.4)

where TG = gear torque, lb ⋅ in
P = power, horsepower (hp)
N = speed of gear, r/min

The tangential force on the mating pinion is given by the equation

WtP = = (11.5)

where TP = pinion torque in pound-inches.

2TP�
dm

WtG cos ψP��
cos ψG

126 000P
��

DmN
2TG�
Dm

BEVEL AND HYPOID GEARS 11.51

TABLE 11.15 Allowable Bending Stress Sat
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11.52 GEARING

FIGURE 11.49 Diametral pitch versus total case depth. If in doubt, use the greater case depth
on ground gears or on short face widths.
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11.7.3 Axial Thrust and Radial Separating Forces

The formulas that follow are used to calculate the axial thrust force Wx and the radial
separating force WR for bevel and hypoid gears. The direction of the pinion (driver)
rotation should be viewed from the pinion back.

For a pinion (driver) with a right-hand (RH) spiral with clockwise (cw) rotation or
a left-hand (LH) spiral with counterclockwise (ccw) rotation, the axial and separat-
ing force components acting on the pinion are, respectively,

WxP = WtP sec ψP (tan φ sin γ − sin ψP cos γ) (11.6)

WRP = WtP sec ψP (tan φ cos γ + sin ψP sin γ) (11.7)

For a pinion (driver) with an LH spiral with cw rotation or an RH spiral with ccw
rotation, the force components acting on the pinion are, respectively,

WxP = WtP sec ψP (tan φ sin γ + sin ψP cos γ) (11.8)

WRP = WtP sec ψP (tan φ cos γ − sin ψP sin γ) (11.9)

For a pinion (driver) with an RH spiral with cw rotation or an LH spiral with ccw
rotation, the force components acting on the gear (driven) are, respectively,

WxG = WtG sec ψG (tan φ sin Γ + sin ψG cos Γ) (11.10)

WRG = WtG sec ψG (tan φ cos Γ − sin ψG sin Γ) (11.11)

For a pinion (driver) with an LH spiral and cw rotation or an RH spiral with ccw
rotation, the force components acting on the gear are, respectively,

WxG = WtG sec ψG (tan φ sin Γ − sin ψG cos Γ) (11.12)

WRG = WtG sec ψG (tan φ cos Γ + sin ψG sin Γ) (11.13)

These equations apply to straight-bevel, Zerol bevel, spiral-bevel, and hypoid gears.
When you use them for hypoid gears, be sure that the pressure angle corresponds to
the driving face of the pinion tooth.

A plus sign for Eqs. (11.6), (11.8), (11.10), and (11.12) indicates that the direction
of the axial thrust is outward, or away from the cone center. Thus a minus sign indi-
cates that the direction of the axial thrust is inward, or toward the cone center.

A plus sign for Eqs. (11.7), (11.9), (11.11), and (11.13) indicates that the direction
of the separating force is away from the mating gear. So a minus sign indicates an
attracting force toward the mating member.

Example. A hypoid-gear set consists of an 11-tooth pinion with LH spiral and ccw
rotation driving a 45-tooth gear. Data for the gear are as follows: 4.286 diametral
pitch, 8.965-inch (in) mean diameter, 70.03° pitch angle, 31.48° spiral angle, and 30 ×
103 lb ⋅ in torque. Pinion data are these: 1.500-in offset, 2.905-in mean diameter, con-
cave pressure angle 18.13°, convex pressure angle 21.87°, pitch angle 19.02°, and spi-
ral angle 50°. Determine the force components and their directions for each member
of the set.

Solution. From Eq. (11.4) we find the tangential load on the gear to be

WtG = = = 6693 lb
2(30 × 103)
��

8.965
2TG�
Dm
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Since the pinion has LH spiral angle and rotates ccw, Eqs. (11.10) and (11.11) apply
for the gear. Thus

WxG = WtG sec ψG (tan φ sin Γ + sin ψG cos Γ)

= 6693 sec 31.48 (tan 18.13° sin 70.03° + sin 31.48° cos 70.03°)

= 3814 lb

Substituting the same values and angles into Eq. (11.11) gives WRG = −2974 lb. Thus
the thrust is outward, and the separating force is toward the mating member.

Next we find the tangential load on the pinion from Eq. (11.5):

WtP = = = 5045 lb

Equations (11.6) and (11.7) apply to the pinion:

WxP = WtP sec ψP (tan φ sin γ − sin ψP cos γ)

= 5045 sec 50° (tan 18.13° sin 19.02° − sin 50° cos 19.02°)

= −4846 lb

In a similar manner, Eq. (11.7) gives WRP = 4389 lb. Thus the axial thrust is inward,
and the separating force is away from the gear.

11.7.4 Bearing Loads

The bearings selected must be adequate to support the axial forces Wx for both
directions of rotation and for the load conditions on both sides of the teeth.

Radial forces are transmitted indirectly through moment arms to the bearings.
The radial bearing loads are derived from the gear separating force, the gear tan-
gential force, and the gear thrust couple, along with the type of mounting and the
bearing position.

11.7.5 Types of Mountings

Two types of mountings are generally used: overhung, where both bearings are
located on the shaft behind the gear, and straddle, where one bearing is on either
side of the gear. Because of the stiffer configuration, straddle mountings are gener-
ally used for highly loaded gears.

11.7.6 Lubrication

The lubrication system for a bevel- or hypoid-gear drive should sufficiently lubricate
and adequately cool the gears and bearings. Splash lubrication is generally satisfac-
tory for applications up to peripheral speeds of 2000 ft/min. The oil level should
cover the full face of the lowest gear, and the quantity of oil should be sufficient to
maintain the oil temperature within recommended limits.

6693 cos 50°
��

cos 31.48°
WtG cos ψP��

cos ψG
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Pressure lubrication is recommended for velocities above 2000 ft/min. The jets
should be located to direct the stream to cover the full length of the teeth of both
members, preferably close to the mesh point on the leaning side.

Experience has shown that an oil flow of 0.07 to 1.0 gallons per minute (gal/min)
per 100 hp will result in an oil temperature rise of approximately 10°F.

Extreme-pressure (EP) lubricants are recommended for hypoid gears and for
spiral-bevel gears which are subject to extreme conditions of shock, severe starting
conditions, or heavy loads. The lubrication system should be fully protected against
contamination by moisture or dirt. For continuous operation at temperatures above
160°F, the lubricants should be approved by the lubricant manufacturer.

In general, for a splash lubrication, an SAE 80 or 90 gear oil should be satisfactory.
For a circulating system with an oil spray lubrication, SAE 20 or 30 should be satis-
factory. AGMA “Specifications on Lubrication of Enclosed and Open Gearing” is a
recommended guide to the type and grade of oil for various operating conditions.

11.7.7 Loaded Contact Check

With highly stressed bevel- and hypoid-gear applications such as aircraft and auto-
motive, it is normal practice to perform a loaded contact check with the gear set
assembled in its mountings.A brake load is applied to the output shafts, and the pin-
ion member is rotated slowly at approximately 15 r/min. A marking compound is
applied to the pinion and gear teeth to permit observation of the tooth contact pat-
tern at the desired load conditions.The purpose of this test is to evaluate the rigidity
of the mountings and ensure that the contact pattern remains within the tooth
boundaries under all load conditions. Indicators can be mounted at various positions
under load. An analysis of these data can result in modifications of the mounting
design or contact pattern to ensure that the contact pattern does not reach the tooth
boundaries at operating loads. This will eliminate an edge contact condition which
can cause noise or premature failure of the gear teeth.
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CHAPTER 12
WORM GEARING

K. S. Edwards, Ph.D.
Professor of Mechanical Engineering
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GLOSSARY OF SYMBOLS

bG Dedendum of gear teeth
C Center distance
d Worm pitch diameter
do Outside diameter of worm
dR Root diameter of worm
D Pitch diameter of gear in central plane
Db Base circle diameter
Do Outside diameter of gear
Dt Throat diameter of gear
f Length of flat on outside diameter of worm
hk Working depth of tooth
ht Whole depth of tooth
L Lead of worm
mG Gear ratio = NG/NW

mo Module, millimeters of pitch diameter per tooth (SI use)
mp Number of teeth in contact
nw Rotational speed of worm, r/min
nG Rotational speed of gear, r/min

12.1

Source: STANDARD HANDBOOK OF MACHINE DESIGN
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NG Number of teeth in gear
NW Number of threads in worm
pn Normal circular pitch
px Axial circular pitch of worm
P Transverse diametral pitch of gear, teeth per inch of diameter
W Force between worm and gear (various components are derived in the

text)
λ Lead angle at center of worm, deg
φn Normal pressure angle, deg
φx Axial pressure angle at center of worm, deg

12.1 INTRODUCTION

Worm gears are used for large speed reduction with concomitant increase in
torque. They are limiting cases of helical gears, treated in Chap. 10. The shafts are
normally perpendicular, though it is possible to accommodate other angles. Con-
sider the helical-gear pair in Fig. 12.1a with shafts at 90°.

The lead angles of the two gears are described by λ (lead angle is 90° less the helix
angle). Since the shafts are perpendicular, λ1 + λ2 = 90°. If the lead angle of gear 1 is
made small enough, the teeth eventually wrap completely around it, giving the
appearance of a screw, as seen in Fig. 12.1b. Evidently this was at some stage taken
to resemble a worm, and the term has remained. The mating member is called sim-
ply the gear, sometimes the wheel. The helix angle of the gear is equal to the lead
angle of the worm (for shafts at 90°).

The worm is always the driver in speed reducers, but occasionally the units are
used in reverse fashion for speed increasing. Worm-gear sets are self-locking when
the gear cannot drive the worm.This occurs when the tangent of the lead angle is less
than the coefficient of friction. The use of this feature in lieu of a brake is not rec-

12.2 GEARING

FIGURE 12.1 (a) Helical gear pair; (b) a small lead angle causes gear one to become a worm.

(a) (b)
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ommended, since under running condi-
tions a gear set may not be self-locking
at lead angles as small as 2°.

There is only point contact between
helical gears as described above. Line
contact is obtained in worm gearing by
making the gear envelop the worm as 
in Fig. 12.2; this is termed a single-
enveloping gear set, and the worm is
cylindrical. If the worm and gear
envelop each other, the line contact
increases as well as the torque that can
be transmitted. The result is termed a
double-enveloping gear set.

The minimum number of teeth in the
gear and the reduction ratio determine
the number of threads (teeth) for the
worm. Generally, 1 to 10 threads are
used. In special cases a larger number
may be required.

12.2 KINEMATICS

In specifying the pitch of worm-gear sets, it is customary to state the axial pitch px of
the worm. For 90° shafts this is equal to the transverse circular pitch of the gear. The
advance per revolution of the worm, termed the lead L, is

L = pxNW

This and other useful relations result from consideration of the developed pitch
cylinder of the worm, seen in Fig. 12.3. From the geometry, the following relations
can be found:

d = �
π
N

s
W

in
pn

λ
� (12.1)

WORM GEARING 12.3

FIGURE 12.2 Photograph of a worm-gear
speed reducer. Notice that the gear partially
wraps, or envelopes, the worm. (Cleveland Worm
and Gear Company.)

FIGURE 12.3 Developed pitch cylinder of worm.
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d = �
π
N
ta

W

n
px

λ
� (12.2)

tan λ = = �
N

π
W

d
px
� (12.3)

px = �
co

p
s
n

λ
� (12.4)

D = �
px

π
NG
� = �

π
N
c

G

o
p
s

n

λ
� (12.5)

From Eqs. (12.1) and (12.5), we find

tan λ = = �
m
1

G
� �

D
d

� (12.6)

The center distance C can be derived from the diameters

C = �
pn

2
N
π

W
� ��c

m
os

G

λ
� + �

sin
1

λ
�� (12.7)

which is sometimes more useful in the form

�
p
2

n

π
N
C

W
� U.S. customary units

�
c
m
os

G

λ
� + �

sin
1

λ
� = 	 �

moN
2

W

C
cos λ
� SI units (12.8)

�
d

2
si
C
n λ
� either

For use in the International System (SI), recognize that

Diameter = Nmo = �
N

π
px
�

so that the substitution

px = πmo

will convert any of the equations above to SI units.
The pitch diameter of the gear is measured in the plane containing the worm axis

and is, as for spur gears,

D = (12.9)

The worm pitch diameter is unrelated to the number of teeth. It should, however,
be the same as that of the hob used to cut the worm-gear tooth.

NGpx
�

π

NWD
�
NGd

L
�
πd
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12.3 VELOCITY AND FRICTION

Figure 12.4 shows the pitch line velocities of worm and gear. The coefficient of fric-
tion between the teeth µ is dependent on the sliding velocity. Representative values
of µ are charted in Fig. 12.5. The friction has importance in computing the gear set
efficiency, as will be shown.

12.4 FORCE ANALYSIS

If friction is neglected, then the only force exerted by the gear on the worm will be
W, perpendicular to the mating tooth surface, shown in Fig. 12.6, and having the
three components Wx, Wy, and Wz. From the geometry of the figure,

Wx = W cos φn sin λ

Wy = W sin φn (12.10)

Wz = W cos φn cos λ

In what follows, the subscripts W and G refer to forces on the worm and the gear.
The component Wy is the separating, or radial, force for both worm and gear (oppo-
site in direction for the gear). The tangential force is Wx on the worm and Wz on the
gear.The axial force is Wz on the worm and Wx on the gear.The gear forces are oppo-
site to the worm forces:

WWt
= −WGa

= Wx

WWr
= −WGr

= Wy (12.11)

WWa
= −WGt

= Wz

WORM GEARING 12.5

FIGURE 12.4 Velocity components in a worm-gear set. The sliding velocity is VS =

(VW
2 + VG

2)1/2 = �
co
V

s
W

λ
�.
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12.6 GEARING

FIGURE 12.5 Approximate coefficients of sliding friction between the worm and gear
teeth as a function of the sliding velocity. All values are based on adequate lubrication.
The lower curve represents the limit for the very best materials, such as a hardened worm
meshing with a bronze gear. Use the upper curve if moderate friction is expected.

FIGURE 12.6 Forces exerted on worm.
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where the subscripts are t for the tangential direction, r for the radial direction, and
a for the axial direction. It is worth noting in the above equations that the gear axis
is parallel to the x axis and the worm axis is parallel to the z axis.The coordinate sys-
tem is right-handed.

The force W, which is normal to the profile of the mating teeth, produces a fric-
tional force Wf = µW, shown in Fig. 12.6, along with its components µW cos λ in the
negative x direction and µW sin λ in the positive z direction. Adding these to the
force components developed in Eqs. (12.10) yields

Wx = W(cos φn sin λ + µ cos λ)

Wy = W sin φn (12.12)

Wz = W(cos φn cos λ − µ sin λ)

Equations (12.11) still apply. Substituting Wz from Eq. (12.12) into the third of Eqs.
(12.11) and multiplying by µ, we find the frictional force to be

Wf = µW = (12.13)

A relation between the two tangential forces is obtained from the first and third
of Eqs. (12.11) with appropriate substitutions from Eqs. (12.12):

WWt
= WGt

(12.14)

The efficiency can be defined as

η = (12.15)

Since the numerator of this equation is the same as Eq. (12.14) with µ = 0, we have

η = (12.16)

Table 12.1 shows how η varies with λ, based on a typical value of friction µ = 0.05 and
the pressure angles usually used for the ranges of λ indicated. It is clear that small λ
should be avoided.

Example 1. A 2-tooth right-hand worm transmits 1 horsepower (hp) at 1200 revo-
lutions per minute (r/min) to a 30-tooth gear. The gear has a transverse diametral
pitch of 6 teeth per inch.The worm has a pitch diameter of 2 inches (in).The normal
pressure angle is 141⁄2°. The materials and workmanship correspond to the lower of
the curves in Fig. 12.5. Required are the axial pitch, center distance, lead, lead angle,
and tooth forces.

Solution. The axial pitch is the same as the transverse circular pitch of the gear.
Thus

px = �
P
π

� = �
π
6

� = 0.5236 in

cos φn − µ tan λ
��
cos φn + µ cot λ

WWt
(without friction)

���
WWt

(with friction)

cos φn sin λ + µ cos λ
���
µ sin λ − cos φn cos λ

µWGt���
µ sin λ − cos φn cos λ

WORM GEARING 12.7

WORM GEARING

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



The pitch diameter of the gear is D = NG/P = 30/6 = 5 in. The center distance is thus

C = �
D

2
+ d
� = �

2 +
2

5
� = 3.5 in

The lead is

L = pxNW = 0.5236(2) = 1.0472 in

From Eq. (12.3),

λ = tan−1 �
π
L
d
� = tan−1 �

1.0
2
4
π
72
� = 9.46°

The pitch line velocity of the worm, in inches per minute, is

VW = πdnW = π(2)(1200) = 7540 in/min

The speed of the gear is nG = 1200(2)/30 = 80 r/min. The gear pitch line velocity is
thus

VG = πDnG = π(5)(80) = 1257 in/min

The sliding velocity is the square root of the sum of the squares of VW and VG, or

VS = = = 7644 in/min

This result is the same as 637 feet per minute (ft/min); we enter Fig. 12.5 and find 
µ = 0.03.

Proceeding now to the force analysis, we use the horsepower formula to find

WW =�
(33 000

V
)(

W

12)(hp)
� =�

(33 00
7
0
5
)
4
(
0
12)(1)
� = 52.5 lb

7540
�
cos 9.46

VW
�
cos λ

12.8 GEARING

TABLE 12.1 Efficiency of Worm-Gear Sets for µ = 0.05
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This force is the negative x direction. Using this value in the first of Eqs. (12.12) gives

W = 

= = 278 lb

From Eqs. (12.12) we find the other components of W to be

Wy = W sin φn = 278 sin 14.5° = 69.6 lb

Wz = W(cos φn cos λ − µ sin λ)

= 278(cos 14.5° cos 9.46° − 0.03 sin 9.46°)

= 265 lb

The components acting on the gear become

WGa
= −Wx = 52.5 lb

WGr
= −Wy = 69.6 lb

WGt
= −Wz = −265 lb

The torque can be obtained by summing moments about the x axis. This gives, in
inch-pounds,

T = 265(2.5) = 662.5 in ⋅ lb

It is because of the frictional loss that this output torque is less than the product of
the gear ratio and the input torque (778 lb ⋅ in).

12.5 STRENGTH AND POWER RATING

Because of the friction between the worm and the gear, power is consumed by the
gear set, causing the input and output horsepower to differ by that amount and
resulting in a necessity to provide for heat dissipation from the unit. Thus

hp(in) = hp(out) + hp(friction loss)

This expression can be translated to the gear parameters, resulting in

hp(in) = + (12.17)

The force which can be transmitted WGt
depends on tooth strength and is based on

the gear, it being nearly always weaker than the worm (worm tooth strength can be
computed by the methods used with screw threads, as in Chap. 13). Based on mate-
rial strengths, an empirical relation is used. The equation is

WGt
= KsD0.8FeKmKv (12.18)

VSWf
�
396 000

WGt
DnW

��
126 000mG

52.5
����
cos 14.5° sin 9.46° + 0.03 cos 9.46°

Wx

���
cos φn sin λ + µ cos λ
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where Ks = materials and size correction factor, values for which are shown in
Table 12.2

Fe = effective face width of gear; this is actual face width or two-thirds of
worm pitch diameter, whichever is less

Km = ratio correction factor; values in Table 12.3
Kv = velocity factor (Table 12.4)

Example 2. A gear catalog lists a 4-pitch, 141⁄2° pressure angle, single-thread hard-
ened steel worm to mate with a 24-tooth sand-cast bronze gear.The gear has a 11⁄2-in
face width. The worm has a 0.7854-in lead, 4.767° lead angle, 41⁄2-in face width, and a
3-in pitch diameter. Find the safe input horsepower.

From Table 12.2, Ks = 700. The pitch diameter of the gear is

D = = = 6 in

The pitch diameter of the worm is given as 3 in; two-thirds of this is 2 in. Since 
the face width of the gear is smaller (1.5 in), Fe = 1.5 in. Since mG = NG/NW = 24/1 =

24
�
4

NG
�
P

12.10 GEARING

TABLE 12.3 Ratio Correction Factor Km

TABLE 12.2 Materials Factor Ks for Cylindrical Worm Gearing†
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24, from Table 12.3, Km = 0.823 by interpolation. The pitch line velocity of the
worm is

VW = πdnW = π(3)(1800) = 16 965 in/min

The sliding velocity is

VS = = �
co

1
s
6
4
9
.7
6
6
5
7°

� = 17 024 in/min

Therefore, from Table 12.4, Kv = 0.215. The transmitted load is obtained from Eq.
(12.18) and is

WGt
= Ksd0.8FeKmKv = 700(60.8)(1.5)(0.823)(0.215)

= 779 lb

To find the friction load, the coefficient of friction is needed. Converting VS to feet
per minute and using Fig. 12.5, we find µ = 0.023. From Eq. (12.13) we find

Wf = 

= 

= 18.6 lb

0.023(779)
�����
0.023 sin 4.767° − cos 14.5° cos 4.767°

µWGt���
µ sin λ − cos φn cos λ

VW
�
cos λ
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TABLE 12.4 Velocity Factor Kv
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Next, using Eq. (12.17), we find the input horsepower to be

hp(in) = +

= +

= 2.78 + 0.80 = 3.58

12.6 HEAT DISSIPATION

In the last section we noted that the input and output horsepowers differ by the
amount of power resulting from friction between the gear teeth. This difference
represents energy input to the gear set unit, which will result in a temperature 
rise. The capacity of the gear reducer will thus be limited by its heat-dissipating
capacity.

The cooling rate for rectangular housings can be estimated from

�
84

n
200
� + 0.01 without fan

C1 = 	 (12.19)

�
51

n
600
� + 0.01 with fan

where C1 is the heat dissipated in Btu/(h)(in2)(°F), British thermal units per
hour–inch squared–degrees Fahrenheit, and n is the speed of the worm shaft in rota-
tions per minute. Note that the rates depend on whether there is a fan on the worm
shaft. The rates are based on the area of the casing surface, which can be estimated
from

Ac = 43.2C1.7 (12.20)

where Ac is in square inches.
The temperature rise can be computed by equating the friction horsepower to

the heat-dissipation rate. Thus

hp(friction) = (12.21)

or

∆T(°F) = (12.22)

The oil temperature should not exceed 180°F. Clearly the horsepower rating of a
gear set may be limited by temperature rather than by gear strength. Both must be
checked. Of course, means other than natural radiation and convection can be
employed to solve the heat problem.

hp(friction)(60)(33 000)
���

778C1Ac

778C1Ac∆T
��
60(33 000)

18.6(17 024)
��

396 000
779(6)(1800)
��
126 000(24)

WfVS
�
396 000

WGt
DnW

��
126 000mG
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12.7 DESIGN STANDARDS

The American Gear Manufacturer’s Association† has issued certain standards relat-
ing to worm-gear design. The purpose of these publications, which are the work of
broad committees, is to share the experience of the industry and thus to arrive at
good standard design practice. The following relate to industrial worm-gear design
and are extracted from [12.1] with the permission of the publisher.

Gear sets with axial pitches of 3⁄16 in and larger are termed coarse-pitch. Another
standard deals with fine-pitch worm gearing, but we do not include these details
here. It is not recommended that gear and worm be obtained from separate sources.
Utilizing a worm design for which a comparable hob exists will reduce tooling costs.

12.7.1 Number of Teeth of Gear

Center distance influences to a large extent the minimum number of teeth for the
gear. Recommended minimums are shown in Table 12.5. The maximum number of
teeth selected is governed by high ratios of reduction and considerations of strength
and load-carrying capacity.

12.7.2 Number of Threads in Worm

The minimum number of teeth in the gear and the reduction ratio determine the
number of threads for the worm. Generally, 1 to 10 threads are used. In special cases,
a larger number may be required.

12.7.3 Gear Ratio

Either prime or even gear ratios may be used. However, if the gear teeth are to be
generated by a single-tooth “fly cutter,” the use of a prime ratio will eliminate the
need for indexing the cutter.

WORM GEARING 12.13

† American Gear Manufacturer’s Association (AGMA), Alexandria, Virginia.

TABLE 12.5 Recommended Minimum 
Number of Gear Teeth
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12.7.4 Pitch

It is recommended that pitch be specified in the axial plane of the worm and that it
be a simple fraction, to permit accurate factoring for change-gear ratios.

12.7.5 Worm Pitch Diameter

The pitch diameter of the worm for calculation purposes is assumed to be at the
mean of the working depth. A worm does not have a true pitch diameter until it is
mated with a gear at a specified center distance. If the actual addendum and deden-
dum of the worm are equal, respectively, to the addendum and dedendum of the
gear, then the nominal and actual pitch diameters of the worm are the same. How-
ever, it is not essential that this condition exist for satisfactory operation of the
gearing.

Although a relatively large variation in worm pitch diameter is permissible, it
should be held within certain limits if the power capacity is not to be adversely
affected. Therefore, when a worm pitch diameter is selected, the following factors
should be considered:

1. Smaller pitch diameters provide higher efficiency and reduce the magnitude of
tooth loading.

2. The root diameter which results from selection of a pitch diameter must be suffi-
ciently large to prevent undue deflection and stress under load.

3. Larger worm pitch diameters permit utilization of larger gear face widths, pro-
viding higher strength for the gear set.

4. For low ratios, the minimum pitch diameter is governed, to some degree, by the
desirability of avoiding too high a lead angle. Generally, the lead is limited to a
maximum of 45°. However, lead angles up to 50° are practical.

12.7.6 Gear Pitch Diameter

The selection of an approximate worm pitch diameter permits the determination of
a corresponding approximate gear pitch diameter. In the normal case where the
addendum and dedendum of the worm are to be equal, respectively, to the adden-
dum and dedendum of the gear, a trial value of gear pitch diameter may be found
by subtracting the approximate worm pitch diameter from twice the center distance
of the worm and gear. Once the number of teeth for the gear has been selected, it is
desirable to arrive at an exact gear pitch diameter by selecting for the gear circular
pitch a fraction, which can be conveniently factored into a gear train for processing
purposes, and calculating gear pitch diameter from the formula in Table 12.6.
Should the actual value of gear pitch diameter differ from the trial value, the worm
pitch diameter must be adjusted accordingly through the use of the formula in
Table 12.7.

It is not essential that the pitch circle of the gear be at the mean of the working
depth. Where there are sufficient teeth in the gear and the pressure angle is high
enough to prevent undercutting, the pitch line can be anywhere between the mean
of the depth and the throat diameter of the gear, or even outside the throat. This
results in a short addendum for the gear teeth and lengthens the angle of recess. It is
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also practical for the gear pitch diameter to be located somewhat below the mean of
the working depth.

12.7.7 Worm Thread and Gear-Tooth Proportions

Pressure Angle. Several factors deserve consideration in the selection of the pres-
sure angle. Smaller values of pressure angle decrease the separating forces, extend
the line of action, and result in less backlash change with change in center distance.
Larger values of pressure angle provide stronger teeth and assist in preventing
undercutting of the teeth where lead angles are larger. The recommended pressure
angles are listed in Table 12.8. These, used with the system for stubbing teeth (Table
12.9), will avoid undercutting.

WORM GEARING 12.15

TABLE 12.6 Dimensions of the Gear

TABLE 12.7 Dimensions of the Worm
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Although its use is discouraged, a 14° normal pressure angle may be used for lead
angles up to 17°. A detailed study of gear-tooth action is employed by some design-
ers to utilize pressure angles less than 25° where worm lead angles are above 30°.

Tooth Depth Proportions. The choice of tooth depth proportions is governed, to a
great extent, by the need to avoid undercutting of the gear teeth. Commonly used
tooth depth proportions for lead angles to, but not including, 30° are listed in Table
12.10. However, other acceptable practices are used by several manufacturers.

12.16 GEARING

TABLE 12.8 Recommended Values for the
Normal Pressure Angle

TABLE 12.9 System for Stubbing Teeth†

TABLE 12.10 Dimensions Common to Both
Worm and Gear†
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Table 12.9 presents a system for stubbing teeth to be used in conjunction with the
pressure angles in Table 12.8 for lead angles 30° and above.

Tooth Thickness. The gear-tooth normal thickness preferably should be not less
than half the normal pitch at the mean of the working depth. In view of the lower-
strength material normally used for the gear, it is the practice of some manufactur-
ers to make the gear tooth appreciably thicker than the worm thread. The extent to
which this procedure can be followed is limited by the necessity for providing ade-
quate land thickness at the thread peaks.

Tooth or Thread Forms. The most important detail of the worm thread form is
that it must be conjugate to that of the gear tooth. The thread form varies with indi-
vidual manufacturers’ practices and may be anything between the extremes of a
straight side and the normal section of an involute helicoid.

12.7.8 Gear Blank Dimensions

Face Width. The effective face width of a worm gear varies with the nominal pitch
diameter of the worm and the depth of the thread. The formula for gear face width
given in Table 12.6 is based on the maximum effective face width of a worm gear (the
length of a tangent to the mean worm diameter) between the points where it is inter-
sected by the outside diameter of the worm. Any additional face width is of very lit-
tle value and is wasteful of material.

Diameter Increment. This is the amount that is added to the throat diameter of the
gear to obtain the outside diameter. The magnitude of this increment is not critical
and may vary with manufacturers’ practice. Normal practice is to use approximately
one addendum. It is general practice to round the outside diameter to the nearest
fraction of an inch.

The sharp corners at the point where gear face and outside diameter intersect
should be removed by the use of either a chamfer or a radius, as shown in Fig. 12.7.

WORM GEARING 12.17

FIGURE 12.7 Section of worm and gear. Note that corners of gear teeth
are usually rounded, as shown above the gear centerline; they may, how-
ever, be chamfered, as shown below.
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Rim thicknesses are generally equal to or slightly greater than the whole depth of
the teeth.

12.7.9 Worm Face

The face or length of the worm should be such that it extends beyond the point
where contact between its threads and the teeth of the gear begins. Unlike with spur
and helical gears, the pressure angle of a worm gear varies along the length of the
tooth and becomes quite low on the leaving, or recess, side. This causes contact to
occur on the worm almost to the point where the outside diameter of the worm
intersects the throat diameter of the gear.

The formula in Table 12.7 provides a conservative value of the worm face width
and is based on intersection of worm outside diameter with gear throat diameter.

More exact worm face widths may be determined by detailed calculations or lay-
outs which take into consideration the face width of the gear and fix more definitely
the extent of contact along the worm threads.

Good practice includes the breaking or rounding of the sharp edge of the worm
threads at the end of the worm face. This procedure is particularly important where
the worm face is less than provided for in the formula in Table 12.7.

12.7.10 Bored Worm Blanks

Where it is necessary to use a bored worm, the blank is normally designed with a key
seat for driving purposes. The thickness of material between the worm root and the
key seat should be at least 0.5ht. This is a general recommendation which is governed
to some extent by whether the blank is hardened or unhardened.An increase in this
amount may be necessary if the blank is hardened, particularly if a case-hardening
process is used.

12.8 DOUBLE-ENVELOPING GEAR SETS†

12.8.1 Number of Teeth in Gear

The number of teeth for the gear is influenced to a large extent by center distance.The
recommended number of teeth for various center distances is listed in Table 12.11.
Should special considerations indicate a requirement for fewer teeth, it is advisable to
consult a manufacturer of this type of gearing before you complete the design. For
multiple-thread worms, the number of teeth in the gear should be within the limits
listed in Table 12.11.The maximum number of teeth for single-threaded worms is lim-
ited only by the machines available for cutting gear sets and manufacturing tooling.

12.8.2 Number of Threads in Worm

The minimum number of teeth in the gear and the ratio determine the number of
threads for the worm. Generally, one to nine threads are used. In special cases, a
larger number of threads may be required.

12.18 GEARING

† See Ref. [12.2].
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12.8.3 Gear Ratio

The gear ratio is the quotient of the number of teeth in the gear and the number of
threads in the worm. Either prime or even ratios may be used; however, hob life is
improved with even ratios.

12.8.4 Pitch

It is recommended that pitch be specified in the axial section. Pitch is the result of
design proportions.

12.8.5 Worm Root Diameter

The recommended root diameter for the worm is

dR = (12.23)

It is desirable that the root diameter be not less than that indicated by this formula,
even where the worm threads are cut integral with the shaft. For ratios less than 8/1,
the worm root diameter may be increased. This increase may vary from zero for an
8/1 ratio to plus 15 percent for a 3/1 ratio.

12.8.6 Worm Pitch Diameter

The pitch diameter of the worm is assumed to be at the mean of the working depth
at the center of the worm and is so considered for all calculations. The approximate
worm pitch diameter is

d =

and the corresponding root diameter is

dR = d − 2bG

C 0.875

�
2.2

C 0.875

�
3
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TABLE 12.11 Range of Recommended
Gear-Tooth Numbers
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where bG is the dedendum of gear teeth in inches. Compare this root diameter with
that given by Eq. (12.23). If it does not agree, alter the pitch diameter until the root
diameter is within the desired limits.

Where horsepower rating is not a factor, there is no limitation regarding pitch
diameter of the worm. Where efficiency is not as important as strength or load-
carrying capacity, increasing the worm root diameter and gear face width will result
in greater capacity.

12.8.7 Base Circle

The base circle may be secured from a layout in the following way.The normal pres-
sure angle is always 20°. The axial pressure angle may be obtained from

φx = tan−1 (12.24)

Once the centerline of the worm and gear, the vertical centerline, and the gear pitch
circle are laid out, measure along the common worm and gear pitch circle to the
right or left of the vertical centerline an amount equal to one-fourth the axial circu-
lar pitch px. Through the point thus established and at an angle to the vertical cen-
terline equal to the axial pressure angle φx, extend a line upward. A circle tangent to
this line and concentric to the gear axis is the base circle. Adjust this diameter to the
nearest 0.01 in. The formula for figuring the base circle diameter is

Db = D sin �φx + �
9
N
0

G

°
�� (12.25)

12.8.8 Tooth Depth Proportions

Formulas for figuring the whole depth, working depth, and dedendum of gear teeth
are found in Table 12.12. Note that the working depth is based on the normal circu-
lar pitch and so varies for a given axial pitch.

It is common practice in double-enveloping worm gears to proportion the gear
tooth and worm thread thickness as follows: The gear tooth thickness is 55 percent
of the circular pitch, and the worm thread thickness is 45 percent of the circular
pitch.The backlash in the gear set is subtracted from the worm thread thickness.This
practice has been followed to secure greater tooth strength in the gear, which is the
weaker member.

12.8.9 Tooth or Thread Forms

The thread form is usually straight in the axial section, but any other form may be
used. Since there is no rolling action up or down the flanks, the form is unimportant,
except that it must be the same on the worm and the hob.The straight-sided tooth in
the axial section provides the greatest ease of manufacture and checking of both the
gear sets and the cutting tools.

tan φn
�
cos λ
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12.8.10 Worm Length

The effective length of the worm thread should be the base circle diameter minus
0.10C for lead angles up to and including 20° and minus 0.20C to 0.30C for lead
angles from 20 to 45°. The principal reason for altering this length is to secure the
proper amount of worm thread overlap. The overlap should be a distance along the
worm thread greater than the face width of the gear. The worm thread extending
beyond the effective length must be relieved to prevent interference.

The outside diameter of the worm equals the diameter at the tip of the worm
thread at the effective length.

A formula for computing the flat on the outside diameter of the worm at the
effective length is given in Table 12.12; the worm face equals the effective length plus
twice the flat. The worm face angle is generally 45°.

12.8.11 Gear Blank Dimensions

The face width of the gear should be equal to the root diameter of the worm. Addi-
tional face width will not add proportional capacity and is wasteful of material.
Where gear sets are to be used at less than their rated horsepower, the face width
may be reduced in proportion.

The gear outside diameter may be the point at which the gear face angle inter-
sects the gear throat radius or any desired amount less, except not less than the
throat diameter. The gear throat diameter equals the gear pitch diameter plus one
working depth.

There are generally three types of gear blanks in use: those having the hub inte-
gral, those flanged and counterbored for a bolted spider, and those having a through
bore and fastened by setscrews (or bolts) inserted in drilled and tapped holes

WORM GEARING 12.21

TABLE 12.12 Recommended Worm Tooth Dimensions
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located half in the joint between the blank and spider. In all designs, the thickness of
metal beneath the teeth should be 11⁄4 to 11⁄2 times the whole depth of the tooth.

12.8.12 Materials†

Most of the rating standards are based on the use of worms made from a through-
hardened, high-carbon steel heat-treated to 32 to 38 RC. Where case-hardened
worms are employed, somewhat higher ratings may be used.

Many high-strength gear materials (such as aluminum, heat-treated aluminum,
and nickel bronzes) are used for slow speeds and heavy loads at higher ratings than
shown in [12.2].
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LIST OF SYMBOLS

A Area
A(t) Screw translation acceleration
C End condition constant
d Major diameter
dc Collar diameter
dm Mean diameter
dr Root or minor diameter
E Modulus of elasticity
F Load force
Fc Critical load force
G Shear modulus
h Height of engaged threads
I Second moment of area
J Polar second moment of area
k Radius of gyration
L Thread lead
Lc Column length
n Angular speed, r/min
ns Number of thread starts
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Ne Number of engaged threads
Pi Basic load rating
p Thread pitch
Sy Yield strength
Tc Collar friction torque
Ti Basic static thrust capacity
TR Raising torque
TL Lowering torque
t Time
V(t) Screw translation speed
w Thread width at root
Wi Input work
Wo Output work
α Flank angle
αn Normalized flank angle
β Thread geometry parameter
∆x Screw translation
∆θ Screw rotation
η Efficiency
λ Lead angle
µt Coefficient of thread friction
µc Coefficient of collar friction
σ Normal stress
σ′ von Mises stress
τ Shear stress
Ψ Helix angle

13.1 INTRODUCTION

Power screws convert the input rotation of an applied torque to the output transla-
tion of an axial force. They find use in machines such as universal tensile testing
machines, machine tools, automotive jacks, vises, aircraft flap extenders, trench
braces, linear actuators, adjustable floor posts, micrometers, and C-clamps. The
mechanical advantage inherent in the screw is exploited to produce large axial forces
in response to small torques.Typical design considerations, discussed in the following
sections, include kinematics, mechanics, buckling and deflection, and stresses.

Two principal categories of power screws are machine screws and recirculating-
ball screws. An example of a machine screw is shown in Fig. 13.1. The screw threads
are typically formed by thread rolling, which results in high surface hardness, high
strength, and superior surface finish. Since high thread friction can cause self-locking
when the applied torque is removed, protective brakes or stops to hold the load are
usually not required.

13.2 GEARING
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Three thread forms that are often
used are the Acme thread, the square
thread, and the buttress thread. As
shown in Fig. 13.2, the Acme thread and
the square thread exhibit symmetric
leading and trailing flank angles, and
consequently equal strength in raising
and lowering. The Acme thread is inher-
ently stronger than the square thread
because of the larger thread width at the
root or minor diameter. The general-
purpose Acme thread has a 141⁄2-degree
flank angle and is manufactured in a
number of standard diameter sizes and
thread spacings, given in Table 13.1. The
buttress thread is proportionately wider
at the root than the Acme thread and is
typically loaded on the 7-degree flank
rather than the 45-degree flank. See
Refs. [13.1], [13.2], [13.3], and [13.4] for
complete details of each thread form.

Ball screws recirculate ball bearings
between the screw rod and the nut, as
shown in Fig. 13.3. The resulting rolling
friction is significantly less than the slid-
ing friction of the machine screw type.
Therefore less input torque and power
are needed. However, motor brakes or
screw stops are usually required to pre-
vent ball screws from self-lowering or
overhauling.

13.2 KINEMATICS

The primary function or design requirement of a power screw is to move an axial
load F through a specified linear distance, called the travel. As a single-degree-of-
freedom mechanism, screw travel is constrained between the fully extended position
xmax and the closed or retracted position xmin. The output range of motion, therefore,
is xmax − xmin. As the input torque T is applied through an angle of rotation ∆θ, the
screw travels ∆x in proportion to the screw lead L or total number of screw turns Nt

as follows:

∆x = L �
∆
2π

θ
� = LNt (13.1)

In addition to range of motion specifications, other kinematic requirements may be
prescribed, such as velocity or acceleration. The linear screw speed V, in/min, is
obtained for a constant angular speed of n, r/min, as

V = nL (13.2)

POWER SCREWS 13.3

FIGURE 13.1 Power screw assembly using
rolled thread load screw driven by worm shaft
and gear nut. (Simplex Uni-Lift catalog UC-101,
Templeton, Kenly & Co., Inc., Broadview, Ill.,
with permission.)
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13.4 GEARING

FIGURE 13.2 Basic thread forms. (a) Square; (b) general-purpose Acme;
(c) buttress. The stub Acme thread height is 0.3p.

(a)

(b)

(c)
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The input speed may vary with respect to time t, resulting in a proportional change
in output speed according to

V(t) = ẋ(t) = �
2
L
π
� θ̇(t) (13.3)

Similarly, the linear and angular accelerations of the load screw are related as follows:

A(t) = ẍ(t) = �
2
L
π
� θ̈(t) (13.4)

POWER SCREWS 13.5

TABLE 13.1 Standard Thread Sizes for Acme Thread Form†

Size D, in Threads per inch n
1⁄4 16

5⁄16 16, 14
3⁄8 16, 14, 12, 10

7⁄16 16, 14, 12, 10
1⁄2 16, 14, 12, 10, 8
5⁄8 16, 14, 12, 10, 8
3⁄4 16, 14, 12, 10, 8, 6
7⁄8 14, 12, 10, 8, 6, 5

1 14, 12, 10, 8, 6, 5
11⁄8 12, 10, 8, 6, 5, 4
11⁄4 12, 10, 8, 6, 5, 4
13⁄8 10, 8, 6, 5, 4
11⁄2 10, 8, 6, 5, 4, 3
13⁄4 10, 8, 6, 4, 4, 3, 21⁄2
2 8, 6, 5, 4, 3, 21⁄2, 2
21⁄4 6, 5, 4, 3, 21⁄2, 2
21⁄2 5, 4, 3, 21⁄2, 2
23⁄4 4, 3, 21⁄2, 2
3 4, 3, 21⁄2, 2, 11⁄2, 11⁄3
31⁄2 4, 3, 21⁄2, 2, 11⁄2, 11⁄3, 1
4 4, 3, 21⁄2, 2, 11⁄2, 11⁄3, 1
41⁄2 3, 21⁄2, 2, 11⁄2, 11⁄3, 1
5 3, 21⁄2, 2, 11⁄2, 11⁄3, 1

† The preferred size is shown in boldface.

FIGURE 13.3 Ball screw assembly. (Saginaw Steering Gear Division, General
Motors Corporation.)
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Inertia forces and torques are often neglected for screw systems which have small
accelerations or masses. If the screw accelerates a large mass, however, or if a nomi-
nal mass is accelerated quickly, then inertia forces and torques should be analyzed.
The total required input torque is obtained by superposing the static equilibrium

torque, the torque required to accelerate
the load, and the inertia torque of the
screw rod itself.The inertia torque of the
screw is sometimes significant for high-
speed linear actuators. And lastly,
impacts resulting from jerks can be ana-
lyzed using strain-energy methods or
finite-element methods.

13.3 MECHANICS

Under static equilibrium conditions, the
screw rotates at a constant speed in
response to the input torque T shown
in the free-body diagram of Fig. 13.4. In
addition, the load force F, normal force
N, and sliding friction force Ff act on the
screw. The friction force opposes rela-
tive motion. Therefore, the direction of
the friction force Ff will reverse when
the screw translates in the direction of

the load rather than against it. The torques required to raise the load TR (i.e., move
the screw in the direction opposing the load) and to lower the load TL are

TR = � � (13.5)

TL = � � (13.6)

where dm = d − p/2
L = pns

tan λ = �
π
L
dm
�

tan αn = tan α cos λ
β = cos αn (β = 1 for square threads)

The thread geometry parameter β includes the effect of the flank angle α as it is pro-
jected normal to the thread and as a function of the lead angle. For general-purpose
single-start Acme threads, α is 14.5 degrees and β is approximately 0.968, varying
less than 1 percent for diameters ranging from 1⁄4 in to 5 in and thread spacing rang-
ing from 2 to 16 threads per inch. For square threads, β = 1.

In many applications, the load slides relative to a collar, thereby requiring an
additional input torque Tc :

Tc = (13.7)

Ball and tapered-roller thrust bearings can be used to reduce the collar torque.

Fµcdc�
2

πµtdm − Lβ
��
πdmβ + µ tL

Fdm�
2

πµtdm + Lβ
��
πdmβ − µ tL

Fdm�
2
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FIGURE 13.4 Free-body diagram of load
screw.
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The starting torque is obtained by substituting the static coefficients of friction
into the above equations. Since the sliding coefficient of friction is roughly 25 per-
cent less than the static coefficient, the running torque is somewhat less than the
starting torque. For precise values of friction coefficients, specific data should be
obtained from the published technical literature and verified by experiment.

Power screws can be self-locking when the coefficient of friction is high or the
lead is small, so that πµtdm > L or, equivalently, µt > tan λ. When this condition is not
met, the screw will self-lower or overhaul unless an opposing torque is applied.

A measure of screw efficiency η can be formulated to compare the work output
Wo with the work input Wi :

η = �
W
W

o

i
� = (13.8)

where T is the total screw and collar torque. Similarly, for one revolution or 2π radi-
ans and screw translation L,

η = (13.9)

Screw manufacturers often list output travel speed V, in in/min, as a function of
required motor torque T in lbf ⋅ in, operating at n r/min, to lift the rated capacity F, in
lbf. The actual efficiency for these data is therefore

η = (13.10)

Efficiency of a square-threaded power screw with respect to lead angle λ, as shown
in Fig. 13.5, is obtained from

η = (13.11)
1 − µ tan λ
��
1 + µ cot λ

FV
�
2πnT

FL
�
2πT

F ∆x
�
T ∆θ

POWER SCREWS 13.7

FIGURE 13.5 Screw efficiency η versus thread lead angle λ.
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Note the importance of proper lubrication. For example, for λ = 10 degrees and 
µ = 0.05, η is over 75 percent. However, as the lubricant becomes contaminated
with dirt and dust or chemically breaks down over time, the friction coefficient can
increase to µ = 0.30, resulting in an efficiency η = 35 percent, thereby doubling the
torque, horsepower, and electricity requirements.

13.4 BUCKLING AND DEFLECTION

Power screws subjected to compressive loads may buckle. The Euler formula can be
used to estimate the critical load Fc at which buckling will occur for relatively long
screws of column length Lc and second moment of area I = πdr

4/64 as

Fc = � � (13.12)

where C is the theoretical end-condition constant for various cases given in Table
13.2. Note that the critical buckling load Fc should be reduced by an appropriate
load factor of safety as conditions warrant. See Chap. 30 for an illustration of various
end conditions and effective length factor K, which is directly related to the end-
condition constant by C = 1/K2.

A column of length Lc and radius of gyration k is considered long when its slen-
derness ratio Lc /k is larger than the critical slenderness ratio:

> � �critical
(13.13)

> � �
1/2

(13.14)

The radius of gyration k, cross-sectional area A, and second moment of area I are
related by I = Ak2, simplifying the above expression to

> �
1
4

� � �
1/2

(13.15)

For a steel screw whose yield strength is 60 000 psi and whose end-condition constant
is 1.0, the critical slenderness ratio is about 100, and Lc /dr is about 25. For steels whose
slenderness ratio is less than critical, the Johnson parabolic relation can be used:

= Sy − �
C
1
E
� � �

2

(13.16)
Sy Lc
�
2πk

Fc�
A

2π2CE
�

Sy

Lc�
dr

2π 2CE
�

Sy

Lc�
k

Lc�
k

Lc�
k

πdr
4

�
64

Cπ2E
�

Lc
2
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TABLE 13.2 Buckling End-Condition
Constants

End condition C

Fixed-free 1⁄4
Rounded-rounded 1
Fixed-rounded 2
Fixed-fixed 4
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which can be solved for a circular cross section of minor diameter dr as

dr = �� +��� (13.17)

The load should be externally guided for long travels to prevent eccentric loading.
Axial compression or extension δ can be approximated by

δ = = (13.18)

And similarly, angle of twist φ, in radians, can be approximated by

φ = = (13.19)

13.5 STRESSES

Using St.Venants’ principle, the nominal shear and normal stresses for cross sections
of the screw rod away from the immediate vicinity of the load application may be
approximated by

τ = �
T
J
r
� = (13.20)

σx = �
A
F

� = (13.21)

Failure due to yielding can be estimated by the ratio of Sy to an equivalent, von
Mises stress σ′ obtained from

σ′ = �����
2

� +� 3� ����
2

� = �
π
4

� �����
2

� +� 4�8� ����
2

� (13.22)

The nominal bearing stress σb on a nut or screw depends on the number of
engaged threads Ne = h/p of pitch p and engaged thickness h and is obtained from

σb = = � � (13.23)

Threads may also shear or strip off the screw or nut because of the load force,
which is approximately parabolically distributed over the cylindrical surface area
Acyl. The area depends on the width w of the thread at the root and the number of
engaged threads Ne according to Acyl = πdwNe. The maximum shear stress is esti-
mated by

τ = �
3
2

� �
A
F

cyl
� (13.24)

For square threads such that w = p/2, the maximum shear stress for the nut thread is

τ = �
π
3
d
F
h

� (13.25)

p
�
h

4F
��
π (d2 − dr

2)
F

�
Aprojected

T
�
d r

3

F
�
dr

2

16T
�
πdr

3

4F
�
πdr

2

4F
�
πdr

2

16T
�
πdr

4

32TLc�
πdr

4G
TLc�
JG

4FLc�
πdr

2E
FLc�
AE

SyLc
2

�
π2CE

Fc�
πSy
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To obtain the shear stress for the screw thread, substitute dr for d. Since dr is slightly
less than d, the stripping shear stress for the screw is somewhat larger.

Note that the load flows from the point of load application through the thread
geometry to the screw rod. Because of the nonlinear strains induced in the threads
at the point of load application, each thread carries a disproportionate share of the
load. A detailed analytical approach such as finite-element methods, backed up by
experiments, is recommended for more accurate estimates of the above stresses
and of other stresses, such as a thread bending stress and hoop stress induced in
the nut.

13.6 BALL SCREWS

The design of ball screw assemblies is similar to that of machine screw systems. Kine-
matic considerations such as screw or nut travel, velocity, and acceleration can be
estimated following Sec. 13.2. Similarly input torque, power, and efficiency can be
approximated using formulas from Sec. 13.3. Critical buckling loads can be esti-
mated using Eq. (13.12) or (13.16). Also, nominal shear and normal stresses of the
ball screw shaft (or rod) can be estimated using Eqs. (13.20) and (13.21).

Design for strength, however, is typically completed using a catalog selection pro-
cedure rather than analytical stress-versus-strength analysis. Ball screw manufactur-
ers usually list static and dynamic load capacities for a variety of screw shaft (rod)
diameters, ball diameters, and screw leads; an example is shown in Table 13.3. The
static capacity for basic static thrust capacity Ti, lbf, is the load which will produce a
ball track deformation of 0.0001 times the ball diameter. The dynamic capacity or
basic load rating Pi, lbf, is the constant axial load that a group of ball screw assem-
blies can endure for a rated life of 1 million inches of screw travel. The rated life is
the length of travel that 90 percent of a group of assemblies will complete or exceed
before any signs of fatigue failure appear. The catalog ratings, developed from labo-
ratory test results, therefore involve the effects of hertzian contact stresses, manu-
facturing processes, and surface fatigue failure.

The catalog selection process requires choosing the appropriate combination of
screw diameter, ball diameter, and lead, so that the axial load F will be sufficiently
less than the basic static thrust capacity or the basic load rating for the rated axial
travel life. For a different operating travel life of X inches, the modified basic load
rating PiX, lbf, is obtained from

PiX = Pi��
1
X
06

��
1/3

(13.26)

An equivalent load rating P can be obtained for applications involving loads P1, P2,
P3, . . . , Pn that occur for C1, C2, C3, . . . , Cn percent of the life, respectively:

P = ��� (13.27)

For the custom design of a ball screw assembly, see Ref. [13.5], which provides a
number of useful relations.

C1P 1
3 + C2P2

3 + ⋅ ⋅ ⋅ + CnPn
3

���
100
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POWER SCREWS 13.11

TABLE 13.3 Sizes and Capacities of Ball Screws†

Major diameter, in Lead, in, mm Ball diameter, in Dynamic capacity, lb Static capacity, lb

0.750 0.200 0.125 1 242 4 595
0.250 0.125 1 242 4 495

0.875 0.200 0.125 1 336 5 234
0.250 0.125 1 336 5 234

1.000 0.200 0.125 1 418 5 973
0.200† 0.156 1 909 7 469
0.250 0.125 1 418 5 973
0.250 0.156 1 909 7 469
0.250 0.187 — —
0.400 0.125 1 418 5 973
0.400 0.187 — —

1.250 0.200 0.125 1 904 9 936
0.200† 0.156 2 583 12 420
0.250 0.125 1 904 9 936
0.250 0.156 2 583 12 420
0.250 0.187 3 304 15 886

1.500 0.200 0.125 2 046 11 908
0.200† 0.156 2 786 14 881
0.250 0.156 2 786 14 881
0.250 0.187 3 583 18 748
0.500 0.156 2 786 14 881
0.500 0.250 5 290 24 762

1.500 5† 0.125 2 046 11 908
5 0.156 2 787 14 881

10 0.156 2 786 14 881
10 0.250 5 290 24 762
10 0.312 7 050 29 324

1.750 0.200 0.125 2 179 13 879
0.200† 0.156 2 968 17 341
0.250 0.156 2 968 17 341
0.250 0.187 3 829 20 822
0.500 0.187 3 829 20 882
0.500 0.250 5 664 27 917
0.500 0.312 7 633 33 232

2.000 0.200 0.125 2 311 15 851
0.200† 0.156 3 169 19 801
0.250 0.156 3 169 19 801
0.250 0.187 4 033 23 172
0.400 0.250 6 043 31 850
0.500 0.312 8 135 39 854
5 0.125 2 311 15 851
5† 0.156 3 169 19 801
6 0.156 3 169 19 801
6 0.187 4 033 23 172

10 0.250 6 043 31 850
10 0.312 8 135 39 854
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13.7 OTHER CONSIDERATIONS

A number of other important design factors should also be considered. Principal
among these is lubrication. Greases using lithium thickeners with antioxidants and
EP additives are effective in providing acceptable coefficients of sliding friction and
corrosion protection. For operating environments which expose the screw threads to
dust, dirt, or water, a protective boot, made of a compatible material, is recom-
mended. Maintenance procedures should ensure that the screw threads are free of
contaminants and have a protective film of grease. Operation at ambient tempera-
tures in excess of 200°F requires special lubricants and boot materials as recom-
mended by the manufacturer.

Screw and nut threads will wear with use, especially in heavy-duty-cycle applica-
tions, increasing the backlash from the as-manufactured allowance. Use of adjust-
able split nuts and routine inspection of thread thickness is recommended.

Power screws employing electric motors are often supplied with integral limit
switches to control extension and retraction.To prevent ejection of the screw in case
of a limit switch failure, a stop nut can be added. In addition, a torque-limiting clutch
can be integrated at the motor to prevent equipment damage.

13.12 GEARING

TABLE 13.3 Sizes and Capacities of Ball Screws† (Continued)

Major diameter, in Lead, in, mm Ball diameter, in Dynamic capacity, lb Static capacity, lb

2.250 0.250 0.156 3 306 22 262
0.250 0.187 4 266 26 684
0.500 0.312 8 593 44 780
0.500 0.375 10 862 53 660

2.500 0.200 0.125 2 511 19 794
0.200 0.156 3 134 24 436
0.250 0.187 4 410 29 671
0.400 0.250 6 633 39 746
0.500 0.312 9 015 49 701
0.500 0.375 10 367 59 308
5 0.125 2 511 19 794
5† 0.156 3 134 24 436

10 0.250 6 633 39 746
10 0.312 9 015 49 701

3.000 0.250 0.187 4 810 35 570
0.400 0.250 7 125 47 632
0.500 0.375 12 560 71 685
0.660 0.375 12 560 71 685

10 0.250 7 125 47 632
10 0.312 9 744 58 648

3.500 0.500 0.312 10 360 69 287
0.500 0.375 13 377 83 514
1.000 0.500 19 812 111 510
1.000 0.625 26 752 139 585

4.000 0.500 0.375 14 088 95 343
1.000 0.500 21 066 127 282

† These values are not recommended; consult manufacturer.
Source: 20th Century Machine Company, Sterling Heights, Mich., by permission.
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CHAPTER 14
BELT DRIVES

Wolfram Funk, Prof. Dr.-Ing.
Fachbereich Maschinenbau

Fachgebiet Maschinenelemente und Getriebetechnik
Universität der Bundeswehr Hamburg

Hamburg, Germany

14.1 GENERAL / 14.4

14.2 FLAT-BELT DRIVE / 14.16

14.3 V-BELT DRIVE / 14.21

14.4 SYNCHRONOUS-BELT DRIVE / 14.27

14.5 OTHER BELT DRIVES / 14.37

14.6 COMPARISON OF BELT DRIVES / 14.39

NOMENCLATURE

A Cross section
b Width
cβ Angular factor
cB Service factor
d1 Diameter of driving pulley
d2 Diameter of driven pulley
e Center distance
E Modulus of elasticity
F Force
fb Bending frequency
l Datum length of flexible connector
M Torque
n Speed
P Power
q Mass per length
r Radius
s Belt thickness
t Pitch
v Velocity
z Number

14.3
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α Included angle

β Angle of wrap

ε Elongation (strain)

µ Coefficient of friction

η Efficiency

ψ Slip

ρ Specific mass

σ Stress

Indices

1 Driving

2 Driven

b Bending

f Centrifugal

max Maximum

w Effective

zul Allowable

N Nominal

14.1 GENERAL

Flexible-connector drives are simple devices used to transmit torques and rota-
tional motions from one to another or to several other shafts, which would usually
be parallel. Power is transmitted by a flexible element (flexible connector) placed on
pulleys, which are mounted on these shafts to reduce peripheral forces. The trans-
mission ratios of torques and speeds at the driving and driven pulleys are deter-
mined by the ratio of pulley diameters. Peripheral forces may be transmitted by
either frictional (nonpositive) or positive locking of the flexible connector on the
pulleys.

Because of their special characteristics, flexible-connector drives have the fol-
lowing advantages and disadvantages as compared with other connector drives:

Advantages:

● Small amount of installation work
● Small amount of maintenance
● High reliability
● High peripheral velocities
● Good adaptability to the individual application
● In some cases, shock- and sound-absorbing
● In some cases, with continuously variable speed (variable-speed belt drive)

14.4 POWER TRANSMISSION
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Disadvantages:

● Limited power transmission capacity
● Limited transmission ratio per pulley step
● In some cases, synchronous power transmission impossible (slip)
● In some cases, large axle and contact forces required

14.1.1 Classification According to Function

According to function, flexible-connector drives are classified as (1) nonpositive and
(2) positive.

Nonpositive flexible-connector drives transmit the peripheral force by means of
friction (mechanical force transmission) from the driving pulley to the flexible con-
nector and from there to the driven pulley(s).The transmissible torque depends on the
friction coefficient of the flexible connector and the pulleys as well as on the surface
pressure on the pulley circumference. The power transmission capacity limit of the
drive is reached when the flexible connector starts to slip. By use of wedge-shaped
flexible connectors, the surface pressure can be increased, with shaft loads remaining
constant, so that greater torques are transmitted. Since nonpositive flexible-connector
drives tend to slip, synchronous power transmission is impracticable.

The positive flexible-connector drive transmits the peripheral force by positive
locking of transverse elements (teeth) on the connector and the pulleys. The surface
pressure required is small. The transmissible torque is limited by the distribution of
the total peripheral force to the individual teeth in engagement and by their func-
tional limits. The power transmission capacity limit of the drive is reached when the
flexible connector slips. Power transmission is slip-free and synchronous.

14.1.2 Geometry

The dimensions of the different components [pulley diameter, center distance,
datum length (pitch length) of the flexible connector] and the operational charac-
teristics (speed ratio, angle of wrap, included angle) are directly interrelated.

Two-Pulley Drives. For the standard two-pulley drive, the geometry is simple (Fig.
14.1). In general, this drive is designed with the center distance and the speed ratio
as parameters. The individual characteristics are related as follows: Speed ratio:

i = = (14.1)

Included angle:

sin α = = (i − 1) (14.2)

Angles of wrap:

β1 = 180° − 2α = 180° − 2 arcsin (i − 1)

β2 = 180° + 2α = 180° + 2 arcsin (i − 1)

(14.3)
d1
�
2e

d1
�
2e

d1
�
2e

d2 − d1
�

2e

d2
�
d1

n1
�
n2
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Datum length of flexible connector:

l = 2e cos α + π �d1 + d2 �
= 2e cos α + [180° − 2α + i(180° + 2α)]

(14.4)

Approximate equation:

l ≈ 2e + 1.57(d1 + d2) +

= 2e + 1.57d1(i + 1) + (i − 1)2

(14.5)

The minimum diameter allowable for the flexible connector selected is often sub-
stituted for the unknown parameter d1 (driving-pulley diameter) required for the
design.

Multiple-Pulley Drives. For the multiple-pulley drive (one driving pulley, two or
more driven pulleys), the geometry is dependent on the arrangement of the pulleys
(Fig. 14.2). These drives have the following characteristics: Speed ratios:

i12 = = i13 = = i1m = =

Included angles:

sin α12 = (i12 − 1) (14.6)

sin α13 = (i13 − 1) (14.7)
d1

�
2e13

d1
�
2e12

dm
�
d1

n1
�
nm

d3
�
d1

n1
�
n3

d2
�
d1

n1
�
n2

d 1
2

�
4e

(d2 − d1)2

��
4e

πd1
�
360°

β2
�
360°

β1
�
360°
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sin α1m = (i1m − 1) (14.8)

sin αkm = (ikm − 1) (14.9)

Angles of wrap:

βj = 180° − αj,j − 1 − αj,j + 1 − γj (14.10)

where j = index of pulley
γj = angle between center distances

l = + e12 cos α12 + + e23 cos α23 + ⋅⋅⋅

+ + ekm cos αkm + + e1m cos α 1m (14.11)

14.1.3 Forces in Moving Belt

Friction is employed in transmitting the peripheral forces between the belt and the
pulley. The relation of the friction coefficient µ, the arc of contact β, and the belt
forces is expressed by Eytelwein’s equation. For the extreme case, i.e., slippage along
the entire arc of contact, this equation is

= exp (14.12)
µβπ
�
180

F 1′
�
F2′

βmπdm
�

360
βkπdk
�

360

β2πd2
�

360
β1πd1
�

360

dk
�
2ekm

d1
�
2e1m
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FIGURE 14.2 Multiple-pulley drives.
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For normal operation of the drive without belt slip, the peripheral force is transmit-
ted only along the active arc of contact βw < β (according to Grashof), resulting in a
force ratio between the belt sides of

= exp (14.13)

The transmission of the peripheral force between the belt and the pulley then occurs
only within the active arc of contact βw with belt creep at the driven pulley and the
corresponding contraction slip at the driving pulley. During operation, the belt
moves slip-free along the inactive arc of contact, then with creep along the active arc
of contact. If the inactive arc of contact equals zero, the belt slips and may run off the
pulley.

Along the inactive arc of contact, the angular velocity in the neutral plane equals
that of the pulley. Along the active arc of contact, the velocity is higher in the tight
side of the belt owing to higher tension in that side than in the slack side. Since this
velocity difference has to be offset, slip results. This slip leads to a speed difference
between the engagement point and the delivery point on each pulley, which amounts
up to 2 percent depending on the belt material (modulus of elasticity), and load:

ψ = = ≈ ∆ε = = (14.14)

For practical design purposes, the calculations for a belt drive are usually based on
the entire arc of contact β of the smaller pulley (full load), since the active arc of con-
tact is not known, and the belt slips at the smaller pulley first.

= m = exp (14.15)

Centrifugal forces acting along the arcs of contact reduce the surface pressure there.
As these forces are supported by the free belt sides, they act uniformly along the
entire belt:

Ff = ρv2A = qv2 (14.16)

With increasing belt velocity v, constant center distance e, and constant torques, the
forces F1 and F2 acting along the belt sides as well as the peripheral force (usable
force) Fu remain constant, whereas the surface pressure and the usable forces F 1′ and
F2′ in the belt sides are reduced. Usable forces in belt sides:

F 1′ = F1 − Ff = mF 2′

F 2′ = F2 − Ff =
(14.17)

Peripheral force:

Fu = F 1′ − F2′ = F1 − F2 = F 1′�1 − �
= F2′(m − 1)

(14.18)

1
�
m

F 1′
�
m

µβπ
�
180

F 1′
�
F 2′

σn
�
E

σ1 − σ2
�

E
(l2 + ∆ l) − l2
��

l2 + ∆l
v1 − v2
�

v1

µβw π
�
180

F 1′
�
F2′
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Because

Fu = F2′(m − 1) m = exp (14.19)

βw becomes greater, until the belt slips on the pulley with the smaller arc of contact
when βw = β. When Ff = F2, there are no usable forces; that is, F2′ = F 1′ = Fu = 0. In this
case, no torque can be transmitted. If belt velocity v is increased further, the belt runs
off the pulley.

The maximum force in the belt sides is given by

Fmax = F1 = F2′ + Fu + Ff (14.20)

With only the centrifugal forces acting, the belt is in equilibrium. They do not act on
the pulleys at all. Hence, the shaft load Fw of a belt drive results from only the usable
forces F 1′ and F 2′ in the belt sides (Fig. 14.3):

Fw = �F′12 � F��′22 � 2F��′1F′2 cos�� ��� (14.21)

µβwπ
�
180
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FIGURE 14.3 Equilibrium of forces.

The force rating

Φ = = (m − 1) �m2 ��1 � 2m� cos ß�

defines the minimum shaft tensioning force required for peripheral force produc-
tion as a function of the friction coefficient µ and the arc of contact β.

The rated output K = Fu /F 1′ = 1 − 1/m defines the peripheral force Fu which can be
produced by the permissible force F 1′ as a function of the friction coefficient µ and
the arc of contact β. The reduction in rated output with decreasing arc of contact is
defined by an angular factor cβ, based on β = 180°, that is, a speed ratio of i = 1.

The tensions in a homogeneous belt result from the forces acting in the belt and
the belt cross section, A = bs. For multiple-ply belts, these tensions can be used only
as theoretical mean values.

Fu
�
Fw
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Bending of the belt around the pulley produces the bending stress σb. This stress
can be calculated from the elongation of the belt fibers with respect to the neutral
axis:

∆ l = β(r + s) − β �r + � = β

ε = = = ≈ (14.22)

σb = εEb ≈ Eb (14.23)

The strain ε increases with decreasing pulley diameter d. For practical design pur-
poses, σb is not taken into consideration, since belt life depends much less on σb than
on the bending frequency.

The maximum stress is in the tight side of the belt at the beginning and end of the
arc of contact, i.e., the points where it passes onto or off the smaller pulley (Fig. 14.4):

σmax = σ 1′ + σf + σb = + ρv2 + Eb (14.24)

The safety stress depends on the bending frequency and the smallest pulley diame-
ter as well as on the material and the construction of the belt as indicated by the
manufacturer. With z = number of pulleys, the bending frequency is given by

fb = (14.25)
vz
�
l

s
�
d

F 1′
�
A

s
�
d

s
�
d

s
�
2r + s

βs/2
��
β(r + s/2)

∆ l
�
l

s
�
2

s
�
2
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FIGURE 14.4 Stress distribution.
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The maximum power transmission capacity of a belt drive can be determined as
follows: The power transmission capacity

P = Fuv = σnAv

equals zero if the belt velocity v either equals zero or reaches a maximum at which
the belt safety stress limit is approached by the centrifugal and bending stresses
alone, so that

σ 1′ = σ 2′ = σn = 0

Then

σzul = σf + σb = ρvmax
2 + σb (14.26)

from which the maximum belt velocity can be calculated as follows:

vmax = �� (14.27)

Optimum power transmission is possible only at the optimum belt velocity vopt

within the range of v = 0 and v = vmax. It depends on the belt safety stress and is given
by

vopt = = (14.28)

In theory, this equation applies to all flexible connectors, under the assumption of
σzul (belt safety stress) [or Fzul (allowable load)] being independent of belt velocity.
Since σzul decreases with increasing belt velocity, though, the stress and power trans-
mission capacity diagrams are as shown in Fig. 14.5.

14.1.4 Arrangement and Tensioning Devices

Because of their good twistability, flexible connectors are suited for drives with pul-
leys in different planes and nonparallel shafts of equal or opposite directions of rota-
tion. Since the outer fibers of a twisted flat belt or synchronous belt are strained
more than the center fibers, stress is higher there, resulting in the reduction of the
belt power transmission capacity.

Figures 14.6 and 14.7 show several belt drives with pulleys in different planes.
Note that for drives with crossed belts (Fig. 14.6), endless belts have to be used, in
order to avoid damage. For half- or quarter-turn belt drives (Fig. 14.7), the side of
delivery must lie in the plane of the mating pulley. By the use of step (cone) pulleys,
different speed ratios may be obtained (Fig. 14.8). Pulley diameters have to be
selected to ensure equal belt lengths on all steps.

The belt rim running onto the larger diameter of a cone pulley (Fig. 14.9) has a
higher velocity than the opposite rim.Thus, the following belt portion is skewed and
then runs onto a larger diameter. The drive is balanced when the bending moment
due to the bending deformation of the belt is compensated by the skew of the belt
side running off (Fig. 14.10).

vmax
�

σzul − σb
�

3ρ

σzul − σb
�

ρ

BELT DRIVES 14.11

�3�

BELT DRIVES

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



14.12 POWER TRANSMISSION

FIGURE 14.5 Stress and power transmission capacity.

FIGURE 14.6 Examples of crossed belt drives.

(a) (b)

(c)
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The minimum shaft tensioning force Fw required for nonpositive-type force
transmission can be produced as shown in Figs. 14.11 to 14.14.

1. Pretensioning by belt strain: The belt is cut to such a length that it is elasti-
cally preloaded when it is placed on the pulleys. Since both the forces F′ in the belt
sides and the shaft initial tensioning force are reduced by the action of centrifugal
forces, σf has to be added to the initial tension of the belt to ensure proper transmis-
sion of peripheral forces by friction.

2. Pretensioning by adjustment of center distance: The shaft tensioning force Fw

is produced by shifting the driving motor on a slide.The belt drive may be preloaded
either by adjustment of a threaded spindle or by spring action or weighting.

3. Pretensioning by means of a belt tightener acting on the slack side: The slack
side of the belt is provided with a pulley to tighten it—with its own weight or by
means of counterweights or by spring action—and increase the arcs of contact on

BELT DRIVES 14.13

(a)

FIGURE 14.7 Belt drives with pulleys in different planes.

(b)

(c) (d)
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FIGURE 14.8 Step pulleys. FIGURE 14.9 Cone pulley.

FIGURE 14.10 Cone-pulley drive.
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BELT DRIVES 14.15

FIGURE 14.11 Pretensioning by belt strain.

FIGURE 14.12 Pretensioning by adjustment
of center distance.

FIGURE 14.13 Pretensioning with a belt tightener.
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both the driving and the driven pulleys.
The belt tightener produces a constant
force F2′ for all operating conditions but
increases the bending frequency fb, thus
reducing the safety stress of the belt.
Taking this into consideration, we see
that the belt tightener used should have
a minimum diameter equaling that of
the smaller pulley, if possible.

4. Pretensioning by torque making
use of a rocker or pivoting pulley: Fig-
ure 14.14 shows an arrangement with an
eccentric pulley shaft pivoting the motor
pulley shaft. The pulley is driven by a
gear assembly. The shaft tensioning

force Fw increases almost in proportion to the tooth force FZ, and with the correct
ratio of h2/h1, adapts automatically to the specific torque to be transmitted. Belt slip-
ping is impossible with this method of pretensioning.

For all belt pretensioning methods using tensioning devices which can be
adjusted during operation of the drive (e.g., methods 2 to 4 described above), the
shaft tensioning force Fw and the usable forces F1′ and F2′ in the belt sides are not
influenced by centrifugal force. Centrifugal force increases the belt stress by σf,
though.

14.2 FLAT-BELT DRIVE

Calculations for flat-belt drives are based on Eytelwein’s fundamental equation of
belt friction:

= exp (14.29)

For calculations for a belt drive, the arc of contact of the smaller pulley is substituted
for the arc of contact β, since the belt slips at the smaller pulley first, and the active
arc of contact βw is not known.

The transmissible power P is calculated from the peripheral forces

Fu = F 1′ − F2′ = F2′�exp � � − 1� (14.30)

and the belt velocity v and is expressed by

P1 = v1FuP2 = v2Fu (14.31)

The belt velocities are

v1 = π n1d1 v2 = πn2d2 (14.32)

µβπ
�
180

µβπ
�
180

F 1′
�
F2′
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FIGURE 14.14 Pretensioning by torque.
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BELT DRIVES 14.17

Taking into consideration a service correction factor cB (Table 14.1) for peak over-
loads due to heavy duty, we can calculate the power rating of the drive from P1 by

P = cBP1 (14.33)

The speed ratio, which is slightly dependent on the load because of slip, is

i = = = = (14.34)

In calculations, the approximation

i ≈ (14.35)

may be used.
The efficiency depends on the belt slip only, with the bearing friction and windage

being neglected, since the pull of either belt side at both pulleys must be assumed to
be equal:

η = = = 1 − = 1 − ψ (14.36)

where

M1 = Fu M2 = Fu (14.37)

The bending frequency, which is of particular importance for belt life, is calculated
by

fb = (14.38)

It should not exceed the limit specified for the particular belt material.
Modern high-performance flat belts are designed as multiple-ply belts. They 

consist of two or three plies, each serving a special purpose. Leather belts made 
from hide and balata belts are no longer used. In some cases, the improvements in
power transmission capacity brought about by the development of modern high-
performance flat belts are not fully utilized in standard belt-drive applications. The
utilization of a drive unit is influenced by the design characteristics on which a flat-
belt drive is based. Thus, it is advisable to always consider the whole flat-belt drive
unit instead of just the flat belt.

The major components of a multiple-ply belt are the tension ply and the friction
ply. The purpose of the tension ply is to absorb the forces resulting from the defor-
mation of the belt by tensioning. The energy stored by tensioning of the belt at min-
imum elongation is the basis of the power transmission. In addition, the tension ply
has to absorb the centrifugal forces acting on the belt during operation.

Since the materials used for the tension ply do not have the required frictional
characteristics, a separate, laminated friction ply is used as the second layer.This fric-
tion ply, which is adapted to the operating conditions with regard to material and
surface finish, transmits the friction forces from the pulley surface finish to the ten-
sion ply and vice versa (Fig. 14.15). The tension ply is usually made of highly drawn

vz
�
l

d2
�
2

d1
�
2

σn
�
E

M2
�
iM1

P2
�
P1

d2
�
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��
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14.18 POWER TRANSMISSION

TABLE 14.1 Service Factor cB
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polyamide strips or polyester cord. The friction ply, firmly attached to the tension
ply, is made of either synthetic rubber or polyurethane or chrome leather.Table 14.2
shows the most important physical data for high-performance flat belts of the most
commonly used tension ply materials, polyamide and polyester. The belts are manu-
factured in endless form according to the user length requirements or are made end-
less by heat-cementing the two beveled, feather-edged ends. Table 14.3 shows sizes
of pulleys for flat belt drives and tolerances.

Calculations for a high-performance belt drive are usually based on data supplied
by the belt manufacturer. Since the latest developments are always taken into con-
sideration in this information, use of the latest manufacturers’ data for the calcula-
tion is mandatory.

BELT DRIVES 14.19

FIGURE 14.15 Multiple-ply belt.

TABLE 14.2 Physical Data of High-Performance Flat Belts

(a) (b)
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In addition to the applicable ratings of the various high-performance flat belts,
their types, and their configurations, the following data are necessary for the calcu-
lations for a single-step flat-belt drive:

1. Type of prime mover (driving assembly), e.g., electric motor, combustion engine,
water turbine, etc.; this is important for the determination of the corresponding
service-correction factors.

2. Type of machine (driven assembly); this determines corresponding load factors,
dependent on acceleration, forces of gravity, changing loads, etc.

3. Power to be transmitted P, in kilowatts.

4. Speed of driving pulley n1, in revolutions per minute.

5. Diameter of the driving pulley d1, in millimeters.

6. Speed of the driven pulley n2, in revolutions per minute.

7. Diameter of the driven pulley d2, in millimeters.

8. Center distance e, in millimeters.

9. Adjustment range available (of tensioning device).

10. Allowable radial shaft loads of prime mover and driven assembly, loads on
which the maximum shaft tensioning force Fw depends.

With the use of the above data and the manufacturer’s data, calculations for the
flat-belt drive can be made, giving the designer the type of belt, belt width, dynamic
and static shaft stresses, and the required elongation, expressed as the percentage of
belt strain.

Because of the special characteristics of flat-belt drives with high-performance
belts, the determination of the drive data should be based on the following:

1. The belt velocity should be as high as possible (vopt). The higher the belt speed,
the smaller the belt width and thus the shaft load.

2. In calculating drives with changing loads or cyclic variations, you should determine
to what extent the damping properties of the tension ply materials can be utilized.

3. You have to examine whether the initial tension of the belt or the shaft load can
be accurately calculated from belt strain data.

14.20 POWER TRANSMISSION

TABLE 14.3 Size of Pulleys for Flat-Belt Drives
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4. The manufacturer can supply belts of all widths and lengths; you should examine,
however, whether there are restrictions from the design point of view.

5. Finally, you must examine whether the belt can be manufactured in endless form
or has to be assembled open-ended, with the ends being closed by welding after
assembly.

The following general guidelines apply to pulley design:

1. The pulleys for open and crossed flat-belt drives are crowned in accordance with
ISO R 100 (Table 14.3) in order to align the belt, which tends to move toward the
larger pulley diameter.

2. For speed ratios higher than 1/3 (i > 3), the smaller pulley may be cylindrical. Spa-
tial belt drives are equipped with cylindrical pulleys.

3. The requirements for smooth running of the belt are as follows: Parallelism of
both shafts, smooth pulley faces, static balancing up to belt velocities v of 25
meters per second (m/s), and dynamic balancing for velocities above 25 m/s.When
certain aluminum alloys are used, abrasion may occur, reducing friction between
belt and pulley to such a degree as to make power transmission impossible.

Flat-belt drives are nonpositive flexible-connector drives used for the transmis-
sion of forces and motions between two or more shafts, particularly at greater center
distances. This type of drive is superior because of its elasticity, enabling it to absorb
shock loads, and its low-noise running. Its disadvantages are the greater forces act-
ing on the shafts and bearings, resulting from the required initial tension, and the
unavoidable belt slip.

These properties are decisive for the preferred applications of flat-belt drives,
e.g., in machine tools, textile machinery, mixers and grinders, paper machines, gang
saws, wire-drawing machines, presses, punches, and compressors. Flat belts with suit-
able contours may also be used as conveyor belts.

Figure 14.16 shows the drive of a hobbing machine. A high-performance flat belt
was used in this case not because of its efficiency or damping properties, but because
of the uniformity of rotational transmission from one pulley to the other. Preliminary
studies have shown that even slight transmission deviations affect the dimensional
accuracy of the tools manufactured on such machines. Belts for this application are
subjected to a transmission accuracy test on a special test stand before delivery.

Figure 14.17 shows the tangential belt drive of a textile machine. This drive of a
ring spinning frame is typical of a so-called multipoint drive or, in particular, a tan-
gential belt drive. In this machine, a high-performance flat belt of 35-mm width and
approximately 82-m length drives a total of 500 spindles on each side of the machine.
The total power of 25 to 30 kW per machine side is thus distributed to 500 separate
work positions. Depending on the spindle speed, the belt velocity ranges from 25 to
45 m/s. The absolute constancy of the belt operating tension throughout the life of
the drive is a necessary prerequisite for this type of application.

14.3 V-BELT DRIVE

V-belt drives are nonpositive drives. The peripheral force Fu is transmitted by fric-
tional forces acting on the flanks of the pulley-and-belt combination (Fig. 14.18).
Bottoming of the belt in the groove leads to a reduction of the transmissible periph-
eral force, to belt slip, and to damages owing to overheating.
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FIGURE 14.17 Tangential belt drive of a textile machine. (Siegling.)

FIGURE 14.16 Drive of a hobbing machine. (Siegling.)
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The known form of Eytelwein’s equation cannot be used for the calculations for
V-belt drives, since the belt creeps in the direction of travel and is simultaneously
pulled radially into the groove by the radial component of the belt side force, with
friction being reduced by this. Hence

> exp � � (14.39)

The arc of contact β of the smaller pulley has to be used in the calculation of a V-belt
drive.

In general, a belt angle α on the order of 36° is selected, since α < 20° would cause
self-locking. Such a belt would operate with a lot of jerking and little efficiency. By
bending around the pulley during operation, the belt is stretched on the outside and
compressed on the inside, the belt angle thus being reduced compared to that of the
straight belt. The smaller the pulley diameter, the larger the reduction of the belt
angle. Since snug fit between belt and groove sides has to be ensured, the groove
angle must be adjusted accordingly. Incorrect groove angles will reduce power trans-
mission capacity and belt life.

The calculations for V-belt drives are internationally standardized (ISO R 155).
In general, manufacturers’ supply data for the calculations for V-belts and other belt
types, too, are as follows:

Speed ratio:

i = = (14.40)

For pulley diameters, standard series have been specified.When these pulley diame-
ters are used, standardized speed ratios will result. Pulley diameters below the min-
imum values recommended for the belt section in question should not be used
because the higher bending stress materially reduces belt life.

Distance between shaft centers:

Recommended lower limit: e ≥ 0.7(d2 + d1) mm

Recommended upper limit: e ≤ 2(d2 + d1) mm
(14.41)

dw2
�
dw1

n1
�
n2

µβπ
��
(sin α/2)180

F1′
�
F2′
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FIGURE 14.18 Section of a V-belt and sheave.
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Shaft center distances that are too short (short belts) result in high bending fre-
quencies, causing excessive heating and thus premature failure of the belt. Shaft cen-
ter distances that are too long (long belts) may result in belt vibrations, especially of
the slack side, also causing higher belt stress.

Adjustment of shaft center distance (Fig. 14.19):

X ≥ 0.03Lw mm

X ≥ 0.015Lw mm
(14.42)

The importance of the adjustability of the shaft center distance for tensioning and
retensioning of the belt (X) as well as for easy application of the belt (Y) is often
underestimated. The quantity Y in particular is often neglected, resulting in applica-
tion problems, and the use of tools may cause belt damage when the belt is first
applied.

The transmissible power of the belt is given by

P = 2πnM (14.43)

where M = known torque and n = speed of the corresponding pulley.
Taking into consideration a service-correction factor cB (Table 14.1), we can cal-

culate the power rating of the drive from P by

P = cBP1 (14.44)

14.24 POWER TRANSMISSION

FIGURE 14.19 Adjustment of shaft center distance.
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The calculation of belt velocity (peripheral velocity) is not really necessary, as the
power rating tables are based on pulley diameter and speed:

v = πd1nk ≈ πd2ng (14.45)

For multiple drives, the number of V-belts required is calculated from

z = (14.46)

The arc of contact factor c1, the service factor cB, and the belt length correction fac-
tor c3 can be found in the manuals of the manufacturers.The power rating PN of each
belt—based on the selected pitch diameter dw1 of the smaller pulley, the corre-
sponding speed n1, and the speed ratio—can be derived from tables. These tables
also contain the nominal values of the service-correction factors to be used. When
the guidelines mentioned in the design of a V-belt are observed, the belt life to be
expected is 24 000 hours (h) of operation.

As for flat belts, the bending frequency is

fb = (14.47)

Normal bending frequencies are

fb < 30 per second for endless standard V-belts

fb < 60 per second for endless narrow-V-belts

The belts have to be pretensioned to limit belt slip to 1 percent. Improperly preten-
sioned belts have a life substantially shorter than the 24 000 h mentioned. The nec-
essary initial tension will lead to equivalent shaft or bearing loads.

The approximate equation for the calculation of the required average shaft ten-
sion force is

Fw � 1.5 � a � 2 (14.48)

where P = power to be transmitted and v = belt velocity. More accurate methods may
be found in the manufacturers’ publications containing a description of the correct
initial tension adjustment by force and deflection measurements at the center of the
belt side.

The different belt types are distinguished by section dimensions; the configura-
tions, however, are distinguished by belt construction. Figure 14.20 shows the most
widely used V-belt configurations.

V-belts consist of the following firmly vulcanized elements:

1. Intermediate ply of high-strength cord (cotton, polyester) for transmission of the
rope-pull force

2. Highly elastic belt body (rubber, plastic) for transmission of the peripheral forces
between the belt flanks and the cord ply

aP
�
v

vz
�
l

PcB
�
PN c1c3
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3. Impregnated wear-resisting fabric coat (textile fibers) for transmission of the fric-
tion forces between the belt flanks and the V-belt pulley

Because of its higher modulus of elasticity, the cord ply forms both the neutral
axis and the pitch diameter dw of the V-belt in the groove, i.e., that diameter which is
relevant for the transmission of peripheral velocity.

The endless standard V-belts (Fig. 14.20a) in accordance with ISO R606 are sup-
plied in specified lengths and cannot be shortened.

Endless narrow-V-belts (Fig. 14.20c) in accordance with ISO R 459 and R 460 are
most widely used today. Their power transmission capacity is higher than that of
standard V-belts of the same pitch width.

FO-type V-belts (Fig. 14.20b), made by the Continental Gummi-Werke AG, are
distinguished by their basically different construction. They are a promising new
development superior to others for the unusually small change of length their ten-
sion members undergo when loaded.Transverse short fibers in the rubber filler lead
to high lateral stiffness with high flexibility in the direction of belt travel. By grind-
ing the flanks, the traveling accuracy of the FO-type V-belt can be improved system-
atically. The Continental belts of this type are manufactured as endless standard
V-belts of small section dimensions and as endless narrow-V-belts.

14.26 POWER TRANSMISSION

FIGURE 14.20 V-belt configurations.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)
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The flexibility of the V-belts mentioned thus far may be increased by cross
grooves worked into the inner surface of the profile (Fig. 14.20e). These grooved
belts allow smaller pulley diameters and require less space at slightly reduced power
transmission capacity than other belts; however, the grooves are the cause of peri-
odic running in of shock loads and noise.

A V-belt assembly (Fig. 14.20h) is composed of up to five standard or narrow-
V-belts connected by an elastic cover band which does not rest on the pulleys. The
cover band prevents twisting or excessive vibration of individual belts.

The grooves of the V-belt pulleys are standardized (ISO standards). The pulleys
are castings or weldings or steel-plate parts. In general, pulley diameters below the
minimum specified should not be used.The groove flanks must be smooth and clean
to ensure a sufficiently long belt life.

Applications of V-belts are practically unlimited. Because of the variety of sec-
tions available, the V-belt may be used for fractional-horsepower drives with mini-
mum power transmission capacity in precision machines, phonographic equipment,
and domestic appliances; for light drives, e.g., of centrifugal pumps and fans; and for
all sizes of drives for general mechanical engineering purposes up to heavy-duty
drives, such as rolling mill, rock crusher, excavator, and crane drives.

In general, the power transmission capacity is approximately 700 kW maximum;
it may be increased to 1000 kW and in very rare cases to approximately 5000 kW.

Because of the extreme variety of applications in mechanical engineering, gen-
eral belt-life data cannot be given. Another explanation is that belt life largely
depends on the conditions of use.Assembly and operating conditions affect belt life,
as do environmental conditions such as oil, dust, and climatic conditions.

The power transmission capacities specified in the relevant standards are based
on the very high empiric belt life of 24 000 h, which can be reached only under opti-
mum operating conditions, i.e., no misalignment of the pulleys, no overload, correct
belt tension, normal ambient conditions, etc.

One of the particularly important areas of V-belt application is the automotive
industry with its large primary equipment production series and substantial spare-
part need. The V-belt as a drive unit connects the crankshaft and different accessory
units, e.g., generator, cooling-water circulating pump, and fan.The V-belt may also be
used for driving air-conditioning equipment or turbosuperchargers. The life of car 
V-belts is calculated for a total distance of 50 000 to 80 000 kilometers (km).

If higher power transmission capacities are required in mechanical engineering,
multiple drives (Fig. 14.21) are used.When used as main drives in situations involving
high cost in case of failure, such as mine fan drives and drives used in the metallurgi-
cal, glass, and cement industries, multiple drives also meet the demand for safety, since
the probability of sudden failure of a complete belt set is very small.The uniformity of
initial tensions and speed ratios of all belts of multiple drives is a prerequisite for
smooth running and equal distribution of total power to all belts. Differences in speed
ratios and initial tensions will lead to a reduction in belt life. Thus the complete set of
belts should be replaced, if necessary, not just a single endless belt.

14.4 SYNCHRONOUS-BELT DRIVE

The synchronous belt is a relatively new machine element combining the advantages
of positive and nonpositive flexible connectors. In contrast to the nonpositive belt
drives, the pulleys and belts of synchronous-belt drives have meshing teeth, allowing
synchronous power transmission with angular accuracy (Fig. 14.22). To prevent rid-
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ing off of the belt, at least one of the pulleys has flanges which are slightly beveled to
reduce lateral friction.

Because of their special properties, synchronous belts are used wherever syn-
chronous power transmission is asked for and the safety and freedom-from-
maintenance requirements are strict.

As for all positive drives, the conformity of belt and pulley pitches is of utmost
importance. The advancing belt tooth must correctly mesh with the corresponding
pulley groove and remain there until leaving it. To achieve this, the pitch of the
deflected belt must correspond exactly with that of the pulley. Hence, the belt must
be made of high-strength material experiencing little length change under load; thus,
the neutral axis may be assumed to be in the center.The pitch line is situated outside
the pulley-tip-circle radius at a distance equaling that of the neutral axis (u value).
This value is a largely invariable quantity which depends on the belt construction
and must be taken into consideration in the design of the pulleys. Figure 14.22 shows
the geometric relations between belt and pulley.

Despite the use of materials with little change of length under load for the ten-
sion member (fiber glass, steel cord), the belt pitch is a variable dependent on the
strain properties of the belt and the applicable belt pull. Along the arcs of contact
there is a step-by-step change in the belt pull with a corresponding change in local
belt pitch, so that, in compensating belt and pulley pitch deviation, the teeth are
deformed differently and the load differs accordingly. In addition, there is a minor
pitch difference between belt and pulley, which is attributable to the production pro-
cess and has to be compensated by deformation of the belt teeth, too.

The load distribution along the arc of contact as a measure of peripheral force
distribution to the individual teeth is thus mainly dependent on the pitch deviation.
The pitch deviation within the pretensioned belt (idling) is of particular importance:
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FIGURE 14.21 Multiple-V-belt drive of a crusher in mining.
(Arntz-Optibelt-KG.)
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● Pitches of the pretensioned belt and the pulleys are exactly the same (∆t = 0).
Load distribution is symmetric. The teeth at the beginning and at the end of the
arc of contact carry a higher load than those along the center of the arc.

● The pitch of the pretensioned belt is smaller than the pulley pitch (∆t < 0). Load
distribution is unsymmetric. Power is mainly transmitted at the beginning of the
arc of contact (driven pulley) or the end of the arc of contact (driving pulley).

● The pitch of the pretensioned belt is larger than the pulley pitch (∆t > 0). Load dis-
tribution is unsymmetric. Power is mainly transmitted at the end of the arc of con-
tact (driven pulley) or the beginning of the arc of contact (driving pulley).

For the driven pulley Fig. 14.23 shows the pull varying as a function of load-
distribution deviations from the beginning of the arc of contact (n/z = 0) to the end
of the arc of contact (n/z = 1).

Synchronous belts are available in different dimensions (pitch, belt width, and
tooth geometry) according to the required application and range of capacity. The
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FIGURE 14.22 Synchronous-belt drive. (a) Pulley
dimensions are dw = working diameter, dk = peripheral
diameter, t = pitch, ϕt = pitch angle, u = theoretical dis-
tance to working diameter, and 2α = angle of tooth; (b)
belt dimensions are dz = diameter of tensile member and
s = thickness of cover.

(a)

(b)
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FIGURE 14.23 Theoretical tensile force diagram for the driven pulley.
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transmissible power P is determined by the standard capacity PN of the selected belt
and by the operating conditions, expressed by the service-correction factor cB:

P = (14.49)

The service-correction factors range from 1.0 to 2.10.The accurate value is determined
by the type of drive and the type of application as well as the daily period of operation.
For special applications, further restrictions may be required; details (meshing factor,
acceleration factor, etc.) are contained in the manufacturers’ catalogs.

The ranges of power transmission capacity are fixed in accordance with belt
pitch.According to ISO 5296, standard belts have the standard pitch values shown in
Table 14.4.

The capacities listed in Table 14.4 are nominal values for medium belt velocities;
they may vary considerably to the positive or negative depending on the operating
conditions. Accurate calculation has to be based on manufacturers’ data.

When making calculations for a synchronous-belt drive, you must take into
account that the pitch may be changed only in integral numbers, in contrast to non-
positive belt drives. The individual design characteristics are as follows:

Speed ratio:

i = = (14.50)

where z2 = number of teeth of larger pulley
z1 = number of teeth of smaller pulley
d2 = pitch diameter of larger pulley
d1 = pitch diameter of smaller pulley

Datum length:

l = 2e sin + �z1 + z2 + (z2 − z1)� (14.51)

Approximation:

l ≈ 2e + (z1 + z2) + � �
2

(14.52)

where z1 = number of teeth of smaller pulley
z2 = number of teeth of larger pulley

t = pitch, in
l = belt datum length = zRt

zR = number of belt teeth
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TABLE 14.4 Standard Pitch Values
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FIGURE 14.24 Determination of center distance of synchronous belts.

BELT DRIVES

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



The accurate number of pulley and belt teeth for a given center distance may be
found from detailed tables included in the manufacturers’ catalogs. Guideline values
may also be determined by using the nomogram in Fig. 14.24. Enter the nomogram
at the ratio of given center distance to pitch (point 1), and proceed vertically to inter-
section 2 with the straight line indicating the number of teeth of the belt intended for
use; then proceed horizontally from this point to intersection 3 with the curve of the
given speed ratio. The number of teeth of the smaller pulley can be calculated from
the applicable value on the axis of the tooth ratio of the belt and the smaller pulley
(point 4), and the number of teeth of the larger pulley from the speed ratio; the
results are rounded to the next higher whole numbers.

When calculating the number of teeth or the geometric design data, the designer
has to ensure that the number of meshing teeth is at least six to eight. For the trans-
mission of larger peripheral forces, the minimum number of meshing teeth has to be
increased in accordance with manufacturers’ data.

The transmissible peripheral force Fu is closely related to the effective shaft ten-
sioning force Fw, which is dependent on the initial tensioning force FA and the oper-
ating conditions. As in chain drives, the effective shaft tensioning force Fw increases
with increasing load moment. As a guideline, assume the initial tensioning force FA

to be in the range

Fu ≤ FA ≤ 1.5Fu (14.53)

and the belt side-force ratio to be FI/FII � 5, where FI is the tight-side force and FII is
the slack-side force.

The permissible initial tensioning force FA is determined by the construction and
the dimensions of the selected belt. Particular attention has to be paid to the fact
that the belt should not be strained to such a degree as to prevent proper function-
ing of the belt-and-pulley combination because of the resultant pitch deviation.

In addition to the standard synchronous belts, according to ISO 5296, other types
of synchronous belts with metric pitch but changed tooth configuration or shape are
used for special applications. Figure 14.25 shows the different constructions of com-
mon synchronous belts.

The teeth of the standard synchronous belt (Fig. 14.25a) are trapezoidal.The belt
is made of highly elastic synthetic rubber (polychloroprene) with an intermediate
ply (tension member) of high-strength fiber-glass cord with little change of length
under load. The pulley side of the belt is made of abrasion-resistant polyamide fab-
ric. The back of the belt is ground to ensure nonpositive driving of belt tighteners or
additional pulleys.

The polyurethane synchronous belt, shown in Fig. 14.25b, has a similar tooth shape.
This belt is made of a highly elastic and abrasion-resistant plastic (polyurethane) and
needs no pulley-side fabric cover to reduce wear.The intermediate ply taking the ten-
sion consists of steel cord, and so the belt strain is reduced to a minimum. The belt
pitch is metric. Common pitch values are 5 mm for belt type T5, 10 mm for T10, and 20
mm for T20.

Heavy-duty belts are innovations with a tooth shape designed to ensure optimum
distribution of the flank pressure over the entire tooth surface.The belt teeth have an
enlarged cross-sectional area for the reduction of transverse (shear) stress, their
edges being chamfered. Trade names differ among manufacturers (HTD, Super-
Torque, etc.). Neither the tooth shape nor the pitch is standardized and both may vary
with the product, although the pitch is usually metric. Belt materials and construction
are similar to those of standard belts. Common pitch values are 8, 14, and 22 mm.
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In addition to the belt types mentioned above, there are special belts with pitches
or tooth shapes adapted to particular applications. There exist also synchronous
belts with teeth on the back to provide for a two-side running capability and others
with special back configurations, e.g., for transportation purposes. Geometric data
for these special belts may be found in the catalogs of the respective manufacturers.
Figure 14.26 shows an assortment.

Because of their ability to transmit power synchronously with the required angu-
lar accuracy, synchronous belts are used to an ever-increasing extent, with new
modes of application being added constantly. Classic applications are as follows:

● Light-duty conveyors (office machinery, food industry)
● Positioning drives (peripheral equipment of electronic data processing systems,

machine tools, screening machinery)
● Synchronizing gears [camshaft drives (OHC), textile machinery, paper machinery]

Figures 14.27 to 14.29 show some typical synchronous-belt applications.
To ensure trouble-free operation and a long life of the drive, the following rec-

ommendations should be observed:

● The belt should be pretensioned only to the degree necessary to prevent skipping
of the belt on starting or braking. Excessive initial tension leads to reduced belt
life and in some cases to extreme noise levels.

● To prevent tension member damage (e.g., kinking or breaking), the belt has to be
placed on the pulleys without tilting them. To facilitate this, an axial-shifting
device should be provided on one of the pulleys.

● To prevent excessive wear of belt sides and noise from lateral contact of belt and
pulley flanges, shafts and pulleys have to be aligned with extreme care. Slight lat-
eral contact of belt and pulley flanges is attributable to the manufacturing process

14.34 POWER TRANSMISSION

FIGURE 14.25 Construction and differences of timing belts. (a) Poly-
chloroprene (rubber); (b) polyurethane; (c) heavy-duty.

(a)

(b)

(c)
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FIGURE 14.26 Synchronous belts with special back configuration.

FIGURE 14.27 Synchrobelt timing belts for sophisticated type-
writer drive mechanism. (Continental Gummi-Werke Aktienge-
sellschaft.)

(a) (b)

(c) (d)
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FIGURE 14.28 Planer machine drive with Synchrobelt timing
belt; the driving speed is 30 000 min−1. (Continental Gummi-Werke
Aktiengesellschaft.)

FIGURE 14.29 Camshaft control with Synchrobelt HTD timing belt. (Con-
tinental Gummi-Werke Aktiengesellschaft.)
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(twisting of tension member and its slight inclination) and does not affect the run-
ning characteristics or the life of the belt.

● If feasible, belt tighteners should be arranged to act on the inner surface of the
slack side of the belt; they should be toothed, too. The arc of contact should be as
small as possible.

14.5 OTHER BELT DRIVES

14.5.1 Special Types

Poly-V-belts are similar to V-belt assemblies; however, their cover band rests on the
pulleys, contains the cord, and takes the tension, whereas the individual V-sections,
called ribs, solely transmit the peripheral force between pulley and cover band. The
ribs have no cords (Fig. 14.20i) and fill up the pulley grooves almost to the bottom.
Thus they are susceptible to foreign matter entering between the belt and the pulley.
Because of the relatively rigid cover band resting on the face of the pulley, particu-
larly accurate alignment of the pulleys is required, as it is with flat-belt drives. The
belts are remarkably quiet.

V-belts with a belt-groove angle of 60° are cast belts (Fig. 14.20g) made of
polyurethane with polyester tension members. Because of the higher friction coeffi-
cient of polyurethane on steel, the large included angle of 60° is required to prevent
self-locking. Because of the manufacturing process, these belts show a substantially
greater dimensional accuracy, resulting in particularly quiet operation. They are
designed for maximum velocities of up to 50 m/s and are used mainly in machine tools.

Hexagonal (double-V) belts (Fig.14.20f ) have a symmetric special profile.The ratio
of the maximum width to the height of the section is approximately 1.25. Double-
V-belts may be operated in one plane on counterrotating pulleys.The power transmis-
sion capacity is approximately equal to that of conventional V-belts of equal width with
small pulley diameters. Minimum pulley diameters are also about equal to those of
conventional V-belts. Double-V-belts are suited for multiple-shaft drives operated in
one plane with counterrotating pulleys. They are especially suited for coupled opera-
tion, with a tensioning or coupling shaft riding on the back of the belt and being able to
transmit power, too.

Double-V-belts are used for medium-duty drives (combine harvester) as well as
for light-duty tools (gardening equipment, rotary sweepers).

Toothed V-belts, which must not be confused with synchronous belts, are avail-
able as standard, narrow-, and wide-V-belts with punched or preformed teeth in
the belt carcass to increase flexibility. Thus, with only a slight reduction in power
transmission capacity, the minimum permissible diameter of the smaller pulley
may almost be halved, so that the space requirement of such a belt drive with
equal ratio or speed range is reduced substantially. These toothed V-belts are sub-
ject to the effects produced by their polygonal shape; i.e., the teeth cause running
in of shock loads (which may result in irregular transmission of motion), additional
dynamic stress of bearings, and even (in the case of high peripheral velocities)
noise.

Round belts are versatile, simple, and reliable connectors for the transmission of
small torques and medium velocities. Their main advantage is polydirectional flexi-
bility.There are two different types: homogeneous round belts made of one material
(rubber, plastic) and round belts with tension member (Fig. 14.30).
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14.5.2 Variable-Speed Belt Drives

For variable-speed belt drives (with a continuously variable speed ratio), especially
wide V-belts have been developed in toothed and nontoothed configurations. The
construction corresponds to that of endless standard V-belts with the exception of
the substantially greater belt width. This great belt width (the ratio of the upper
width of the belt to the section height b/h = 2/5) is required for radial shifting on
pulleys, the halves of which can be moved in an axial direction (Fig. 14.20d). These
variable-speed belt drives allow for a continuously variable speed ratio within the
range of imax/imin = 4/10. With larger ratios of belt width to section height, greater
speed ranges are possible in general.
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FIGURE 14.30 Continental round section
belt.

FIGURE 14.31 Variable-speed wide-belt drive.
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The power transmission capacity of variable-speed belts is approximately equal
to that of standard V-belts of equal section height; with increasing b/h ratio, however,
it decreases by up to 20 percent. Depending on the speed range and the design of the
variable-speed pulleys, the included angles range from 22° to 34° (ISO recommen-
dation is 26°), with the smaller angles resulting in greater speed ranges but, because
of the approach to the self-locking limit, reduced rated outputs.

A variable-speed wide-belt drive combined with an electric motor and a gear
train is shown in Fig. 14.31.The top right half of the pulley may be shifted by turning
the handwheel. The bottom pulley is an adjusting pulley (Fig. 14.32) which adapts
itself automatically to the respective speed ratio.

14.6 COMPARISON OF BELT DRIVES

A flexible connector for a particular application should be selected on the basis of
the following considerations:

● Performance: The flexible-connector drive has to perform reliably for an ade-
quate period under the given operating conditions (speeds, moments, space
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FIGURE 14.32 Adjusting pulley.
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requirement, overloads, shaft dislocations, temperatures, and other environmen-
tal conditions).

● Economy: Those flexible-connector drives suitable under performance criteria are
further investigated with respect to their applicability from the economic point of
view. The economy of flexible drives is influenced by the following factors:

1. Production cost of the flexible connector
2. Subsequent design expenses required because of the selection made (e.g., pul-

ley costs, costs of larger bearings to take up the required initial tensioning
force, costs of lubrication facilities and seals required, of special installation
arrangements, and of tensioning devices)

3. Transportation and installation costs, mainly dependent on the space require-
ment and the weight of the drive

4. Operation and maintenance costs
5. Failure risk as well as costs of repair and subsequent costs

The relative importance of these factors varies with the machines used, and the
costs of the flexible connector as the drive element are the least important. A drive
unit will prevail wherever its special technical properties ensure the most economi-
cal drive.

To facilitate the selection of suitable flexible connectors,Table 14.5 compares the
most important operating characteristics of flexible connectors and remarks on
investment costs as well as maintenance and installation.

Figure 14.33 shows the results of a comparison of costs, when different flexible
connectors are used, for a system consisting of two pulleys, the flexible connector,
and the driven shaft, including the required roller bearings. The costs were deter-
mined following calculations for the drive with the power transmission capacity, the
center distance, and the speed of the driving pulley given.

Figure 14.34 shows the specific power transmission capacity of different flexible-
connector drives as a function of velocity. This specific power transmission capacity
indicates the rating of the flexible connector and thus the space required.The higher
the specific power transmission capacity of the flexible connector, the smaller the
space required for the installation of the drive.
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TABLE 14.5 Properties of Belt Drives
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FIGURE 14.33 Comparison of system costs.

FIGURE 14.34 Specific power transmission capacity.
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The figure also shows the range of applications of various flexible connectors and
their maximum peripheral velocities. Belt drives reach their maximum specific
power transmission capacity only at higher peripheral velocities.

It is not the maximum velocities, though, that determine the transmission of high
specific powers, but the optimum velocities. The latter vary for the different flexible
connectors because of the differing ratio of average density to the permissible ten-
sile strain, as shown in Fig. 14.35. Accordingly, flat belts are particularly suited for
maximum speeds and V-belts for most of the medium speeds of common electric
motor and piston engines.
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FIGURE 14.35 Optimum velocities.
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CHAPTER 15
CHAIN DRIVES

John L. Wright
General Product Manager
Diamond Chain Company
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NOTATION

BD Bottom diameter, in
C Center distance, in chain pitches
CD Caliper diameter, in
CCD Chain clearance diameter, in
D Roller outside diameter, in
Dp Gauge pin diameter, in
G Maximum guide groove diameter, in
H Maximum chain height, in
HP Horsepower
Kf Constant for link plate fatigue
Kr Constant for roller and bushing impact
L Chain length, in chain pitches
MHD Maximum hub or groove diameter, in
MUTS Minimum ultimate tensile strength, lb
n Number of chain strands
N Number of sprocket teeth
N1 Number of teeth on small sprocket
N2 Number of teeth on large sprocket

15.1

Source: STANDARD HANDBOOK OF MACHINE DESIGN
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OD Sprocket outside diameter, in
OGD Over-gauge diameter, in
P Chain pitch, in
PD Sprocket pitch diameter, in
R Sprocket speed, r/min
T Thickness of link plate or sidebar, in
W Chain (roller) width, in 

15.1 TYPES, USES, AND CHARACTERISTICS

15.1.1 Chain Drives Compared

Three major types of chain are used for power transmission: roller, engineering steel,
and silent. Roller chains are probably the most common and are used in a wide vari-
ety of low-speed to high-speed drives. Engineering steel chains are used in many
low-speed, high-load drives. Silent chains are mostly used in high-speed drives.
Other types of standard chains, and many types of special chains for unique applica-
tions, may be found in manufacturers’ catalogs.

Chains can span long center distances like belts, and positively transmit speed
and torque like gears. For a given ratio and power capacity, chain drives are more
compact than belt drives, but less compact than gear drives. Mounting and alignment
of chain drives does not need to be as precise as for gear drives. Chain drives can
operate at 98 to 99 percent efficiency under ideal conditions. Chain drives are usu-
ally less expensive than gear drives and quite competitive with belt drives.

Chain drives can be dangerous. Provide proper guarding to prevent personnel
from coming in contact with, or being caught in, a running drive. Any chain can
break from unexpected operating conditions. If a chain breaks at speed, it can be
thrown off the drive with great force and cause personal injury and property damage.
Provide adequate guarding to contain a broken chain or to prevent personnel from
entering an area where they might be struck by a broken chain. A broken chain can
sometimes release a load and cause personal injury and property damage. Provide an
adequate brake or restraint to stop and hold the load in case of a chain breakage.

15.1.2 Roller Chains

Standard Roller Chains. A portion of a typical roller-chain drive is shown in Fig.
15.1. The American National Standards Institute (ANSI) has standardized limiting
dimensions, tolerances, and minimum ultimate tensile strength for chains and
sprockets of 0.25 to 3.0 in pitch [15.1]. The chain pitch is the distance between suc-
cessive roller, or bushing, centers, and is the basic dimension for designating roller
chains. The standard includes both standard and heavy series chains.

Multiple-Strand Roller Chains. Multiple-strand roller chains consist of two or
more parallel strands of chain assembled on common pins. They also are standard-
ized [15.1].

Double-Pitch Roller Chains. Double-pitch roller chains are standardized in Ref.
[15.2]. Double-pitch chains have the same pin, bushing, and roller dimensions as cor-

15.2 POWER TRANSMISSION

CHAIN DRIVES

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



responding chains in Ref. [15.1], but the pitch of the link plates is twice as long. The
standard [15.2] covers chains of 1.0 to 4.0 in pitch.

Nonstandard Roller Chains. Many manufacturers offer high-strength, extra-
clearance, sintered metal bushing, sealed-joint, and corrosion-resistant chains for
special applications or adverse environments. These chains are not covered by any
standard, but most are designed to run on standard sprockets.

Sprockets. Roller-chain sprockets have precisely designed, radiused pockets
which smoothly engage the rollers on the chain and positively transmit torque and
motion. Driver sprockets receive power from the prime mover and transfer it to the
chain. Driven sprockets take power from the chain and transfer it to the selected
machinery. Idler sprockets transmit no power; they are used to take up slack chain,
increase the amount of chain wrap on another sprocket, guide the chain around
other machine members, and reverse the normal direction of rotation of another
sprocket.

15.1.3 Engineering Steel Chains

Standard Engineering Steel Chains. The engineering steel chains designated for
power transmission are heavy-duty offset sidebar chains. Limiting dimensions, toler-
ances, and minimum ultimate tensile strength for chains and sprockets of 2.5 to 7.0
in pitch are standardized in Ref. [15.3].

Nonstandard Chains. Some manufacturers offer engineering steel chains in
straight-sidebar and multiple-strand versions, and in pitches that are not included in
Ref. [15.3]. Although these chains are not standardized, they are listed in manufac-
turers’ catalogs because they are used extensively in special applications.

Sprockets. Machine-cut engineering-steel-chain sprockets look much like roller-
chain sprockets, but they have pitch line clearance and undercut bottom diameters
to accommodate the dirt and debris in which engineering-class chain drives often
operate.

CHAIN DRIVES 15.3

FIGURE 15.1 Typical roller chain on sprocket. (Diamond
Chain Company.)
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15.1.4 Silent Chain

Standard Silent Chains. Silent (inverted-tooth) chains are standardized in Ref.
[15.3] for pitches of 0.375 to 2.0 in. Silent chain is an assembly of toothed link plates
interlaced on common pins. The sprocket engagement side of silent chain looks
much like a gear rack. Silent chains are designed to transmit high power at high
speeds smoothly and relatively quietly. Silent chains are a good alternative to gear
trains where the center distance is too long for one set of gears. The capacity of a
given pitch of silent chain varies with its width. Standard widths of silent chain range
from 0.5 to 6.0 in for 0.375-in pitch, and from 4.0 to 30.0 in for 2.0-in pitch.

Nonstandard Silent Chains. Some manufacturers offer silent chains with special
rocker-type joints. These chains generally transmit higher horsepower more
smoothly and quietly than the standard joint designs. However, they generally
require sprockets with special tooth forms.

Sprockets. Silent-chain sprockets have straight-sided teeth. They are designed to
engage the toothed link plates of the chain with mostly rolling and little sliding
action.

15.2 ROLLER CHAINS: NOMENCLATURE AND
DIMENSIONS

15.2.1 Standard Roller-Chain Nomenclature

Roller Chain. Roller chain is an assembly of alternating roller links and pin links
in which the pins pivot inside the bushings, and the rollers, or bushings, engage the
sprocket teeth to positively transmit power, as shown in Fig. 15.1 and the illustration
with Table 15.1.

Roller Links. Roller links are assemblies of two bushings press-fitted into two
roller link plates with two rollers free to rotate on the outside of each of the bushings.

Pin Links. Pin links are assemblies of two pins press-fitted into two pin link plates.

Connecting Links. Connecting links are pin links in which one of the pin link
plates is detachable and is secured either by a spring clip that fits in grooves on the
ends of the pins or by cotters that fit in cross-drilled holes through the ends of the
pins. Illustrations of connecting links may be found in Ref. [15.1] or [15.4] or in man-
ufacturers’ catalogs.

Offset Links. Offset links are links in which the link plates are bent to accept a
bushing in one end and a pin in the other end. The pin may be a press fit in the link
plates, or it may be a slip fit in the link plates and be secured by cotters. Illustrations
of offset links may be found in Ref. [15.1] or [15.4] or in manufacturers’ catalogs.

15.2.2 Roller-Chain Dimensions and Numbering

Standard Chain Dimensions. The three key dimensions for describing roller chain
are pitch, roller diameter, and roller width. The pitch is the distance between adja-
cent bushing centers.The roller diameter is the outside diameter of the chain rollers.

15.4 POWER TRANSMISSION

CHAIN DRIVES

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



The roller width actually is the inside distance between roller link plates. These and
other selected dimensions are shown in Table 15.1.

Ultimate Tensile Strength. The minimum ultimate tensile strength (MUTS) for
standard chains is given in Ref. [15.1]. The value is estimated from the equation

MUTS = 12 500P2n

Chain Numbering. A standard numbering system is described in Ref. [15.1]. The
right digit indicates the type of chain: 0 for a standard roller chain, 5 for a rollerless
bushing chain, and 1 for a light-duty roller chain.The left one or two digits designate
the chain pitch in eighths of an inch; for example, 6 indicates 6⁄8, or 3⁄4-in pitch. An H
immediately following the right digit designates heavy series chain. Multiple-strand
chain is designated by a hyphen and one or two digits following the right digit or let-
ter. In Ref. [15.2], 2000 added to the chain number designates a double-pitch chain.

CHAIN DRIVES 15.5

TABLE 15.1 Roller-Chain Dimensions

(Dimensions in inches; MUTS in lbf)

ANSI Chain Roller Roller Pin Link plate Transverse

chain pitch, diameter, width, diameter, thickness, T pitch, Kt

no. P D W d Std. Heavy Std. Heavy

25 0.250 0.130* 0.125 0.0905 0.030 — 0.252 —
35 0.375 0.200* 0.188 0.141 0.050 — 0.399 —
41** 0.500 0.306 0.250 0.141 0.050 — — —

40 0.500 0.312 0.312 0.156 0.060 — 0.566 —
50 0.625 0.400 0.375 0.200 0.080 — 0.713 —
60 0.750 0.469 0.500 0.234 0.094 0.125 0.897 1.028

80 1.000 0.625 0.625 0.312 0.125 0.156 1.153 1.283
100 1.250 0.750 0.750 0.375 0.156 0.187 1.408 1.539
120 1.500 0.875 1.000 0.437 0.187 0.219 1.789 1.924

140 1.750 1.000 1.000 0.500 0.219 0.250 1.924 2.055
160 2.000 1.125 1.250 0.562 0.250 0.281 2.305 2.437
180 2.250 1.406 1.406 0.687 0.281 0.312 2.592 2.723

200 2.500 1.562 1.500 0.781 0.312 0.375 2.817 3.083
240 3.000 1.875 1.875 0.937 0.375 0.500 3.458 3.985

* Bushing diameter. Chain is rollerless.
** Lightweight chain
Illustration courtesy of Diamond Chain Company.
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15.2.3 Roller-Chain Sprockets

Definitions and Types. Four styles of sprockets are standardized in Ref. [15.1].
Style A is a flat plate with no hub extensions. Style B has a hub extension on one side
of the plate (flange). Style C has hub extensions on both sides of the flange. The
extensions do not have to be equal. Style D has a detachable hub. The style D hub is
normally attached to the flange with bolts. Most sprockets have a central bore with
a keyway and setscrew to mount them on a shaft. Many other configurations of
sprocket hubs and bores may be found in manufacturers’ catalogs.

Tooth Form. The tooth form and profile dimensions for single- and multiple-
strand roller-chain sprockets are defined in Ref. [15.1].

Sprocket Diameters. There are five important sprocket diameters defined in Ref.
[15.1]. They are pitch, outside, bottom, caliper, and maximum hub diameters. The
equations for those diameters, shown in Fig. 15.2, are

PD = P/sin (180/N) OD = P[0.6 cot (180°/N)]

BD = PD − D CD = PD cos (90°/N) − D

MHD = P[cot (180°/N) − 1] − 0.030

15.6 POWER TRANSMISSION

FIGURE 15.2 Roller-chain sprocket diameters. (Dia-
mond Chain Company.)
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15.3 SELECTION OF ROLLER-CHAIN DRIVES

15.3.1 General Design Recommendations

The following are only the more important considerations in roller-chain drive
design. For more detailed information, consult Ref. [15.5] or manufacturers’ catalogs.

Chain Pitch. The most economical drive normally employs the smallest-pitch 
single-strand chain that will transmit the required power. Small-pitch chains gener-
ally are best for lighter loads and higher speeds, whereas large-pitch chains are bet-
ter for higher loads and lower speeds.The smaller the pitch, the higher the allowable
operating speed.

Number of Sprocket Teeth
Small Sprocket. The small sprocket usually is the driver. The minimum number

of teeth on the small sprocket is limited by the effects of chordal action (speed varia-
tion), as shown in Fig. 15.3. Lower speeds will tolerate more chordal action than
higher speeds.The minimum recommended number of teeth on the small sprocket is

Slow speed 12 teeth
Medium speed 17 teeth
High speed 25 teeth
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FIGURE 15.3 RC velocity variation versus number of teeth.

Large Sprocket. The number of teeth on the large sprocket normally should be
limited to 120. Larger numbers of teeth are very difficult (expensive) to manufac-
ture. The number of teeth on the large sprocket also limits maximum allowable
chain wear elongation. The maximum allowable chain wear elongation, in percent,
is 200/N2.

Hardened Teeth. The fewer the number of teeth on the sprocket, the higher the
tooth loading. Sprocket teeth should be hardened when the number of teeth is less
than 25 and any of the following conditions exist:
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1. The drive is heavily loaded.
2. The drive runs at high speeds.
3. The drive runs in abrasive conditions.
4. The drive requires extremely long life.

Angle of Wrap. The minimum recommended angle of wrap on the small sprocket
is 120°.

Speed Ratio. The maximum recommended speed ratio for a single-reduction
roller-chain drive is 7:1. Speed ratios up to 10:1 are possible with proper design, but
a double reduction is preferred.

Center Distance. The preferred center distance for a roller-chain drive is 30 to 50
times the chain pitch. At an absolute minimum, the center distance must be at least
one-half the sum of the two sprocket outside diameters. A recommended minimum
center distance is the pitch diameter of the large sprocket plus one-half the pitch
diameter of the small sprocket. The recommended maximum center distance is 80
times the chain pitch.

The center distance should be adjustable to take up chain slack caused by wear.
Adjustment of at least 2 pitches is recommended. If a fixed center distance must be
used, consult a chain manufacturer.

Chain Length. Required chain length may be estimated from the following
approximate equation:

L � 2C + + (15.1)

Equation (15.1) will give chain length accurate to within ±1⁄2 pitch. If a more pre-
cise chain length is required, an equation for the exact chain length may be found in
Ref. [15.5] or in manufacturers’ literature.

The chain length must be an integral number of pitches. An even number of
pitches is preferred. An odd number of pitches requires an offset link, and offset
links reduce the chain’s capacity.

Wear and Chain Sag. As a chain wears, it elongates. Roller-chain sprocket teeth
are designed to allow the chain to ride higher on the teeth as it wears, to compensate
for the elongation. Maximum allowable wear elongation normally is 3 percent.
Where timing or smoothness is critical, maximum allowable elongation may be only
1.5 percent. The size of the large sprocket may also limit allowable elongation, as
noted earlier.

As a chain elongates from wear, the excess length accumulates as sag in the
slack span. In long spans, the sag can become substantial. It is important to design
sufficient clearance into the drive to accommodate the expected amount of chain
sag. For a drive with an approximately horizontal slack span, the required sag
allowance for a particular amount of elongation is shown in Fig. 15.4. The drive
centers should be adjusted periodically to maintain sag at 2 to 3 percent of the cen-
ter distance.

Idlers. When the center distance is long, the drive centers are near vertical, the
center distance is fixed, or machine members obstruct the normal chain path, idler

N2 − N1
�

4π 2C
N1 + N2
�

2
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sprockets may be required. Idler sprockets should engage the chain in the slack span
and should not be smaller than the small sprocket. At least 3 teeth on the idler
should engage the chain, and there should be at least 3 free pitches of chain between
sprocket engagement points.

Multiple-Strand Chain. Multiple-strand chain may be required when the load and
speed are too great for a single-strand chain, or when space restrictions prevent the
use of large enough single-strand sprockets.

Drive Arrangements. A number of recommended, acceptable, and not recom-
mended drive arrangements are shown in Fig. 15.5.

15.3.2 Selection Procedure

Obtain Required Information. It is very important to obtain all the listed infor-
mation before making a selection.

1. Source of input power
2. Type of driven equipment
3. Power to be transmitted
4. Speed and size of driver shaft
5. Speed and size of driven shaft
6. Desired center distance and drive arrangement
7. Means of center distance adjustment, if any
8. Available lubrication type
9. Space limitations

10. Adverse environmental conditions

Check for any unusual drive conditions, such as
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FIGURE 15.4 Chain sag versus center distance.
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● Frequent stops and starts
● High starting or inertial loads
● Temperatures above 150°F or below 0°F
● Large cyclic load variations in a single revolution
● Multiple driven shafts

If any of these, or any other unusual drive condition, is found, consult a chain manu-
facturer for help with the selection.

Determine Service Factor. The average required power for a drive usually is given.
The peak power may be much greater than the average, depending on the power
source and the driven equipment. A service factor, obtained from Table 15.2,
accounts for the peak loads.The load classification for various types of driven equip-
ment may be found in Ref. [15.1] or [15.5] or in manufacturers’ catalogs.

Calculate Design Power. Obtain the design power by multiplying the average
power times the service factor from Table 15.2.

15.10 POWER TRANSMISSION

FIGURE 15.5 Drive arrangements.
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Make Preliminary Chain Selection. Enter the chart, Fig. 15.6, with the design
power and the speed of the small sprocket to select a preliminary chain. If no single-
strand chain will transmit the design power at the required speed, or if space is
restricted, multiple-strand chain may be required. If multiple-strand chain is to be
selected, divide the design power by the multiple-strand factor, from Table 15.3,
before entering the selection chart. Note that optimally the drive will operate near
the peak of the rating curve. If the speed and power are low to moderate and the
center distance is long, double-pitch chain may be acceptable.A selection procedure
for double-pitch chains is given in Ref. [15.2].
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TABLE 15.2 Service Factors for Roller Chain Drives

Type of input power

Internal combustion Electric motor Internal combustion
Type of engine with or engine with

driven load hydraulic drive turbine mechanical drive

Smooth 1.0 1.0 1.2
Moderate shock 1.2 1.3 1.4
Heavy shock 1.4 1.5 1.7

TABLE 15.3 Roller Chain Multiple Strand 
Factors

Number of strands Multiple strand factor

2 1.7
3 2.5
4 3.3

Select Small Sprocket. Refer to the horsepower tables in Ref. [15.1], [15.2], or
[15.5] or in manufacturers’ catalogs to select the small sprocket. Again, if multiple-
strand chain is being considered, the design power must be divided by the proper
multiple-strand factor from Table 15.3. Several different combinations of chain and
sprocket sizes may be satisfactory for a given drive. Study the tables to see if increas-
ing the number of teeth on the small sprocket might allow use of a smaller-pitch
chain, or if decreasing the number of teeth on the small sprocket might allow use of
a larger-pitch single-strand chain instead of a multiple-strand chain.

Consult sprocket manufacturers’ catalogs to ensure that the sprocket bore capac-
ity is adequate for the shaft. If it is not, select a larger sprocket.

Select Large Sprocket. Determine the number of teeth required on the large
sprocket by multiplying the number of teeth on the small sprocket by the speed
ratio. Ensure that the selected large sprocket will fit within any space restrictions
and clear all obstructions. If there is an interference, a smaller-pitch, multiple-strand
chain might be needed.

Make Final Chain Selection. Choose the most suitable drive from the alternatives
selected earlier. The final choice may be based on economics, performance, effi-
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ciency, space utilization, or a number of other considerations. Computer programs
are available that automate the preliminary selection process and analyze the alter-
natives based on parameters provided by the designer.

Calculate Chain Length. For a two-sprocket drive, the approximate chain length
may be estimated by Eq. (15.1). A more accurate chain length may be calculated by
equations found in Ref. [15.5] or in manufacturers’ catalogs. For three or more
sprocket drives, the chain length may be estimated by graphic techniques, geometric
layouts, computer programs, or certain CAD packages.

15.12 POWER TRANSMISSION

FIGURE 15.6 Roller chain selection chart.
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Determine Lubrication Type. The type of lubrication required may be obtained
from the horsepower tables in Refs. [15.1] or [15.5], manufacturers’ catalogs, or Sec.
15.4. It is very important to provide adequate lubrication to a roller-chain drive.
Selecting an inferior type of lubrication can drastically reduce the life of the drive.

15.3.3 Power Ratings of Roller-Chain Drives

Conditions for Ratings. The roller-chain horsepower ratings presented in this sec-
tion are based on the following conditions:

1. Standard or heavy series chain listed in Ref. [15.1]

2. Service factor of 1

3. Chain length of 100 pitches

4. Use of the recommended lubrication method

5. A two-sprocket drive, driver and driven

6. Sprockets properly aligned on parallel, horizontal shafts and chains

7. A clean, nonabrasive environment

8. Approximately 15 000 hours service life

Horsepower Rating Equations. When operating under the above conditions, the
maximum horsepower capacity of standard roller chains is defined by the equa-
tions shown. Depending on speed and the number of teeth on the smaller
sprocket, the power capacity may be limited by link plate fatigue, roller and bush-
ing impact fatigue, or galling between the pin and the bushing. The power capacity
of the chain is the lowest value obtained from the following three equations at the
given conditions.

1. Power limited by link plate fatigue:

HPf = KfN 1
1.08R0.9P(3.0 − 0.07P) (15.2)

where Kf = 0.0022 for no. 41 chain, and 0.004 for all other numbers.

2. Power limited by roller and bushing impact fatigue:

HPr = (Kr N 1
1.5P 0.8)/R1.5 (15.3)

where Kr = 29 000 for nos. 25 and 35 chain, 3400 for no. 41 chain, and 17 000 for
nos. 40 through 240 chain.

3. Power limited by galling:

HPg = (RPN1/110.84)(4.413 − 2.073P − 0.0274N2)

− [ln (R/1000)](1.59 log P + 1.873) (15.4)

The loci of these equations are presented in Fig. 15.6.
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15.4 LUBRICATION AND WEAR

In all roller and engineering steel chains, and in many silent chains, each pin and bush-
ing joint essentially is a traveling journal bearing. So, it is vital that they receive ade-
quate lubrication to attain full potential wear life. Even silent chains with
rocking-type joints are subject to some sliding and fretting, and so they also need
good lubrication to obtain optimum wear life.

15.4.1 Purpose of Chain Lubrication

Effective lubrication aids chain performance and life in several ways:

1. By resisting wear between the pin and bushing surfaces
2. By flushing away wear debris and foreign materials
3. By lubricating the chain-sprocket contact surfaces
4. By dissipating heat
5. By cushioning impact loads
6. By retarding rust and corrosion

15.4.2 Lubricant Properties

General Lubricant Characteristics. Chain lubrication is usually best achieved by a
good grade of nondetergent petroleum-base oil with the following properties:

● Low enough viscosity to penetrate to critical surfaces
● High enough viscosity to maintain an effective lubricating film at prevailing bear-

ing pressures
● Free of contaminants and corrosive substances
● Able to maintain lubricating properties in the full range of operating conditions

Additives that improve film strength, resist foaming, and resist oxidation usually are
beneficial, but detergents or additives to improve viscosity index normally are not
needed.

Recommended Viscosities. The oil must be able to flow into small internal clear-
ances in the chain, and so greases and very high-viscosity oils should not be used.
The recommended viscosity for various ambient temperature ranges is shown in
Table 15.4.

15.4.3 Application of Lubricant to Chain

Application Location and Flow Direction. It is vital to adequately lubricate the
pin and bushing surfaces that articulate under load. It also is important to lubricate
the surfaces between the roller and the bushing in roller and engineering steel
chains. Oil should be applied to the upper link plate edges in the lower chain span
just before the chain engages a sprocket. This places the oil where it can pass
between the link plate faces and enter the critical bearing area. It also permits
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gravity and centrifugal force to aid the flow of oil in the desired direction. The
extra oil that spills over the edges of the link plates should be adequate to lubri-
cate the bearing surfaces between the rollers and the bushings in roller and engi-
neering steel chain. It is important to supply oil uniformly across the entire width
of silent and multiple-strand roller chains. For more information, see Refs. [15.5]
and [15.6].

Flow Rates. When chain drives are transmitting large amounts of power at high
speeds, oil-stream lubrication generally is required. The oil stream must cool the
chain and carry away wear debris as well as lubricate the drive.A substantial oil flow
rate is needed to accomplish all of that. The minimum flow rate for the amount of
horsepower transmitted is shown in Table 15.5.
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TABLE 15.4 Recommended Oil Viscosity
for Various Temperatures

Recommended grade Temperature, °F

SAE 5 −50 to +50
SAE 10 −20 to +80
SAE 20 +10 to +110
SAE 30 +20 to +130
SAE 40 +30 to +140
SAE 50 +40 to +150

Source: Adapted from Ref. [15.6], p. 8, by cour-
tesy of American Chain Association.

TABLE 15.5 Oil Flow Rates vs. Horsepower

Transmitted Minimum flow rate,
horsepower gal/min

50 0.25
100 0.50
150 0.75
200 1.00
250 1.25
300 1.50

400 2.00
500 2.25
600 3.00
700 3.25
800 3.75
900 4.25

1 000 4.75
1 500 7.00
2 000 10.0

Source: Adapted from Ref. [15.6], p. 12, by
courtesy of American Chain Association.
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15.4.4 Types of Chain Lubrication

All three types of chain drives—roller, engineering steel, and silent—will work with
three types of lubrication system. The type of lubrication system used is dependent
on the speed and the amount of power transmitted. The three types of chain drive
lubrication systems are

Type 1. Manual or drip
Type 2. Oil bath or slinger disk
Type 3. Oil stream

A description of each type of lubrication follows.

Manual. Oil is manually applied periodically with a brush or spout can. The time
period between applications is often 8 hours, but it may be longer if this is proven
adequate for the particular conditions.

Drip. Oil is dripped between the link plate edges from a lubricator with a reser-
voir. Rates range from 4 to 20 drops per minute; 10 drops per minute is equal to
about one ounce per hour. A distribution pipe is needed to direct oil to all the rows
of link plates in multiple-strand chain, and a wick packing in the pipe will ensure uni-
form distribution of oil to all the holes in the pipe. Windage may misdirect the oil
droplets. If that occurs, the lubricator must be relocated.

Oil Bath. A short section of chain runs through the oil in the sump of a chain cas-
ing. The oil level should not be higher than the pitch line of the chain at its lowest
point in operation. Long sections of chain running through the oil bath can cause
foaming and overheating. If that occurs, slinger disk–type lubrication should be 
considered.

Slinger Disk. The chain runs above the oil level while a disk on one shaft picks up
oil from the sump and slings it against a collector plate. The oil is then directed into
a trough which applies it to the upper edges of the chain link plates in the lower span
of the chain. The disk diameter should be sized so that the disk runs at a rim speed
of 600 to 8000 ft/min. Slower speeds will not effectively pick up the oil. Higher
speeds can cause foaming and overheating.

Oil Stream. A pump sends a stream or spray of oil under pressure onto the chain.
The oil must be applied evenly across the entire width of the chain, and it must be
directed onto the lower span from the inside of the chain loop. Excess oil is collected
in the sump and returned to the pump reservoir. The oil stream both lubricates and
cools the chain when high power is transmitted at high speeds (Table 15.5). The oil
may be cooled by radiation from the external surfaces of the reservoir or, if power is
very high, by a separate heat exchanger.

15.4.5 Chain Casings

Chain casings provide a reservoir for the oil, contain excess oil slung off the drive, and
prevent contaminants from contacting the drive. Chain casings usually are made of
sheet metal, and are stiffened by embossed ribs or metal angles. Chain casings gener-
ally have doors or panels to allow access to the drive for inspection and maintenance.

Oil-retaining casings have single lap joints and single oil seals at each shaft open-
ing. They are adequate for drip or oil bath types of lubrication. They are relatively
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inexpensive, but they will allow some oil to escape and some dust and dirt to enter
the casing. Oil- and dustproof casings have double lap joints and double oil seals at
the shafts. They are strongly recommended for slinger disc and pressure stream
types of lubrication. They are more expensive, but they virtually eliminate oil leak-
age and prevent contaminants from reaching the drive.

Sizing for Clearance. Sufficient clearance between the chain and the casing is
essential if maximum potential wear life from the chain is to be obtained. At least 
3 in clearance is needed around the periphery of the chain and 3⁄4 in on each side of
the chain. Additional clearance must be provided in the bottom of the casing to
accommodate chain sag from wear elongation.The required allowance for chain sag
may be obtained from Fig. 15.4.

Sizing for Heat Dissipation. A chain casing also may need sufficient surface area
for heat dissipation. The oil temperature should not exceed 180°F (total of ambient
temperature and temperature rise). The temperature rise for a given chain casing
may be estimated from Eq. (15.5), which presumes 98 percent chain drive mechani-
cal efficiency.

∆Th = (15.5)

where ∆Th = temperature rise, °F
HP = transmitted horsepower

A = exposed casing area, ft2

Kh = overall film coefficient of heat transfer, BTU/(h ⋅ ft2 ⋅ °F)
Kh = 2.0 for still air, 2.7 for normal circulation, and 4.5 for rapid circulation

The equation may be rearranged to obtain the required surface area of the casing:

A = (15.6)

If a casing with the required surface area is too large for the available space, a sepa-
rate oil cooler may be needed.

This short section gives only the rudiments of designing a chain casing. More
information may be found in Refs. [15.5] and [15.6], machine design textbooks, or
manufacturers’ literature.

15.4.6 Specific Lubrication Recommendations

Roller Chain. The required type of lubrication is directly related to the speed of a
roller-chain drive. The limiting speeds for standard sizes of roller chain are shown in
Table 15.6. More detailed information may be found in Refs. [15.5] and [15.6] or in
manufacturers’ literature.

Engineering Steel Chains. The required type of lubrication for an engineering
steel drive is related to speed, but the relationship is more complex than for a roller-
chain drive. The approximate limiting speeds for standard sizes of engineering steel
chain, on 12-tooth sprockets only, are shown in Table 15.7.The values in the table are
for general guidance only. When designing a drive, consult Ref. [15.5] or manufac-
turers’ literature.

50.9 HP
�
∆ThKh

50.9 HP
�

AKh
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Silent Chains. The required type of lubrication is related to speed for silent-chain
drives also, but again, the relationship is more complex than for roller-chain drives.
The approximate limiting speeds for standard sizes of silent chain are shown in Table
15.8. The values in the table are for general guidance only. When designing a drive,
consult Refs. [15.4] and [15.5] or manufacturers’ literature.

15.5 ENGINEERING STEEL CHAINS:
NOMENCLATURE AND DIMENSIONS

The engineering steel chains that are specifically designated for power transmission
are heavy-duty offset sidebar chains, standardized in Ref. [15.3].

15.5.1 Offset Sidebar Chain Nomenclature

In offset sidebar chain, each link is the same. Each link consists of a pair of offset-
bent sidebars with a bushing assembled in one end of the pair of sidebars and a pin
assembled in the other end.A roller that is free to rotate is assembled on each bush-
ing. The pin is assembled into, and is free to pivot inside of, the bushing of the adja-
cent link, as shown in the illustration with Table 15.9.
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TABLE 15.6 Roller Chain Speed Limits by Lubrication Type

Limiting speed, fpm

ANSI No. 25 35 40 50 60 80 100 120 140 160 180 200 240

Type 1 480 350 300 250 215 165 145 125 110 100 90 80 75
Type 2 3250 2650 2200 1900 1750 1475 1250 1170 1050 1000 935 865 790
Type 3 At all speeds higher than for Type 2

TABLE 15.7 Offset Sidebar Chain Speed Limits by Lubrication Type

Limiting speed, rpm of 12-tooth sprocket only

ANSI No. 2010 2512 2814 3315 3618 4020 4824 5628

Type 1 33 33 33 32 29 30 35 38
Type 2 300 200 160 115 100 85 65 N/A
Type 3 At all speeds higher than for Type 2

TABLE 15.8 Silent Chain Speed Limits by Lubrication Type

Limiting speed, FPM

Number of teeth on small sprocket

21 25 29 35 42 50

Type 1 1220 1250 1270 1290 1320 1350
Type 2 2400 2500 2650 2800 3000 3200
Type 3 At all speeds higher than for Oil Bath
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15.5.2 Offset Sidebar Chain Dimensions and Data

Offset Sidebar Chain Dimensions. Just as for roller chain, the three key dimen-
sions for describing offset sidebar chain are pitch, roller diameter, and roller width.
These, other selected dimensions, minimum ultimate tensile strengths, and maxi-
mum working loads for standard offset sidebar chains are shown in Table 15.9.

Offset Sidebar Chain Numbering. A four-digit numbering system for designating
standard offset sidebar chains is given in Ref. [15.3]. The left two digits denote the
number of 1⁄8-in increments in the pitch.The right two digits denote the number of 1⁄16-
in increments in the pin diameter. For example, chain no. 2814 designates a standard
offset sidebar chain with 3.5-in pitch and 7⁄8-in pin diameter.

15.5.3 Sprockets

Machine-cut sprockets for offset sidebar chain look much like sprockets for roller
chain.The standard (Ref. [15.3]) defines only tooth form, profile section, and impor-
tant diameters. It does not define styles of sprockets because a great variety of styles
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TABLE 15.9 Offset Sidebar Chain Dimensions

(Dimensions in inches, MUTS and Fw in lbf)

ANSI Chain Roller Roller Pin Sidebar Minimum ultimate Maximum allowable 
chain pitch, width, diameter, diameter, thickness, tensile strength, working load,

no. P W D d T MUTS Fw

2010 2.500 1.50 1.25 0.625 0.31 57 000 4 650
2512 3.067 1.56 1.62 0.750 0.38 77 000 6 000

2814 3.500 1.50 1.75 0.875 0.50 106 000 7 600
3315 4.073 1.94 1.78 0.938 0.56 124 000 10 000

3618 4.500 2.06 2.25 1.100 0.56 171 000 12 000
4020 5.000 2.75 2.50 1.250 0.62 222 500 17 500

4824 6.000 3.00 3.00 1.500 0.75 287 500 23 600
5628 7.000 3.25 3.25 1.750 0.88 385 000 60 500

Illustration courtesy of Diamond Chain Company.
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and materials are offered by manufacturers. When designing a drive, consult manu-
facturers’ literature to select sprockets that will be appropriate for the application.

Tooth Form. The tooth form and profile dimensions for offset-sidebar-chain
sprockets are defined in Ref. [15.3].

Sprocket Diameters. There are four important sprocket diameters defined in Ref.
[15.3].They are pitch, root, bottom, caliper, and chain clearance diameters.The equa-
tions for those diameters, shown in Fig. 15.7, are

PD = P/sin (180/N) RD = PD − D BD = RD − Cb

CD = BD[cos (90/N)] CCD = P[cot (180/N) − 0.05] − H
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FIGURE 15.7 Engineering steel chain sprocket diame-
ters. (Diamond Chain Company).

15.6 SELECTION OF OFFSET-SIDEBAR-CHAIN
DRIVES

15.6.1 General Design Recommendations

Some of the general guidelines for offset-sidebar-chain selection are similar to those
for roller-chain selection, but many are different. The selection of offset-sidebar-
chain drives will be covered fully, even though there may be some repetition.
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Chain Pitch. Generally, the smallest-pitch chain that will transmit the required
power at the required speed provides the most economical drive.

Number of Sprocket Teeth
Small Sprocket. A small sprocket with 12 teeth is normally recommended. If

the speed ratio is high or space is restricted, a small sprocket with 9 teeth is accept-
able. If the speed ratio is low, center distance is long, and space is not limiting, a small
sprocket with 15 teeth is suggested.

Large Sprocket. The size of the large sprocket is limited by available space,
maximum allowable chain wear elongation, and manufacturing feasibility. Large
sprockets with more than 66 teeth are not desirable because they limit maximum
allowable chain wear elongation to less than 3 percent. Some manufacturers list
their maximum-size stock sprockets at 50 teeth or less.

Angle of Wrap. The minimum recommended angle of wrap on the small sprocket
is 135°, or three teeth engaging the chain.

Speed Ratio. The maximum recommended speed ratio for a single-reduction
drive is 6:1. That is done so as to keep sprocket sizes within reasonable bounds and
to obtain reasonably good chain wear life.

Center Distance. The preferred center distance is from 30 to 50 times the chain
pitch. The center distance should be adjustable to compensate for chain wear elon-
gation. The minimum adjustment should be equal to at least one chain pitch.

Chain Length. The required chain length may be estimated from Eq. (15.1). This
will give chain length accurate to within ±1⁄2 chain pitch. If a more precise length is
required, consult Ref. [15.5] or manufacturers’ literature.

Wear and Chain Sag. Maximum allowable wear elongation for offset sidebar
chains is determined by component size and hardness. Most offset sidebar chains are
designed to provide 5 to 6 percent wear elongation.Wear elongation may be limited
by the number of teeth on the large sprocket. For that case, the maximum allowable
chain elongation, in percent, is 200/N2.

In a drive on approximately horizontal centers, chain wear elongation accumu-
lates as sag in the slack span. The expected amount of sag for various amounts of
wear elongation is shown in Fig. 15.4. The drive centers should be adjusted periodi-
cally to maintain sag at 2 to 3 percent of horizontal center distance.

Idlers. When the center distance is long, the drive centers are more than 45° from
horizontal, or machine members obstruct the normal chain path, an idler sprocket
may be required. Idler sprockets should engage the chain in the slack span and
should not be smaller than the small sprocket in the drive. At least 3 teeth on the
idler should engage the chain, and there should be at least 3 pitches of free chain
between engagement points.

Drive Arrangements. A number of recommended, acceptable, and not recom-
mended drive arrangements are shown in Fig. 15.5.
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15.6.2 Selection Procedure

Obtain Required Information. Before an offset-sidebar-chain drive is selected, it
is essential to obtain all the listed items of information. Note that the first 10 items
are the same as for roller chain.

1. Source of input power
2. Type of driven equipment
3. Power to be transmitted
4. Speed and size of driver shaft
5. Speed and size of driven shaft
6. Desired center distance and drive arrangement
7. Means of center distance adjustment, if any
8. Available lubrication type
9. Space limitations

10. Adverse environmental conditions
11. Operating hours per day

In addition, check for any unusual drive conditions, such as

● Higher than listed speeds
● Inadequate lubrication
● Very heavy shock loads
● Corrosive or very abrasive conditions
● More than one driven shaft
● Other than precision-cut sprockets

When any of these, or any other unusual drive condition, is present, consult a chain
manufacturer for assistance with the drive selection.

Determine Service Factor. The combined service factor SF is calculated by multi-
plying the three individual factors from Tables 15.10, 15.11, and 15.12:

SF = (SF1) (SF2) (SF3)

The load classification for various types of driven equipment may be found in Ref.
[15.5] or in manufacturers’ literature.
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TABLE 15.10 Service Factors for Offset-Sidebar-Chain Drives; Load Type, SF1

Type of input power

Internal combustion Internal combustion 
Type of engine with Electric motor engine with 

driven load hydraulic drive or turbine mechanical drive

Smooth 1.0 1.0 1.2
Moderate shock 1.2 1.3 1.4
Heavy shock 1.4 1.5 1.7

CHAIN DRIVES

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



Calculate Design Power. Obtain the design power by multiplying the average
power times the combined service factor.

Make Preliminary Chain Selection. Enter the chart, Fig. 15.8, with the design
power and the speed of the small sprocket to make a preliminary chain selection.

Select Small Sprocket. Refer to the horsepower tables in Ref. [15.5] or manufac-
turers’ catalogs to select the small sprocket. Check the tables to see if increasing the
number of teeth on the small sprocket might allow use of a smaller-pitch, more eco-
nomical chain.

Consult sprocket manufacturers’ catalogs to ensure that the sprocket bore capac-
ity will accommodate the shaft. If it will not, a larger sprocket must be selected.

Select Large Sprocket. Determine the number of teeth required on the large
sprocket by multiplying the number of teeth on the small sprocket by the speed
ratio. Ensure that the selected large sprocket will fit within the available space and
clear all obstructions. If there is an interference, a different chain and sprocket com-
bination may have to be selected.

Make Final Chain Selection. Choose the most suitable drive from the alternatives
selected earlier. The final choice may be based on economics, performance, effi-
ciency, space utilization, or a number of other considerations. Computer programs
are available that automate the preliminary selection process and analyze the alter-
natives based on parameters provided by the designer.

Calculate Chain Length. Calculate the chain length from Eq. (15.1). More accu-
rate chain length may be calculated using equations in Ref. [15.5] or manufacturers’
literature. For drives with more than two sprockets, the chain length may be
obtained using graphical techniques, geometric layouts, computer programs, and cer-
tain CAD packages.

Determine Lubrication Type. The required lubrication type may be obtained from
horsepower tables in Ref. [15.5], manufacturers’ literature, or Sec. 15.4. It is very
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TABLE 15.11 Service Factors for Offset-Sidebar-Chain
Drives; Environment, SF2

Environmental conditions Factor

Relatively clean, moderate temperature 1.0
Moderately dirty, moderate temperature 1.2
Very dirty, abrasive, exposed to weather,

mildly corrosive, relatively high temperature 1.4

TABLE 15.12 Service Factors for Offset-
Sidebar-Chain Drives; Operating Time, SF3

Daily operating hours Factor

8 to 10 hr/day 1.0
10 to 24 hr/day 1.4

CHAIN DRIVES

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



important to provide adequate lubrication to a chain drive. Selecting an inferior type
of lubrication can drastically reduce the life of the drive.

Direction of Chain Travel. The wear life of an offset sidebar chain can be affected
by its direction of travel.To obtain greater wear life, in a drive with other than a one-
to-one ratio, the narrow or roller end of the links in the taut span should face the
smaller sprocket. It may be helpful in many cases for the drive designer to specify
the direction in which the chain is to be installed. A complete explanation of this
phenomenon may be found in Ref. [15.5].
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FIGURE 15.8 Engineering steel chain selection chart.
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15.6.3 Horsepower Ratings of Offset Sidebar Chains

Conditions for Ratings. The offset sidebar chain ratings presented here and in
Ref. [15.5] are based on the following conditions:

1. Standard chain listed in Ref. [15.3]

2. Service factor of 1

3. Chain length of 100 pitches

4. Use of the recommended lubrication method

5. A two-sprocket drive, driver and driven

6. Sprockets well aligned on parallel, horizontal shafts

7. Precision-machined tooth sprockets

8. A clean, nonabrasive environment

9. Approximately 15 000 hours service life

Horsepower Ratings. The ratings for offset sidebar chains on 12-tooth sprockets
are shown on the chart in Fig. 15.8. The rating equations for offset sidebar chains
are much more complex than those for roller chains, and they are not generally
published.

15.7 SILENT CHAINS: NOMENCLATURE 
AND DIMENSIONS

15.7.1 Silent-Chain Nomenclature

Silent chain is a series of toothed links alternately interlaced on joint components so
that the joint between each pitch articulates essentially as shown in the illustration
with Table 15.13.The joint components may be any combination of pins, bushings, or
specially configured components that cause the toothed links to engage a standard
sprocket so that the joint centers lie on the pitch circle. In addition to the toothed
links and joint components, silent chain has guide links (not toothed) that run either
on the sides of the sprocket or in circumferential grooves in the sprocket to control
the chain laterally.

Silent chains do not have discrete strands as roller and engineering steel chains
do. Silent chain may be assembled in an almost infinite number of “strands” because
of the way the toothed links are alternately interlaced on the joint components, as
shown in Fig. 15.9. Silent chain is produced in standard widths, in inches, designated
in Ref. [15.4].

15.7.2 Silent-Chain Dimensions and Data

Silent-Chain Dimensions. The standard for silent chain (Ref. [15.4]) defines the
sprockets in more detail than the chains. A silent chain is a standard silent chain if it
functions properly on a standard sprocket. The only standardized chain dimensions
are those shown in Table 15.13.
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TABLE 15.13 Silent Chain Dimensions

Dimensions in inches

ANSI Chain Min. crotch 
chain no. pitch height Standard chain widths

SC3 0.375 0.0232 .5, .75, 1, 1.25, 1.5, 1.75, 2, 2.25, 2.5, 3, 4, 5, 6
SC4 0.500 0.0310 .5, .75, 1, 1.25, 1.5, 1.75, 2, 2.25, 2.5, 2.75, 3, 4, 5, 6, 8

SC5 0.625 0.0388 1, 1.25, 1.5, 1.75, 2, 2.5, 3, 4, 5, 6, 7, 8, 10
SC6 0.750 0.0465 1, 1.25, 1.5, 2, 2.5, 3, 3.5, 4, 5, 6, 7, 8, 9, 10, 12

SC8 1.00 0.0620 2, 2.5, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 16
SC10 1.25 0.0775 2.5, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 16, 18, 20

SC12 1.50 0.0930 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 16, 18, 20, 22, 24
SC16 2.00 0.1240 4, 5, 6, 7, 8, 10, 12, 14, 16, 18, 20, 22, 24, 30

Illustration courtesy of Diamond Chain Company.

FIGURE 15.9 Typical silent chain. (Diamond Chain Company).

Silent-Chain Numbering. A standard numbering system is described in Ref.
[15.4]. Chain numbers begin with the two letters SC.They are followed by one or two
digits that designate the chain pitch in increments of 1⁄8 in. The pitch designators are
then followed by two or three digits that designate the chain width in increments of
1⁄4 in. For example, chain number SC836 is a standard silent chain with a pitch of 1 in
and a width of 9 in.
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15.7.3 Silent-Chain Sprockets

Tooth Form. The tooth form, profile, and guide groove width and profile dimen-
sions are defined in Ref. [15.4].

Sprocket Diameters. There are five important sprocket diameters defined in Ref.
[15.4]. They are pitch, outside, over-gauge, maximum guide groove, and maximum
hub diameters. The equations for those diameters, shown in Fig. 15.10, are

PD = P/sin (180/N) Dp = 0.625P

OD (for rounded teeth) = P[cot (180/N) + 0.08]

OGD (for even number of teeth) = PD − 0.125P csc [30 − (180/N)] + Dp

OGD (for odd number of teeth) = [cos (90/N)]{PD − 0.125P csc [30 − (180/N)]} + Dp

G = P[cot (180/N) − 1.16]

MHD (for hobbed teeth) = P[cot (180/N) − 1.33]

MHD (for straddle-cut teeth) = P[cot (180/N) − 1.25]
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FIGURE 15.10 Silent chain sprocket diameters. (Diamond Chain Company.)

CHAIN DRIVES

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



15.8 SELECTION OF SILENT-CHAIN DRIVES

15.8.1 General Design Recommendations

The following guidelines are only the more important considerations in designing
silent-chain drives. For more detailed information, consult Ref. [15.5] or manufac-
turers’ literature.

Chain Pitch. It is very important to match the silent-chain pitch to the desired
shaft speeds. Generally, the smaller the pitch, the greater the allowable speed.

Number of Sprocket Teeth
Small Sprocket. The absolute minimum number of teeth that a silent-chain

sprocket can have is 12. However, the minimum recommended number of teeth on
the small sprocket is much more than that:

Normal operation 21 teeth
Speed increasing (step-up) 23 teeth
High speed (over 1500 ft/min) 25 teeth

Large Sprocket. The number of teeth on the large sprocket normally should not
exceed 120. The number of teeth on the large sprocket also limits maximum allow-
able chain wear elongation. The maximum allowable chain wear elongation, in per-
cent, is 200/N2.

Hardened Teeth. The teeth on the small sprocket should be hardened when they
are running at moderate to high speeds or transmitting nearly maximum rated
power.

Angle of Wrap. The minimum recommended angle of wrap on the small sprocket
is 120°.

Speed Ratio. The maximum recommended speed ratio is 8:1 for a single-reduction
drive. Speed ratios of up to 12:1 are possible with proper design, but in such situa-
tions double-reduction drives are preferred.

Center Distance. The preferred center distance for a silent-chain drive is 30 to 50
times the pitch. The center distance should be adjustable to take up slack chain
caused by wear.The center distance adjustment should be at least 2 pitches. If a fixed
center distance must be used, consult a chain manufacturer.

Chain Length. The required chain length may be calculated from Eq. (15.1). It will
give chain length accurate to within ±1⁄2 pitch. If a more precise chain length is
needed, equations for exact chain length may be found in Ref. [15.5] or in manufac-
turers’ literature.

Chain length must be an integral number of pitches. An even number of pitches
is preferred. An odd number of pitches requires the use of an offset link, and offset
links reduce the capacity of the chain.

Wear and Chain Sag. Silent chain elongates with wear just as other types of chain
do. Silent-chain sprocket teeth are designed to allow the chain to run higher on the
teeth as it wears, thus compensating for the elongation. The maximum allowable
chain wear is limited by the number of teeth on the large sprocket, as noted earlier.
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In a drive where the shaft centers are nearly horizontal, chain wear accumulates
as sag in the slack span. The amount of sag for various amounts of wear elongation
is shown in Fig. 15.4. The drive centers should be adjusted periodically to maintain
chain sag at 2 to 3 percent of the center distance.

Idlers. In drives where the center distance is long, the shaft centers are near vertical,
or if the center distance is not adjustable, idler sprockets or guide shoes may be
needed. Idler sprockets may be used when they engage the inside of the chain loop,
but guide shoes with a large radius are advised for contact on the back of the chain.
Idlers should have at least 17 teeth. They should have at least 3 teeth engaging the
chain, and allow at least 3 pitches of free chain between engagement points. Guide
shoes may be of wood, metal, or polymeric material. They should contact the back of
the slack span near the small sprocket to increase the angle of wrap on the small
sprocket.

Drive Arrangements. A number of recommended, acceptable, and not recom-
mended drive arrangements are shown in Fig. 15.5. These apply to silent chain as
well as roller chain, except that a radiused guide shoe should be used where idler
sprockets contact the back side of the chain.

15.8.2 Selection Procedure

Obtain Required Information. Before a silent-chain drive is selected, it is essen-
tial to obtain all the listed items of information. Note that the first 10 items are the
same as for roller chain.

1. Source of input power
2. Type of driven equipment
3. Power to be transmitted
4. Speed and size of driver shaft
5. Speed and size of driven shaft
6. Desired center distance and drive arrangement
7. Means of center distance adjustment, if any
8. Available lubrication type
9. Space limitations

10. Adverse environmental conditions
11. Operating hours per day

In addition, check for any unusual drive conditions, such as

● Frequent stops and starts
● High starting or inertial loads
● Multiple driven shafts
● Inferior lubrication type
● Corrosive or abrasive environment

If these or any other unusual drive conditions are present, consult a chain manufac-
turer for advice on the selection.

Determine Service Factor. Determine the service factor from Table 15.14. Load
classifications may be obtained from Refs. [15.4] and [15.5] or from manufacturers’
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literature.

Calculate Design Power. Obtain the design power by multiplying the average
power times the service factor from Table 15.14.

Make Preliminary Chain Selection. Enter the chart, Fig. 15.11, with design power
and the speed of the small sprocket to make a preliminary chain selection. The solid
lines on the chart represent the maximum horsepower per inch of width for each
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TABLE 15.14 Silent Chain Service Factors

IC engine with IC engine IC engine 
fluid coupling or with with 

electric motor mechanical drive torque converter

Load 10 24 10 24 10 24 
classification hr/day hr/day hr/day hr/day hr/day hr/day

Very smooth 1.0 1.3 1.2 1.5 1.4 1.7
Mild shock 1.2 1.5 1.4 1.7 1.6 1.9
Moderate shock 1.4 1.7 1.6 1.9 1.8 2.1
Heavy shock 1.6 1.9 1.8 2.1 2.0 2.3

FIGURE 15.11 Silent chain selection chart.
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silent-chain size when operating on a 21-tooth small sprocket. The dashed lines rep-
resent the minimum and maximum recommended speeds for each silent-chain size.

Select Small Sprocket. Refer to the horsepower tables in Ref. [15.4] or [15.5] or 
in manufacturers’ catalogs to select the small sprocket. Use an odd number of teeth
in the small sprocket whenever possible. More than one selection will work well in
most situations, so check the tables to see if changing the number of teeth might
yield a more economical or more convenient selection.

Consult sprocket manufacturers’ catalogs to ensure that the bore in the small
sprocket will accommodate the shaft. If it will not, a larger sprocket must be
selected.

Select Large Sprocket. Determine the number of teeth required on the large
sprocket by multiplying the number of teeth on the small sprocket by the speed
ratio. Ensure that the selected large sprocket will fit within the available space and
clear any obstructions. If there is an interference, a different chain and sprocket
combination may be necessary.

Make Final Chain Selection. Choose the most suitable drive from the alternatives
selected earlier. The final choice may be based on economics, performance, effi-
ciency, space utilization, or a number of other considerations. Computer programs
are available that automate the preliminary selection process and analyze the alter-
natives based on parameters provided by the designer.

Calculate Chain Length. Calculate the chain length from Eq. (15.1). More accu-
rate chain lengths may be obtained from equations in Ref. [15.5] or in manufactur-
ers’ literature. For drives with three or more sprockets, chain length may be obtained
using graphical techniques, geometric layouts, computer programs, and certain CAD
packages.

Determine Lubrication Type. Select the proper type of lubrication from the tables
in Ref. [15.4] or [15.5], manufacturers’ literature, or Sec. 15.4. It is extremely impor-
tant to provide adequate lubrication to a silent-chain drive. Selecting an inferior
type of lubrication can drastically reduce the life of the drive. In addition, because
silent-chain drives generally operate at higher speeds than roller- or engineering
steel–chain drives, inadequate lubrication can cause serious damage to the drive or
to the machine in which it is used.

15.8.3 Horsepower Ratings of Silent-Chain Drives

Conditions for Ratings. The silent-chain power ratings presented here are based
on the following conditions:

1. Standard chain listed in Ref. [15.4]

2. Service factor of 1

3. Chain length of 100 pitches

4. Use of recommended lubrication type

5. A two-sprocket drive, driver and driven

6. Sprockets properly aligned on parallel, horizontal shafts and chains
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7. A clean, nonabrasive environment

8. Approximately 15 000 hours service life

Horsepower Ratings. Silent-chain power capacity ratings are stated in terms of
horsepower per inch of chain width, and they vary with the chain pitch, number of
teeth on the small sprocket, and speed of the small sprocket. The ratings consider
fatigue strength of the chains, wear resistance of drive components, adequacy of
lubrication, and effects of speed and chordal action. The equations for silent-chain
ratings are not published, as those for roller-chain ratings are, but complete tables of
power ratings for standard silent chains are shown in Ref. [15.4]. Figure 15.11 is a
silent-chain quick-selection chart, using an abridged version of the ratings.
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GLOSSARY OF SYMBOLS

A Area or parallel misalignment
b Bearing spacing
d Diameter
D Diameter or distance between equipment
e Eccentricity
E Young’s modulus or shape factor for maximum allowable stress, psi
F Force
g Acceleration due to gravity
h Height of keyway
I Second moment of area
J Polar second moment of area
Ka U-joint angle correction factor
KL U-joint life correction factor
Ks U-joint speed correction factor
L Life or length of engagement
� Length
m Mass

16.1

Source: STANDARD HANDBOOK OF MACHINE DESIGN
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n Speed, r/min
N Number of active elements or bellows convolutions
P Pressure
PV Pressure times velocity
r Radius
R Operating radius
Rc Centroidal radius or distance
s Maximum permissible stroke per convolution for bellows
S Link length, shape factor, or maximum permissible total bellows stroke
t Thickness
T Torque
V Velocity
w Width
X Angular misalignment
Y Parallel misalignment
α Rotational position
β Torsional amplitude
γ U-joint angle
δ Deflection or U-joint angle
∆ Deflection
ζ Damping ratio
θ Shaft or joint angle
θeff Torsional equivalent angle
τ Shear stress
ω Angular velocity

16.1 GENERAL

16.1.1 System Requirements

When selecting a coupling, you have to consider all the system’s requirements. It is
not enough to know what the driver and load are and how big the shaft is. You must
also know how the two halves are assembled and whether there is misalignment, as
well as the system’s operating range and the operating temperature.

Before you select a coupling, determine the following about the system:

1. Driver Type; electric motor, internal-combustion engine, number of cylinders, etc.
2. Load Fan, pump, rockcrusher, etc., to determine the inertias.
3. Nominal torque Tkn Continuous operating torque.
4. Maximum torque Tmax Peak expected on startup, shutdown, overload, etc.
5. Vibratory torque Tkw Oscillating torque about the nominal Tkn ± Tkw.
6. Number of startups per hour.

16.2 POWER TRANSMISSION
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7. Misalignment Amount and type of misalignment between the driver and the
load: parallel, angular, and/or axial.

8. Type of mounting Shaft to shaft, shaft to flywheel, blind fit, etc.
9. Shaft size Diameter of the shafts for both the driver and the load.

10. Operating temperature General operating temperature and whether the drive is
enclosed (unventilated).

11. Operating speed range The upper and lower limits of the operating range.
12. Service factor A “fudge factor” designed to combine many of the above operat-

ing conditions and lump them into one multiplier to oversize the coupling in
order to accommodate these parameters. Typical service factors are shown in
Table 16.1.

16.1.2 Coupling Characteristics

Once the system requirements have been determined, check the characteristics of
the coupling chosen to verify the selection. You should be able to check the follow-
ing characteristics:

1. Torque capacity

2. Bore size Minimum and maximum bore
3. Type of mounting Mounting configurations available for any given coupling
4. Maximum speed range

5. Misalignment Degree of misalignment that can be accepted in mounting
6. Flexible material Capability of material to withstand heat or oil contamination;

torsional stiffness

16.1.3 Selecting the Coupling

The first step is to make a preliminary selection based on the torque transmitted and
the shaft dimensions. Then verify that the selection will satisfy the requirements for
type of mount, degree of misalignment, operating speed, and operating temperature.
Don’t forget to check for the possibility of resonance.

Not all systems require all these steps. Smooth operating systems, such as electric
motors driving small loads, are seldom subject to severe vibration. The natural fre-
quency probably does not have to be checked.

As a simple guideline for determining system requirements for smooth systems,
coupling manufacturers have developed the service factor. The service factor is a
rough approximation of the temperature requirements, maximum torque, and natu-
ral frequency. It is stated as a multiplier, such as 1.5.To be sure the coupling you have
selected is adequate, multiply the nominal torque required for the system by the ser-
vice factor and select a coupling with that torque rating or better.

The service factor is adequate for some systems. Its drawbacks are that it is
imprecise and, in severe applications, does not evaluate all the variables. Also, when
you are selecting according to the service factor, be careful not to overspecify, get-
ting more coupling than needed. This is not cost-effective.

Perhaps the most important thing to remember in selecting a coupling is that the
coupling manufacturer can make a recommendation for you only based on the

COUPLINGS 16.3
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16.4 POWER TRANSMISSION

TABLE 16.1 Service Factors and Load Classification for Flexible Couplings†
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information you provide. A little time spent selecting the right coupling can save a
lot of time and money later.

Selecting a flexible coupling involves more than meeting torque and shaft size
requirements. It is also important to understand the functions of a flexible coupling
in the system, the operating requirements of the system, and the characteristics of
the coupling selected. Flexible couplings serve four main functions in a drive system:

1. They transmit torque and rotation from the drive to the load.
2. They dampen vibration.
3. They accommodate misalignment.
4. They influence the natural frequency of the system.

The torque-handling capacity of a given coupling design defines the basic size of
a coupling. The nominal torque Tkn is the coupling’s continuous load rating under
conditions set by the manufacturer. The maximum torque rating Tmax is the peak
torque the coupling can handle on startup, shutdown, running through resonance,
and momentary overloads.As defined in the German standards for elastomeric cou-
plings, Ref. [16.2], a coupling should be able to withstand 105 cycles of maximum

COUPLINGS 16.5

TABLE 16.1 Service Factors and Load Classification for Flexible Couplings† (Continued)
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torque at a frequency of not more than 60 per hour. Vibratory torque (±Tkw) is the
coupling vibratory rating at 10 hertz (Hz) for elastomeric couplings. The rotary out-
put of the coupling may be uniform (constant velocity) or cyclic (e.g., Hooke’s joint).

All drive systems experience some vibration. Vibration can exceed the limits of
design, which can cause system failure. Flexible couplings are one method of damp-
ening the amount of vibration from either the driver or the driven equipment.

When a flexible coupling is used, the vibration is transferred to a material which is
designed to absorb it rather than transmit it through the entire drive. Soft materials,
such as natural rubber, can absorb greater amounts of vibration than stiffer materials,
such as Hytrel† or steel. As a comparison, the relative vibration damping capabilities
of Buna N rubber, Hytrel, and steel are shown in the transmissibility chart of Fig. 16.1.

If a system has misalignment, there are two factors to consider. First, you must
use a coupling that can operate between two misaligned shafts. Second, you must be
sure that the coupling does not exert excessive forces on the equipment because of
misalignment. Perfect alignment between the driver and the load is difficult to
obtain and maintain over the life of the system. A cost-effective alternative to pre-
cise alignment is a coupling that can accommodate misalignment between two
shafts. The amount of misalignment a coupling can accept varies. Steel drive plates,
for example, can accept only misalignment equal to their machining tolerances, fre-
quently as little as 0.005 inch (in) parallel. Other couplings can accommodate mis-

16.6 POWER TRANSMISSION

FIGURE 16.1 Effect of damping ratio on torque trans-
mission. A, steel, ξ = 0.01; B, Hytrel, ξ = 0.03; C, Buna N
rubber, ξ = 0.13, where Tr is the transmitted torque and Ti

the input torque.

† Hytrel is a trademark of E.I. du Pont de Nemours.
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alignment up to 45°. The maximum allowable misalignment is a function of the per-
centage of torque capacity being utilized and the amount of vibratory torque the sys-
tem is transmitting under perfect alignment.

If there is system misalignment, the material used in the coupling is important.
Misalignment may cause radial forces to be exerted on the system. If the radial
forces are too great, components such as bearings, seals, and shafts can experience
undue stresses and fail prematurely. Different materials exert different radial forces;
softer materials typically exert less radial force than stiff materials.

The natural frequency of a system can be altered by changing either the inertia of
any of the components or the stiffness of the coupling used. See Chap. 31. Generally,
after a system is designed, it is difficult and costly to change the inertia of the compo-
nents. Therefore, coupling selection is frequently used to alter the natural frequency.

16.2 RIGID COUPLINGS

The solid coupling does not allow for misalignment, except perhaps axial, but enables
the addition of one piece of equipment to another. In its simplest form, the rigid cou-
pling is nothing more than a piece of bar stock bored to receive two shafts, as shown
in Fig. 16.2. Its torque-handling capacity is limited only by the strength of the material
used to make the connection.The coupling is installed on one shaft before the equip-
ment is lined up, and the mating equipment is brought into position without much
chance of accurate alignment when the equipment is bolted into position.

The maximum shear stress occurs at the outer radius of the coupling and at the
interface of the two bores. This stress can be derived from the torsion formula (see
Chap. 36) and is

τmax = (16.1)

where J, the polar second moment of the area, is

J = �
3
π
2
� (Do

4 − Di
4) (16.2)

The coupling must be sized so that, typically, the stress given by Eq. (16.1) does not
exceed 10 percent of the ultimate tensile strength of the material, as shown in Table
16.2; but see Chap. 28.

TDo�
2J
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FIGURE 16.2 Schematic view of a rigid coupling.
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Other factors to consider are the length of engagement into the coupling. The
shear stress over the keyway must not exceed the allowable shear stress as given
above. Based on Fig. 16.3, the centroidal radius is

Rc = �
1
2

� ��
D
2

o� + �
D
2

i� + h� (16.3)

The centroid of the bearing area is at radius (Di + h)/2. If the transmitted torque is T,
then the compressive force F is 2T/(Di + h). The bearing stress σb is

σb = �
A
F

� = (16.4)

The allowable compressive stress from distortion energy theory of failure is σall =
τall/0.577. Combining this with Eq. (16.4) gives

τall = (16.5)

with τall coming from Table 16.2.
Next, the length of key stock, for keyed shafts, must be examined to keep its shear

loading from exceeding the allowable shear stress. Referring to Fig. 16.4, we note
that the shear force is F = T/(Di /2) = 2T/Di. Therefore the average shear stress is

τ = �
A
F

� = (16.6)
2T

�
wLDi

0.577(4)T
��
wL(Di + h)

4T
��
wL(Di + h)

16.8 POWER TRANSMISSION

TABLE 16.2 Maximum Allowable Shear Stress for Some Typical Materials

FIGURE 16.3 Portion of coupling showing keyway.
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Both keys must be checked, although
experience has shown that small-
diameter shafts are more prone to fail-
ure of the key and keyway when these
precautions are not followed because of
their normally smaller key width and
length of engagement. As a rule of
thumb, the maximum allowable shear
stress for some typical materials is
shown in Table 16.2.

The ribbed, hinged, and flanged cou-
plings are shown in Figs. 16.5, 16.6, and
16.7, respectively. These can be analyzed
using the same approach as described
above.

16.3 FLEXIBLE METALLIC COUPLINGS

16.3.1 Flexible Disk and Link Couplings

In this coupling (Fig. 16.8), misalignment is accommodated by the flexing of steel
laminations. Parallel misalignment capacity is virtually zero unless two separated
disk packs are used, in which case parallel misalignment is seen in the form of angu-
lar misalignment of each pack. This type of coupling can support large imposed
radial loads, such as in rolling mills or long, floating shafts. The disk packs can be
made from any material and are frequently manufactured from stainless steel for
severe service. This coupling requires no lubrication.

The large radial loads imposed by long sections of tubing connecting to widely
separated disk packs [up to 20 feet (ft)] are due to the heavy wall section necessary
to give the tubing (or shafting) the necessary rigidity to resist whirling due to the

COUPLINGS 16.9

FIGURE 16.4 Portion of shaft showing key.

FIGURE 16.5 This ribbed coupling is made of two identical
halves, split axially, and bolted together after the shafts have
been aligned.
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weight of the tubing (shafting). Specifi-
cally, the whirling speed of a uniform
tube due to its weight is

nc = �
2
6
π
0
� �� (16.7)

where ∆ = static deflection of the tube due
to its own weight. See Chap. 37 for deflec-
tion formulas, and Chap. 17 for method.

The standard rule of thumb is to keep
the critical whirling speed at least 50
percent above the operating speed for
subcritical running, or 40 percent below
the operating speed for supercritical
speeds. This forbidden range of

0.6nc < nc < 1.4nc

corresponds to the amplification region of a lightly damped resonance curve, as
shown in Fig. 16.9.Thus, for a whirling speed of 1800 revolutions per minute (r/min),
the operating speed must not be in the range of 1280 to 2700 r/min.

The link coupling in Fig. 16.10 is similar to the metallic disk coupling except that
the disk is replaced by links connecting the two shaft hubs.This coupling can be mis-
aligned laterally, considerably more than the disk type. Both the disk and the link
type carry torque in tension and compression in alternating arms. Proper bolt torque
of the axial bolts holding the links or disks to the hubs is important. Insufficient
torque may cause fretting from relative motion between the links or disks.Too much
bolt clamping weakens the links or disks at their connecting points as a result of
excessive compressive stress.

∆
�
g
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FIGURE 16.6 This hinged coupling is used
mostly for light-duty applications. (CraneVeyor
Corp.)

FIGURE 16.7 Schematic view of a flanged sleeve coupling.

COUPLINGS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



16.3.2 Chain, Grid, and Beam Couplings

The chain coupling of Fig. 16.11 consists of two sprockets joined by an endless double-
roller chain or inverted-tooth silent chain. This type of coupling will accommodate
small amounts of angular, axial, and radial misalignment, which is provided by clear-
ances between interfacing surfaces of the component parts.

For maximum service life, chain coupling sprockets should have hardened teeth.
The coupling should be lubricated and enclosed in a greasetight case. Chain cou-
plings can be assembled by using unhardened sprockets and operated without lubri-
cation or a cover.This can be hazardous and can result in injury to personnel as well
as a short coupling service life. This author has seen many such worn-out couplings.
The availability of chain couplings is very good worldwide. Most manufacturers pub-
lish horsepower ratings to aid in proper coupling selection.

In the grid coupling (Fig. 16.12) the gears are separated by a specific minimum
distance that allows for misalignment (Fig. 16.13). Large axial misalignment is

COUPLINGS 16.11

FIGURE 16.8 (a) Flexible-disk coupling; (b) cross section. (Rexnord, Inc., Coupling
Division.)

(a)

(b)
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accomplished by sliding of the gear teeth in the rather long grid area. This coupling
requires a guard (which is supplied) and lubrication.

The beam coupling is a single bar of metal cut as shown in Fig. 16.14 so that a 
continuous helical coil is produced. This coupling is torsionally rigid and free from
backlash and provides constant velocity. Two designs exist for this type of coupling,
one for maximum misalignment, the other for maximum torque (for the package

size where axial movement is not a re-
quirement). This coupling requires no
lubrication. Speeds to 25 000 rev/min are
possible depending on the coupling size.

16.3.3 Diaphragm and Hydraulic
Couplings

As the name suggests, diaphragm cou-
plings are made of a thin diaphragm or
multiple thin diaphragms (see Fig.
16.15). Normally the diaphragms are
made of metal. The diaphragms may be
straight-sided, contoured, tapered, or
convoluted; they may have various
cutouts in them or take on many other
forms. This coupling is connected to one
shaft at the periphery [outer diameter
(OD)] while the inner diameter (ID) is
connected to the shaft or to a spacer
piece, which may connect to another

16.12 POWER TRANSMISSION

FIGURE 16.9 Lightly damped resonance curve showing forbidden
speed range 0.6nc < nc < 1.4nc.

FIGURE 16.10 Link coupling. (Eaton Corp.,
Industrial Drives Operation.)
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diaphragm(s). This coupling is most often used in pairs (two flex elements), which
converts parallel misalignment to angular misalignment between two flex elements.
Misalignment is accommodated by stretching (straight, contoured, or tapered
diaphragms or unrolling convoluted diaphragms) the diaphragm material. This type
of coupling requires no lubrication and is considered torsionally rigid.

The hydraulic coupling consists of two sleeves, one with a tapered OD and one
with a tapered ID, which slide over one another, as shown in Fig. 16.16. Oil is forced,
under pressure, between the two sleeves to allow the outer sleeve to be positioned at
a predetermined position on the inner sleeve.The pressure is released, and the outer
sleeve firmly compresses the inner sleeve and shafting. In larger couplings, oil is also
forced into a piston chamber to force the outer sleeve into position. To remove the
coupling, the area between the sleeves is repressurized, and the outer sleeve can be
slid away, releasing the coupling.

16.3.4 Gear Couplings

Double-engagement gear couplings, as
shown in Fig. 16.17, transmit more
power per unit volume and unit weight
than any other flexible coupling design,
because of their relatively small OD
(compared with other types of similar
horsepower). The basic design consists
of two gear-type hubs (similar to spur
gears) loosely connected by an internal-
spline sleeve, which could be one piece
or two internal-spline mating flanges
bolted together.

Clearance between the mating teeth
in the hub and the sleeve allows this type
of coupling to absorb angular, parallel,

COUPLINGS 16.13

FIGURE 16.11 (a) Silent-chain coupling; (b) roller-chain coupling. (Morse Industrial Products,
Borg-Warner Corp.)

(a) (b)

FIGURE 16.12 Metallic grid coupling with
cover removed to show grid detail. (Falk Corp.)
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and axial misalignment, as shown in Fig. 16.18. There is no relative rotation between
the gear teeth, as in a normal gear set. Various tooth profiles (including crowned
and/or barrel-shaped teeth) or changes in pressure angle allow for different mis-
alignment, life, and load capacities. Straight-tooth couplings allow misalignment of
1° per gear mesh; with barrel-shaped teeth on the hub and straight teeth on the
sleeve, 6° per mesh can be allowed.

With perfect alignment, all the teeth in the coupling are in contact, and the load
is evenly distributed among them. Misalignment concentrates the load on just a few
teeth; the number of teeth under load is a function of misalignment and load. The
greater the misalignment (angular and parallel), the fewer the number of teeth in
contact and the higher the load per tooth. Barrel-shaped teeth distribute the load
over a larger area per tooth and may allow a greater number of teeth to be in con-
tact under misaligned conditions, as shown in Fig. 16.19.

The two gear meshes can be separated by large distances, as shown in Fig. 16.20.
In this case, two single-engagement couplings are connected by a floating shaft. For

16.14 POWER TRANSMISSION

FIGURE 16.13 How the grid coupling accom-
modates misalignment. (Falk Corp.)

FIGURE 16.14 Beam coupling. (Helical Prod-
ucts Corp.)

FIGURE 16.15 Cutaway view of diaphragm coupling assembly
showing multiple convoluted diaphragms. (Zurn Industries, Inc.,
Mechanical Drives Div.)
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this style coupling, large amounts of parallel misalignment are made possible by con-
verting the angular misalignment capacity per mesh to parallel misalignment.

Parallel misalignment capacity for one single-engagement coupling is virtually
nonexistent, however, and these couplings must be used in pairs, as shown in Fig.
16.20, to handle parallel misalignment.

Gear couplings must be lubricated for proper operation. Because of the high
contact pressures obtained under misaligned conditions, only extreme-pressure
(EP) greases should be used with gear couplings operating at maximum load. At
high speeds (over 25 000 rpm), centrifugal effects separate the filler (soap) from
the oil in most greases; the filler then collects between the teeth, preventing the oil
from lubricating this highly loaded area. To overcome this problem, most high-
speed gear couplings use a circulating oil system. The centrifugal effect still sepa-
rates the fine particles from the oil, even in finely filtered systems. This sludge
buildup necessitates cleaning of the teeth at regular intervals to prevent prema-
ture coupling failure.

Gear couplings, while inherently bal-
anced, being machined all over and self-
centering, may still require balancing to
remove any residual unbalance due to
bore runout. The magnitude F of this
unbalanced or centrifugal force is

F = meω2 (16.8)

where m = mass of the coupling, e =
eccentricity, and ω = angular velocity in
radians per second. See also Chaps. 17
and 31.

16.3.5 Spring and Flexible Shaft

Flexible shafts are constructed from a
casing and a core, which is a series of

COUPLINGS 16.15

FIGURE 16.16 Hydraulic coupling; cutaway shows oil forced
between inner and outer tapered sleeves. Note the oil piston chamber
at left. (SKF Industries.)

FIGURE 16.17 Cutaway of flange-type gear
coupling. (Dodge Division, Reliance Electric.)
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multistranded layers of wire successively wrapped about a single central wire. Each
wire layer is wound opposite to and at right angles to the layer beneath it to trans-
mit maximum power and retain the greater flexibility.

The casing protects the rotating core from dust and moisture, but does not rotate
itself. It is also reinforced to support the core and prevent helixing under torque
load. Helixing is the tendency for a rope, or wire, to bend back on itself when sub-
jected to torsional stress (Fig. 16.21). The casing also provides a cavity for grease to
lubricate the rotating core. The core is attached to the hub on either end and then
connected to the equipment.

The power transmission capacity of flexible shafting is limited only by the core
construction, minimum radius of curvature of the shafting, and maximum unsup-
ported length.

Flexible shafts are commercially available with ratings up to 1500 pound-inches
(lb ⋅ in) at 440 r/min. Such a shaft is 11⁄2 in [38 millimeters (mm)] in diameter and has
a minimum operating radius R of 24 in (600 mm). In Fig. 16.22, let R be the required

16.16 POWER TRANSMISSION

FIGURE 16.18 How double-engagement gear couplings accommodate angular, parallel, and
axial misalignment.

FIGURE 16.19 How change in tooth shape affects load
distribution on the teeth of the gear coupling.
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operating radius corresponding to a misalignment A and a spacing D between
equipment. Then the following relations can be derived from Fig. 16.22:

R = (16.9)

A = 2R − (4R2 − D2)1/2 (16.10)

D = [A(4R − A)]1/2 (16.11)

CL = �
π
9
R
0
� sin−1 �

2
D
R
� (16.12)

where CL = flexible length between the
equipment.

If the casing is eliminated from the
flexible shaft, a flexible coupling is cre-
ated with much shorter maximum length

(owing to lack of support and antihelixing without the casing). Typical commercial
availability of this type of coupling is limited to 50 lb ⋅ in and 16-in lengths with an 
8-in minimum operating radius.

Another similar coupling, the Uniflex,† consists of three layers of springs, each
with three rectangular wires wound around an open-air core. This coupling (Fig.
16.23) also runs without a casing and has maximum speeds of up to 20 000 rpm,
depending on size. It is relatively free from backlash and winds up about 1° at rated
torque.This design uses spring elements up to 3 in long with rated torque up to 2000
lb ⋅ in at up to 4.5° misalignment.

16.3.6 Bellows Coupling

This type of coupling, shown in Fig. 16.24, consists of an all-metal circular bellows
attached to two hubs. The design exhibits zero backlash and constant-velocity oper-
ation and is torsionally rigid. However, commercial couplings are typically rated to a
maximum of 30 lb ⋅ in.

D2 + A2

�
4A

COUPLINGS 16.17

FIGURE 16.20 Diagram shows how parallel misalign-
ment is converted to angular misalignment in each gear
coupling mesh. For example, for an extended floating
shaft with L = 12 in and θ = 1°, the misalignment is x =
L tan θ = 0.20 in. For a standard double-engagement cou-
pling with L = 2 in and θ = 1°, x = 0.03, which is signifi-
cantly less.

FIGURE 16.21 “Helixed” flexible shaft made
of wire or rope.

† Uniflex is a trademark of Lovejoy, Inc.
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The torque rating is obtained from

T = (16.13)

where T = torque, in ⋅oz
p = pitch, in
k = spring rate per convolution, oz/in

Do = outside diameter, in
� = length of a single convolution

The windup of the coupling (angular deflection) is measured in seconds of arc
per inch-ounce of torque and is

u = (16.14)

where u = windup, seconds/(in ⋅oz)
Di = inside diameter, in

t = thickness of bellows, in

0.08�
��
(Do + Di)3t

8pkDo
2

�
�
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FIGURE 16.22 Maximum parallel misalignment of flexible shafting. (Stow Manufac-
turing Company.)

FIGURE 16.23 Uniflex flexible-spring coupling. (Lovejoy, Inc.)
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Equations (16.15) and (16.16), which
follow, apply to the determination of the
life of this type of coupling. This life is
dependent on the flexing motion due to
angular and parallel misalignment, as
shown in Fig. 16.25. The formula gives
the operating misalignment correspond-
ing to 105 flexing cycles (5 × 104 r). For
108 cycles, derate by 24 percent. Now,

X = (16.15)

Y = (16.16)

where X = angular misalignment in degrees, Y = parallel misalignment, N = number
of bellows convolutions, S = maximum total permissible bellows stroke, Do = outside
bellows diameter, and n = r/min.

16.4 FLEXIBLE ELASTOMERIC COUPLINGS

In this type of coupling, it is an elastomeric cushioning material—rather than only a
metal part, as in the rigid, flexible metallic, or universal-joint (U-joint) couplings—that
is subjected to the dynamic stresses of the operating system.These flexible elastomeric
couplings need no lubrication and only periodic visual inspection for maintenance.
They are available as compression, precompression, shear, and tension types.

The compression coupling is also known as the jaw, or block, coupling (Fig.
16.26). In this type of coupling, elastomeric cushioning blocks, rollers, or “spiders”
are compressed between alternating pairs of fingers on the two hubs of the coupling.

N 2nS
�

Do

71.6NS
�

Do
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FIGURE 16.24 A bellows coupling. (Servome-
ter Corp.)

FIGURE 16.25 Bellows coupling with angular misalignment X and parallel
misalignment Y. (Servometer Corp.)
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The elastomeric elements can be of varying degrees of hardness or different
materials to suit load-carrying capacities and temperature and chemical resistance
requirements, in addition to torsional stiffness. Overall major dimensions may be
altered by changing the number of active elements, element size, and radius on
which the load is applied.The loading on one cushion is shown in Fig. 16.27a, and the
torque rating of the coupling is

T = NPARc (16.17)

where T = torque, N = number of cushions, P = pressure, and Rc = centroidal radius.
From Eq. (16.17) we can see that large couplings with many active elements are

capable of handling very large loads. Typically, the design limit for rubber in com-

16.20 POWER TRANSMISSION

FIGURE 16.26 Exploded view of jaw-type compression
coupling showing the two hubs and the flexible spider insert.
(Lovejoy Inc.)

FIGURE 16.27 (a) Loading of one cushion at distance Rc from the center of a com-
pression block coupling; (b) parameters used to calculate shape factor S for materi-
als such as rubber where load area is ab and force F compresses the material at a
thickness t.

(a) (b)
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pression is 300 pounds per square inch (psi), while a plastic like Hytrel is capable of
1100 psi. The recommended load capacity of some elastomers is dependent on the
shape factor S, which is the ratio of one load area to the total free area of the cush-
ion. See Fig. 16.27b. Thus

S = (16.18)

As this ratio changes from a thin plate (high S) to a fat block (low S), the maxi-
mum allowable stress E decreases, and the deformation of the block (compression)
increases, as shown in Fig. 16.28.

ab
�
2t(a + b)
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FIGURE 16.28 How the shape factor changes the maximum allowable
stress in 70 durometer (Shore A) rubber. (From Ref. [16.5], p. 77.)
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The basic misalignment capacity of these couplings is determined by the mating
tolerances of the two hubs, the elastomeric element, and the particular jaw design.
The larger the difference between the cushion and the jaw dimensions, the greater
the misalignment that can be accommodated without exerting undue reaction forces
on the system. However, this arrangement also leads to noisy operation, pulsating
power transmission, and the transmission of shock through the system. A tradeoff
between these effects is made in the final design.Alternatively, thick blocks of mate-
rial can be used and deformed under misalignment. This may cause high restoring
forces but decrease noise and pulsation of power owing to loading and unloading of
the flexible elements.These couplings exert some axial thrust with increasing torque
unless special jaws are used.

The shear unclamped coupling shown in Fig. 16.29 transmits power through shear
in the elastomer, which can be rubber or a suitable plastic. Since rubber in shear can
be loaded to only 20 percent of the load permitted on rubber in compression (70
versus 350 psi), the shear coupling is correspondingly larger in diameter and has a
thicker element cross section than a corresponding compression coupling. The basic
rating for this coupling type is

T = (16.19)

These couplings may have both internal and external teeth in the hubs which
mate to teeth in the flexible element, or the element may be bonded to the internal
hubs and friction-fit into the outer hub (Fig. 16.30). For proper operation of the
toothed-type coupling, the element must be twisted because of torque; this causes
the gear teeth to rest properly. If the coupling is too large for a particular application
(high service factor), the teeth will not load properly and the coupling will wear out
prematurely. The toothed type of coupling is the double-engagement type and may
allow more parallel and angular misalignment than a corresponding compression
coupling.

The bonded type is designed to slip when torque exceeds the maximum rating;
however, the heat generated by prolonged overload will destroy the coupling. The

πtmax(r 0
4 − r i

4)
��

2r0
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FIGURE 16.29 Shear unclamped coupling. (T. B. Wood’s
Sons, Inc.)
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bonded type is torsionally softer than
the corresponding toothed type, with
windup of 15° to 20° versus 5° to 6° for
the toothed type. This coupling is not
fail-safe; when the flexible element fails,
the driver and driven equipment are no
longer connected.

The shear clamped or tire (torus)
coupling is designed around a tire-
shaped element, as shown in Figs. 16.31
and 16.32. The tire beads are clamped to
a hub on either side, and torque is trans-
mitted by shear and tension in the tire
body.These couplings may be reinforced
or unreinforced (without cords); in
either case, the geometry allows very
short overall length for a given torque
capacity at the expense of diameter,
which becomes correspondingly larger.
This large diameter can cause some
problems resulting from axial pull from

the coupling as it is rotated at high speed. Centrifugal forces on the tire cause the
two hubs to collapse inward as the speed is increased. The tire shape allows lower
restoring force to larger misalignments than the shear unclamped or compression
coupling.

The tension coupling shown in Fig. 16.33 is very similar to the link coupling (see
Sec. 16.3.1), in that alternate legs (links) are in compression or tension.The links may
have reinforcing cords to increase their tensile rating. In this coupling the rating is

COUPLINGS 16.23

FIGURE 16.30 Bonded type of a shear
unclamped coupling. (Lord Corp., Industrial
Products Div.)

FIGURE 16.31 Tire coupling. (Dodge Div., Re-
liance Electric.)

FIGURE 16.32 Torus coupling. (Falk Corp.)
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determined by the compression buckling
of the leg pairs or the tensile strength of
the other leg pairs, whichever is less.
These couplings may be made of plastic,
although rubber treated against ozone,
when used with reinforcing cords, is also
available.

To eliminate the effect of tension on
rubber in a design similar to the one in
Fig. 16.33, the rubber element is precom-
pressed by assembling the element into
a state smaller than the free state. This
allows the “trailing leg” (formerly the
tension leg) to stretch almost to neutral
but never into tension, which would pro-
mote early failure.

In the radially restrained type, a tight
metal band is slipped around the OD of

the element while it is being held in a radially compressed state. After assembly to
the mating hub, the band is snipped off, and the assembly bolts hold the element in
precompression.Alternatively, radial bolts are used to draw the rubber element into
compression. See Fig. 16.34.

Both these designs use fairly thick cross sections for their flexing elements and
are quite compliant in all forms of misalignment. Rubber hardness and type can be
changed to alter torque capacity, damping, and chemical-temperature resistance.

Alternatively, axial restraint can be used. In this design, the rubber element is
installed between two hubs which are set a fixed distance apart, as shown in Fig.
16.35.The rubber element is then installed by means of bolts into this space, which is
smaller than the free state of the rubber. This design is also very compliant, but gen-
erates an axial force because of the forced axial compression of the element.
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FIGURE 16.33 Tension coupling. (Lovejoy Inc.)

FIGURE 16.34 Precompressed radially restrained coupling.
(Lovejoy, Inc.)
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16.5 UNIVERSAL JOINTS AND ROTATING-LINK
COUPLINGS

Another class of shaft connectors is composed of the linkage types, which include
universal joints (U-joints) and rotating-link couplings. These couplings all rely 
on translating misalignment to relative rotation between parts of the coupling. The

simplest universal joint is the one for a
compass suspension universal joint
described by Geronimo Cardano in the
sixteenth century and explained mathe-
matically by Robert Hooke in the seven-
teenth century. The universal joint
basically consists of two shaft connec-
tions (yokes) which pivot about a pair of
centrally located bearings. See Fig.
16.36.

Shafts A and B are inclined to each
other at angle θ (shaft centerlines must
intersect); when shaft A is rotated, the
center member (spider) causes shaft B
to rotate by virtue of the connection.
The output speed of shaft B is not con-
stant when the shafts are at an angle.
Specifically, the output velocity is

ω0 = (16.20)

where α = rotation position angle and θ = joint or shaft angle. In addition, the change
in velocity peaks twice during every revolution. This leads to a second-order har-
monic excitation frequency for the drive system. Specifically, the torsional magni-
tude β of this excitation is

β = tan−1 (sec θ)1/2 − tan−1 (cos θ)1/2 (16.21)

ωi cos θ
��
1 − sin2 α sin2 θ
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FIGURE 16.35 Precompressed axially re-
strained coupling. (Koppers Co. Inc., Power Trans-
mission Div.)

FIGURE 16.36 Basic Hooke’s or Cardan universal joint.
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The single Hooke’s universal joint is not capable of accepting parallel misalign-
ment (shaft centerlines do not meet at pivot member) except for very minor
amounts resulting from manufacturing tolerances. Axial misalignment is usually
compensated for by using a sliding connection on the input-output shafts or between
the two universal joints.

When two universal joints are connected in series, parallel misalignment can be
compensated for, because the parallel misalignment is converted to angular in each
joint (see Fig. 16.37). By connecting two universal joints in this manner, it is possi-
ble to obtain approximately uniform output velocity between A and C. Basically, if
joints A and B are aligned such that the pivot pins in their input and output yokes,
respectively, are in the same plane, then the nonuniform output of joint A into shaft
B is transformed to uniform output in joint C. However, if any angle exists between
the joint A input yoke plane and the output yoke plane of joint C, then a nonuni-
form output will be generated. That nonuniform velocity and angle are, if we refer
to Fig. 16.37c,

ω0 = (16.22)

where θeff = equivalent torsional angle given by

θeff = (δ2 − γ 2)1/2 (16.23)

Note that δ and γ are the U-joint angles as given in Fig. 16.37c.

16.5.1 Pin and Block

In its simplest form, the universal joint consists of two yokes and four pivot pins.The
pivot pins ride in holes in the yoke and oscillate as the universal joint rotates.All the
bearing takes place between the pins and the yoke, without the use of rolling-
element bearings. In this type of joint, a thin film of lubricant or surface coating is all
that prevents disaster from occurring, namely, the pin freezing in the journal (yoke)
because of galling, corrosion, or adhesive transfer of metal. A first approximation to
bearing pressure and velocity is as follows (shown in Fig. 16.38):

PV = (16.24)

where T = operating torque, n = operating speed, θ = joint angle in degrees, t = yoke
ear thickness, and Rc = the distance, as shown on Fig. 16.38. Since the velocity is actu-
ally nonuniform, the average speed of the pin-yoke oscillation has been used.We can
see that the product nθ, speed in revolutions per minute times angle in degrees,
becomes a convenient unit to relate to the torque capacity. In fact, that is the typical
unit used by most manufacturers for their ratings; see Fig. 16.39. These types of rat-
ing curves must be used with care, since a practical limit on angle limits the nθ
parameter and the bearing area limits the PV parameter. A typical load-rating for-
mula, given PV = 1000 psi ⋅ in/s, is

T = (0.6875 × 107) � � (16.25)
Rct�
nθ

Tnθ
�
6875Rct

ωi cos θeff��
1 − sin2 α sin2 θ
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COUPLINGS 16.27

FIGURE 16.37 How two universal joints convert angular mis-
alignment to parallel misalignment. (a), (b) Correct, yoke ears are
aligned and angles are equal. (c) Incorrect, yoke ears are not in
alignment and angles γ and δ are not equal. A residual angle θeff

results from improper phasing of the two universal joints.

FIGURE 16.38 Plain bearing-type, pin-and-block, universal-joint geometry. A, oscil-
lating pin; B, sliding at yoke interface; C, bore in yoke ear; D, center block; E, bearing
pin; F, ear; G, yoke.
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16.5.2 Needle Bearing

The pin-yoke interface is now changed to a pin and rolling-element bearing.This type
of universal joint is also referred to as an automobile type, since it is found in most
automobile drivelines. This universal joint also exhibits nonuniform rotational output
velocity.A typical needle-bearing universal joint in cross section is shown in Fig. 16.40.

Corresponding to 3000 hours (h) of B10 life, the basic torque rating of a needle-
bearing universal joint is given by

TR = 4500KaKsd�b (16.26)

where TR = basic torque rating, lb ⋅ in
Ka = joint angle correction factor
Ks = speed correction factor

d = bearing pin diameter, in
� = length of needle rollers, in
b = bearing spacing, in

The dimensions d, �, and b are shown in Fig. 16.40. The correction factor Ka in Eq.
(16.26) is unity when the joint angle γ is 3°. For other angles, use the formula

K a = (16.27)
1.432
�
γ 0.3269

16.28 POWER TRANSMISSION

FIGURE 16.39 Torque ratings for pin-and-block universal joint. This chart shows the effect of
the speed, operating angle, and OD parameters on the rated torque. These curves are based on a
PV value of 1000 psi.in/s.
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The correction factor Ks in Eq. (16.26) is unity when the speed n is 1000 r/min. For
other speeds, use the equation

Ks = (16.28)

We also define a life factor KL as the ratio of the actual transmitted torque to the
basic torque rating. Thus

KL = �
T
T

R
� (16.29)

For an expected life L of 3000 h, the life factor is unity. For other lives, use the
equation

L = � �
2.921

(16.30)

where L = expected B10 life (see Chap. 18) in hours.

Example 1. A universal joint has an outside diameter D = 3 in, an operating speed
n = 4000 r/min, and a joint angle γ = 5°. The needle bearings have a needle length of
0.75 in and a bearing pin diameter d = 0.875 in. Find the expected B10 life if 2400 lb ⋅ in
of torque is to be transmitted.

Solution. From Fig. 16.40 we find

b = D − � = 3 − 0.75 = 2.25 in

Equation (16.27) gives the joint angle correction factor as

Ka = = = 0.846

The speed correction factor is obtained from Eq. (16.28):

Ks = = = 0.640
9.24

��
(4000)0.3219

9.24
�
n0.3219

1.432
�
50.3269

1.432
�
γ 0.3269

15.5
�
KL

9.24
�
n0.3219
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FIGURE 16.40 Geometry of the universal joint with needle bearings. A, oscil-
lating pin; B, rolling motion occurs in the yoke-pin interface; C, needle bearing.
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Thus, from Eq. (16.26), we find the basic torque rating to be

TR = 4500KaKsd�b = 4500(0.846)(0.640)(0.875)(0.75)(2.25)

= 3598 lb ⋅ in

Since the actual torque to be transmitted is 2400 lb ⋅ in, the life factor is

KL = �
T
T

R
� = �

2
3
4
5
0
9
0
8

� = 0.667

So, from Eq. (16.30), the expected life is

L = � �
2.921

= � �
2.921

= 9878 h

16.5.3 Constant-Velocity Universal Joints

Double Cardan Joint. As mentioned previously, two simple Hooke’s (Cardan)
universal joints can be connected to give relatively constant output velocity (Fig.
16.37). However, if the universal joints are not exactly at the same angle, a small fluc-
tuation in output velocity will occur. Specifically, the torsional equivalent angle θeff =
��θ1

2�+� θ�2
2� for a universal joint when the bearing planes are in the same plane. When

the bearing planes are perpendicular, θeff becomes

θeff = ��θ1
2�+� θ�2

2� (16.31)

The torsional equivalent angle is used as if only one Cardan joint were in the
system.

Tracta. The Tracta joint operates through the sliding action of two internally con-
nected sliding couplings. This type of joint has a fairly high torque and angle capac-
ity for its diameter; however, because of heat buildup from sliding friction, it cannot
be used for any extended time at high loads. It can, however, be used satisfactorily at
low angles with high loads.

The C-shaped input-output yokes generally have an opening of less than 180° so
as to lock into two grooved couplings, which are, in turn, locked together in a tongue-
and-groove fashion. See Fig. 16.41.

15.5
�
0.667

15.5
�
KL
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FIGURE 16.41 Exploded view of the Tracta universal joint. A, grooved
coupling; B, tongue-and-groove coupling; C, fork yoke. (From Ref. [16.6].)
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Rzeppa Universal Joint. This constant-velocity joint uses driving balls and
curved axial-groove races; see Fig. 16.42. When the joint is at the same angle θ, the
balls on one side of the joint will be farther from the joint centerline than the
others. The off-center condition occurs because the groove generation point is dis-
placed to provide camming action necessary for proper ball location and joint
operation. Since the outer-race ball grooves act as cam surfaces, frictional locking
can occur unless the cam surfaces have a divergent angle of 15° to 17° to prevent
this. If the divergent angle were not present, the joint would lock going through
zero angle.

Roller and Trunion. If the yoke ears in the simple pin-and-block or needle roller
universal joints are elongated to form races, some axial movement is allowed, which
decreases greatly the axial force developed by a single rotating universal joint. This
joint is not a constant-velocity type. It is also called a bipot (see Fig. 16.43).

COUPLINGS 16.31

FIGURE 16.42 Rzeppa universal joint in cross section. A, shaft; B, clamp or band; C, boot seal; D,
cage; E, ball; F, inner race; G, bell-type outer race; H, retaining ring. (From Ref. [16.6].)

FIGURE 16.43 Roller trunion universal joint.
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Tripot. If three equally spaced rollers are used, the joint will transmit constant
velocity because of the cancellation of torque couples within the joint. The center of
this joint may be free to float (end motion type), in which case the axial force gener-
ated by the joint is low and the joint is self-supporting. In the fixed-center type, the
joint center is fixed, which causes the joint to orbit about its center; this limits it to
low-speed use, because of inertial effects, and places where this orbital motion can
be tolerated (such as in conjunction with self-aligning bearings or other universal
joints). See Ref. [16.6].

16.5.4 Rotating-Link Coupling

This coupling consists of three disks connected by two sets of three links, as shown
in Fig. 16.44. Typically, one set of links is attached to shafts on the driver and center
disks, while the other set of links connects the center to the lower disk. All links are
of equal length, and all the shafts are equally spaced on the same bolt circle on each

hub. The maximum parallel displace-
ment of the input and output shafts is
determined by and equal to the link
length S. With this arrangement, unless
the input and output shafts were mis-
aligned at least a small amount Smin, the
center disk would be free to swing
about the center of the shafts. This
would cause an unbalance in the cou-
pling and would result in high vibration
and limited life. This effect gives the
misalignment range of this coupling of
Smin to S.

The construction of this coupling
causes the links to move parallel to one
another and results in constant angular

velocity. In addition, because three links are equally spaced about each hub and are
of equal size and mass, the sum of all link forces is zero, resulting in smooth opera-
tion without imposing side loads.

16.6 METHODS 
OF ATTACHMENT

There are several methods of attaching
the coupling hubs to the shafts on equip-
ment. Among these are split-taper bush-
ings, keys and splines, shrink-fit and
spline profile distortion, and pressure
bushings.The first two items are covered
in Chap. 24; shrink fits are discussed in
Chap. 27.

Spline profile distortion causes the
entire bore area of the coupling hub to
deform around the mating shaft. This
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FIGURE 16.44 Rotating-link coupling. (Schmidt
Couplings, Inc.)

FIGURE 16.45 Pressure bushing. (FFV Indus-
trial Products.)
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method of attachment allows a much greater clamping force to be exerted than with
a split-taper hub with internal spline.This clamping about the entire spline is impor-
tant and eliminates fretting corrosion (caused by loose-fitting spline shafts and mat-
ing hubs) and point contact obtained with split bushing types, as shown in Fig. 16.46.

Pressure bushings (Fig. 16.45) are similar to the hydraulic coupling except that
both the inner and outer surfaces are allowed to deform, compressing onto the shaft
and expanding into the coupling hub. The pressure source for this type is usually
applied through axial compression of the bladder with a clamping ring.
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FIGURE 16.46 Drawing of a model of Centaloc
spline profile distortion obtained by photoelastic
methods showing lines of constant stress. (Lovejoy, Inc.)
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NOMENCLATURE

a Distance
A Area
b Distance
c0 Constant
C1, C2 Constants
d Outside diameter of shaft
di Inside diameter of hollow shaft
E Modulus of elasticity
F Load
g Gravitation constant
i index
I Second moment of area
J Polar second area moment
k Torsional spring rate
K Transverse shear stress magnification factor
Kf Fatigue stress concentration factor
� Span

17.1

Source: STANDARD HANDBOOK OF MACHINE DESIGN
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m Mass per unit length
M Bending moment
n Design factor, factor of safety
p Shrink-fit pressure
r Load line slope
R Bearing reaction
Sa Strength amplitude ordinate to fatigue locus
Se Endurance strength
Sm Strength steady coordinate to fatigue locus
Sy Yield strength
Sut Ultimate tensile strength
T Torsional or twisting moment
V Transverse shear force
wi Weight of ith segment of shaft
W Weight of shaft
x Coordinate
xa , xb Coordinates of bearings
y Coordinate, deflection
y0 Constant
z Coordinate
γ Weight density
θ Angle
σ Normal stress
σ′ Von Mises normal stress
τ Shear stress
ω First critical angular frequency

17.1 INTRODUCTION

A shaft is a rotating part used to transmit power, motion, or analogic information. It
often carries rotating machine elements (gears, pulleys, cams, etc.) which assist in the
transmission.A shaft is a member of a fundamental mechanical pair: the “wheel and
axle.” Traditional nomenclature includes

Axle A stationary member supporting rotating parts.
Shaft A rotating member supporting attached elements.
Spindle A short shaft or axle.
Head or stud shaft A shaft integral with a motor or prime mover.
Line shaft A shaft used to distribute power from one prime mover to many
machines.
Jack shaft A short shaft used for power transmission as an auxiliary shaft between
two other shafts (counter shaft, back shaft).

17.2 POWER TRANSMISSION
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Geometric fidelity is important to many shaft functions. Distortion in a loaded
body is unavoidable, and in a shaft design it is controlled so as to preserve function.
There are elastic lateral displacements due to bending moment and transverse
shear, and there are elastic displacements of an angular nature due to transmitted
torque. Fracture due to fatigue and permanent distortion due to yielding destroy
function. The tight constraint in shaft design is usually a distortion at a particular
location. For example, shaft slope at a bearing centerline should typically be less
than 0.001 rad for cylindrical and tapered roller bearings, 0.004 rad for deep-groove
ball bearings, and 0.0087 rad for spherical ball bearings. At a gear mesh, the allow-
able relative slope of two gears with uncrowned teeth can be held to less than 0.0005
rad each. Deflection constraints for involute gears tolerate larger (but not smaller)
than theoretical center-to-center distances, with a small increase in pressure angle
but with observable increases in backlash. The typical upper bound on center-to-
center distance in commercial-quality spur gearing is for diametral pitches up to 10,
0.010 in; for those 11 to 19, 0.005 in; and those for 20 to 50, 0.003 in.

A harsh reality is that a deflection or slope at a shaft section is a function of the
geometry and loading everywhere. The stress at a shaft section is a function of the
local geometry and local bending moment, a simpler problem. Shaft designers often
size the shaft to meet the active distortion constraint, then check for strength ade-
quacy. Young’s modulus is about the same for most shaft steels, and so adjusting the
material and its condition does not significantly undo the distortional adequacy.

Shafts are proportioned so that mounted elements are assembled from one or
both ends, which accounts for the stepped cylinder, fat middle aspect. This also effi-
ciently places the most material toward the center. Shaft geometric features may also
include chamfers, shoulders, grooves, keyways, splines, tapers, threads, and holes for
pins and lubricant access. Shafts may even be hollow, square, etc.The effect of each of
these features must be considered when checking shaft performance adequacy.

17.2 DISTORTION DUE TO BENDING

Since the most likely active constraint is a slope or a deflection at some shaft section,
it is useful to determine the constant-diameter shaft that meets the requirement. This
establishes in the designer’s mind the “heft” of the shaft.Then, as one changes the local
diameters and their lengths to accommodate element mounting, the material removed
near the bearings has to be replaced in part, but nearer the center. It is a matter of
guiding perspective at the outset. Figure 17.1 depicts shafts with a single transverse
load Fi or a single point couple Mi which could be applied in either the horizontal or
the vertical plane. From [17.1], Tables A-9-6 and A-9-8, expressions for slopes at each
bearing can be developed. It follows by superposition that for the left bearing,

d = � 	[ΣFibi(bi
2 − �2) + ΣMi(3ai

2 − 6ai� + 2�2) ]H
2

+ [ΣFibi(bi
2 − �2) + ΣMi(3ai

2 − 6ai� + 2�2)]V
2


1/2

�
1/4

(17.1)

and for the right bearing,

d = � 	[ΣFiai(�2 − ai
2) + ΣMi(3ai

2 − �2)]H
2

+ [ΣFiai(�2 − ai
2) + ΣMi(3ai

2 − �2 )]V
2


1/2

�
1/4

(17.2)

32n
�
3πE�Σθ

32n
�
3πE�Σθ
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where Σθ is the absolute value of the allowable slope at the bearing.These equations
are an ideal task for the computer, and once programmed interactively, are conve-
nient to use.

Example 1. A shaft is to carry two spur gears between bearings and has loadings
as depicted in Fig. 17.2. The bearing at A will be cylindrical roller. The spatial cen-
terline slope is limited to 0.001 rad. Estimate the diameter of the uniform shaft
which limits the slope at A with a design factor of 1.5.

17.4 POWER TRANSMISSION

FIGURE 17.1 Simply supported shafts with force Fi and couple Mi

applied.

FIGURE 17.2 A shaft carries two spur gears between bearings A and B. The
gear loads and reactions are shown.
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Solution. Equation (17.1) is used.

d = � 	[F1b1(b1
2 − �2)]H

2 + [F2b2(b2
2 − �2)]V

2

1/2

�
1/4

= � 	[300(6)(62 − 162)]2 + [1000(12)(122 − 162)]2

1/2

�
1/4

= 1.964 in 

Transverse bending due to forces and couples applied to a shaft produces slopes
and displacements that the designer needs to control. Bending stresses account for
most or all of such distortions. The effects of transverse shear forces will be
addressed in Sec. 17.3.

Most bending moment diagrams for shafts are piecewise linear. By integrating
once by the trapezoidal rule and a second time using Simpson’s rule, one can obtain
deflections and slopes that are exact, can be developed in tabular form, and are easily
programmed for the digital computer. For bending moment diagrams that are piece-
wise polynomial, the degree of approximation can be made as close as desired by
increasing the number of station points of interest. See [17.1], pp. 103–105, and [17.2].
The method is best understood by studying the tabular form used, as in Table 17.1.

The first column consists of station numbers, which correspond to cross sections
along the shaft at which transverse deflection and slope will be evaluated. The mini-
mum number of stations consists of those cross sections where M/EI changes in
magnitude or slope, namely discontinuities in M (point couples), in E (change of
material), and in I (diameter change, such as a shoulder). Optional stations include
other locations of interest, including shaft ends. For integration purposes, midstation
locations are chosen so that the second integration by Simpson’s rule can be exact.
The moment column M is dual-entry, displaying the moment as one approaches the
station from the left and as one approaches from the right.The distance from the ori-
gin to a station x is single-entry.The diameter d column is dual-entry, with the entries
differing at a shoulder.The modulus E column is also dual-entry. Usually the shaft is
of a single material, and the column need not be filled beyond the first entry. The
first integration column is single-entry and is completed by applying the trapezoidal
rule to the M/EI column. The second integration column is also single-entry, using
the midstation first integration data for the Simpson’s rule integration.

32(1.5)
���
3π30(10)6 16(0.001)

32n
�
3πE�Σθ
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TABLE 17.1 Form for Tabulation Method for Shaft Transverse Deflection 
Due to Bending Moment

Moment
M

Dist.
x

Dia.
d

Modulus
E

M
�
EI

�x

0
�
E
M

I
� dx �x

0
��

x

0
�
E
M

I
� dx�dx Defl.

y

Slope

�
d
d

y
x
�

1

2

3

0 0
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The deflection entry y is formed from the prediction equation

y = �x

0

�x

0

dx dx + C1x + C2 (17.3)

The slope dy/dx column is formed from the prediction equation

= �x

0

dx + C1 (17.4)

where the constants C1 and C2 are found from

C1 = (17.5)

C2 = (17.6)

where xa and xb are bearing locations.
This procedure can be repeated for the orthogonal plane if needed, a Pythagorean

combination of slope, or deflections, giving the spatial values. This is a good time to
plot the end view of the deflected shaft centerline locus in order to see the spatial lay
of the loaded shaft.

Given the bending moment diagram and the shaft geometry, the deflection and
slope can be found at the station points. If, in examining the deflection column, any
entry is too large (in absolute magnitude), find a new diameter dnew from

dnew = dold� �
1/4

(17.7)

where yall is the allowable deflection and n is the design factor. If any slope is too
large in absolute magnitude, find the new diameter from

dnew = dold� �
1/4

(17.8)

where (slope)all is the allowable slope. As a result of these calculations, find the
largest dnew/dold ratio and multiply all diameters by this ratio.The tight constraint will
be at its limit, and all others will be loose. Don’t be concerned about end journal size,
as its influence on deflection is negligible.

Example 2. A shaft with two loads of 600 and 1000 lbf in the same plane 2 inches
(in) inboard of the bearings and 16 in apart is depicted in Fig. 17.3. The loads are
from 8-pitch spur gears, and the bearings are cylindrical roller. Establish a geometry
of a shaft which will meet distortion constraints, using a design factor of 1.5.

Solution. The designer begins with identification of a uniform-diameter shaft
which will meet the likely constraints of bearing slope. Using Eq. (17.2), expecting
the right bearing slope to be controlling,

d = � �600(2)(162 − 22) + 1000(14)(162 − 142)��
1/4

= 1.866 in

32(1.5)
���
3π30(10)616(0.001)

n(dy/dx)old
��

(slope)all

nyold
�

yall

xb�xa

0

�xa

0

M/(EI) dx dx − xa�xb

0

�xb

0

M/(EI) dx dx
�����

xa − xb

�xa

0

�xa

0

M/(EI) dx dx − �xb

0

�xb

0

M/(EI) dx dx
�����

xa − xb

M
�
EI

dy
�
dx

M
�
EI
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Based on this, the designer sketches in some tentative shaft geometry as shown in
Fig. 17.3a. The designer decides to estimate the bearing journal size as 1.5 in, the next
diameter as 1.7 in, the diameter beyond a shoulder 9 in from the left bearing as 1.9
in, and the remaining journal as 1.5 in.The next move is to establish the moment dia-
gram and use seven stations to carry out the tabular deflection method by complet-
ing Table 17.1. Partial results are shown below.

Moment M, Deflection Slope 
Station x, in in ⋅ lbf Diameter d, in y, in dy/dx

1 0 0 1.5 0 −0.787E-03
2 0.75 487.5 1.5/1.7 −0.584E-03 −0.763E-03
3 2 1300 1.7 −0.149E-02 −0.672E-03
4 9 1650 1.7/1.9 −0.337E-02 0.168E-03
5 14 1900 1.9 −0.140E-02 0.630E-03
6 15.25 712.5 1.9/1.5 −0.554E-03 0.715E-03
7 16 0 1.5 0 0.751E-03

The gears are 8 pitch, allowing 0.010/2 = 0.005 in growth in center-to-center distance,
and both y3 and y5 have absolute values less than 0.005/1.5 = 0.00333, so that con-
straint is loose. The slope constraints of 0.001/1.5 are violated at stations 1 and 7, so
using Eq. (17.8),

(d1)new = 1.5 � �
1/4

= 1.5(1.042) in

(d7)new = 1.5 � �
1/4

= 1.5(1.030) in

and the gear mesh slope constraints are violated at stations 3 and 5, so using Eq. (17.8),

(d3)new = 1.7 � �
1/4

= 1.7(1.454) in

(d5)new = 1.9 � �
1/4

= 1.9(1.432) in
1.5(0.001 40)
��

0.0005

1.5(0.001 49)
��

0.0005

1.5(0.000 751)
��

0.001

1.5(−0.000 787)
��

0.001

SHAFTS 17.7

FIGURE 17.3 (a) The solid-line shaft detail is the designer’s tentative
geometry. The dashed lines show shaft sized to meet bending distortion
constraints. (b) The loading diagram and station numbers.

(a)

(b)
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The largest dnew/dold ratio among the four violated constraints is 1.454, so all diame-
ters are multiplied by 1.454, making d1 = 1.5(1.454) = 2.181 in, d3 = 1.7(1.454) = 2.472
in, d5 = 1.9(1.454) = 2.763 in, and d7 = 1.5(1.454) = 2.181 in. The diameters d1 and d7

can be left at 1.5 or adjusted to a bearing size without tangible influence on trans-
verse deflection or slope. One also notes that the largest multiplier 1.454 is associ-
ated with the now tight constraint at station 3, all others being loose. Rounding d3

and/or d5 up will render all bending distortion constraints loose.

17.3 DISTORTION DUE TO TRANSVERSE SHEAR

Transverse deflection due to transverse shear forces associated with bending
becomes important when the the shaft length-to-diameter ratio is less than 10. It is a
short-shaft consideration. A method for estimating the shear deflection is presented
in Ref. [17.2]. There are two concerns associated with shear deflection. The first is
that it is often forgotten on short shafts.The second is that it is often neglected in for-
mal education, and engineers tend to be uncomfortable with it. Ironically, it is sim-
pler than bending stress deflection.

The loading influence is the familiar shear diagram. The transverse shear force V
is piecewise linear, and the single integration required is performed in a tabular
method suitable to computer implementation. Table 17.2 shows the form. The left-
hand column consists of station numbers which identify cross sections along the
shaft at which shear deflection and slope are to be estimated.The minimum number
of stations consists of those cross sections where KV/(AG) changes abruptly, namely
at discontinuities in transverse shear force V (at loads), in cross-sectional area A (at
shoulders), and in torsional modulus G (if the material changes). Optional stations
include other locations of interest. There is no need for midstation locations, since
the trapezoidal rule will be used for integration, maintaining exactness. The shear
force column V is dual-entry, the location x is single-entry, and the diameter d col-
umn is dual-entry, as is the torsional modulus G column, if included. The KV/(AG)
column is dual-entry, as is the slope dy/dx column.

The single-entry integral column is generated using the trapezoidal rule.The single-
entry deflection column y is generated from the prediction equation

y = �x

0

dx + c0x + y0 (17.9)
KV
�
AG

17.8 POWER TRANSMISSION

TABLE 17.2 Form for Tabulation Method for Shaft Transverse Deflection 
Due to Transverse Shear

Shear
V

Dist.
x

Dia.
d

Modulus
G

KV
�
AG

�x

0
dx

KV
�
AG

Defl.
y

Avg. slope
(dy/dx)av.

Slope

�
d
d

y
x
�

1

2

3

4

0
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SHAFTS 17.9

The dual-entry slope dy/dx column is generated from the other prediction equation,

= − + c0 (17.10)

where

c0 = (17.11)

y0 = (17.12)

where xa and xb are bearing locations and K is the factor 4/3 for a circular cross sec-
tion (the peak stress at the centerline is 4/3 the average shear stress on the section).
The slope column can have dual entries because Eq. (17.10) contains the discontin-
uous KV/(AG) term.

Example 3. A uniform 1-in-diameter stainless steel [G = 10(10)6 psi] shaft is
loaded as shown in Fig. 17.4 by a 1000-lbf overhung load. Estimate the shear deflec-
tion and slope of the shaft centerline at the station locations.

Solution. Omitting the G column, construct Table 17.3. After the integral col-
umn is complete, c0 and y0 are given by Eqs. (17.11) and (17.12), respectively:

c0 = = 33.95(10−6)

y0 = = −33.95(10−6)
1(339.5)10−6 − 11(0)
���

1 − 11

0 − 339.5(10−6)
��

1 − 11

xa �xb

0

KV/(AG) dx − xb �xa

0

KV/(AG) dx
�����

xa − xb

�xa

0

KV/(AG) dx − �xb

0

KV/(AG) dx
����

xa − xb

KV
�
AG

dy
�
dx

FIGURE 17.4 A short uniform shaft, its loading, and shear deflection.
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The prediction Eqs. (17.9) and (17.10) are

y = −�x

0

dx + 33.95(10−6)x − 33.95(10−6)

= 33.95(10−6) −

and the rest of the table is completed.
A plot of the shear deflection curve is shown under the shaft in Fig. 17.4. Note that

it is piecewise linear. The droop of the unloaded overhang is a surprise when the
between-the-bearings shaft is straight and undeflected. The discontinuous curve
arises from discontinuities in loading V. In reality, V is not discontinuous, but varies
rapidly with rounded corners. If a rolling contact bearing is mounted at station 2, the
bearing inner race will adopt a compromise angularity between dy/dx = 33.95(10−6)
and dy/dx = 0. This is where the average (midrange) slope (dy/dx)av is useful in esti-
mating the extant slope of the inner race with respect to the outer race of the bearing.

Figure 17.5 shows a short shaft loading in bending.Table 17.4 shows the deflection
analysis of Sec. 17.2 for this shaft in columns 3 and 4, the shear deflection analysis of
Sec. 17.3 in columns 5 and 6, and their superposition in columns 7 and 8. Figure 17.5
shows the shear deflection at station 7 to be about 28 percent of the bending deflec-
tion, and the shear slope at station 9 to be about 15 percent of the bending slope. Both
of these locations could involve an active constraint. In the deflection analysis of
shafts with length-to-diameter aspect ratios of less than 10, the transverse shear
deflections should be included.

KV
�
AG

dy
�
dx

KV
�
AG

SHAFTS 17.11

FIGURE 17.5 A short shaft of several diameters, its loading, and the conse-
quential shear and bending deflections.
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17.4 DISTORTION DUE TO TORSION

Angular deflection in a right circular cylindrical shaft due to torque T is

θ = rad (17.13)

For a stepped shaft of individual cylinder length �i with torques Ti, the angular
deflection is

θ = Σθi = � (17.14)

which becomes θ = (T/G)Σ(�i/Ji) for constant torque through homogeneous mate-
rial. The torsional stiffness can be defined as ki = Ti/θi, and since θi = Ti/ki and θ =
Σθi = Σ(Ti/ki), one may write for constant torque θ = TΣ(1/ki). It follows that

= � (17.15)

The equation θ = (T/G)Σ�i/Ji is not precise, since experimental evidence shows that
θ is larger than given by this equation.

The material in a step (shoulder) has a surface free of shear. Some material loafs,
so other material is more distressed and distorts more. The existence of keyways,
splines, and tapered sections increases angular flexibility also. For quantitative treat-
ment of these realities, see Ref. [17.3], pp. 93–99.When a coupling is keyed or splined
to a shaft, that shaft can be considered to twist independently of the coupling for
one-third of its hub length.

17.5 SHAFT MATERIALS

Most steels have similar moduli of elasticity, so that the rigidity requirement can be
met by geometric decisions, independent of the material choice among steels.
Strength to resist loading stresses affects the choice of material. ANSI 1020-1050
steels and 11XX free-machining steels are common choices. Heat treating 1340-50,
3140-50, 4140, 4340, 5140, and 8650 steels produces greater strength. Hardness is a
function of size, and the methods of Grossman and Fields and of Crafts and Lam-
ont in Chapter 33 are important to quantitatively relate strength to size and heat-
treatment regimen. Carburizing grades 1020, 4320, 4820, and 8620 are chosen for
surface-hardening purposes.

Cold-rolled sections are available up to about 31⁄2 in in diameter. Hot-rolled
rounds are available up to nearly 6 in. Above this size, forging precedes machining.

When a shaft geometry is created (prior to final machining) by a volume-
conservative process (casting or hot or cold forming), then optimality can be pur-
sued by minimizing the material amount if production volume permits. Constraints
can be made nearly active at several locations. Many shafts are created for small pro-
duction runs by machining round stock, and optimality may be achieved by mini-
mizing the amount of material removed from the work piece, which minimizes the
machining effort.

1
�
ki

1
�
k

Ti �i
�
Gi Ji

T�
�
GJ
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17.6 LOAD-INDUCED STRESSES

Shafts that transmit power are often loaded in such a way that the torsion which per-
forms the work induces transverse bending forces at gears. If the torsion is stochas-
tic, so is the induced bending due to pitch-line forces. Both the torsion and the
bending moment have the same distribution and coefficient of variation. The same
is true of a point couple induced at a helical gear.

For ductile shaft materials, distortion energy theory is used, and the array of
stresses at a critical location element are combined to form the von Mises stress. If
the normal stresses at a point are σx, σy, σz and the associated shear stresses are τxy,
τyz, τzx, then the von Mises stress σ′ is given by

σ′ = [(σx − σy)2 + (σy − σz)2 + (σz − σx)2 + 6(τxy
2 + τyz

2 + τzx
2 )]1/2 (17.16)

In a shaft, the critical location is usually at a surface, and two normal stresses (say σy

and σz) and two shear stresses (say τxz and τzx) are zero. Equation (17.16) simplifies to

σ′ = (σ x
2 + 3τxy

2 )1/2 (17.17)

The bending stress σx is usually expressed as 32KfM/(πd 3) and the shear stress τxy is
expressed as 16Kf′T/(πd 3), or without the stress concentration Kf′ if torsion is steady,
and so Eq. (17.17) is written as

σ′ = �� �
2

+ 3� �
2

�
1/2

(17.18)

As the shaft rotates and the stress field remains stationary, the bending moment
induces a completely reversed stress σx on the rotating element in Fig. 17.6. The
amplitude component of this stress σa′ is

σa′ = � � (17.19)

The subscript on Ma is to designate the
bending moment inducing a completely
reversed normal stress on the element as
the shaft turns.The bending moment itself
may indeed be steady.The steady compo-
nent of stress σm′ , from Eq. (17.18), is

σm′ = � � (17.20)

The stochastic nature of K f , Ma , and d
controls the nature of s a′. Usually the
geometric variation in d involves coeffi-
cients of variation of 0.001 or less, and

that of Kf and Ma is more than an order of magnitude higher, and so d is usually con-
sidered deterministic. The distribution of s a′ depends on the distributions of Kf and
Ma. When Ma is lognormal (and since Kf is robustly lognormal), the distribution of s a′
is lognormal. When Ma is not lognormal, then a computer simulation will give the
stochastic information on s a′.

16�3� Tm
��

πd 3

32KfMa
�

πd 3

16T
�
d 3

32KfM
�

d 3

1
�
�2�
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FIGURE 17.6 A stress element at a shaft sur-
face.
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A press fit induces a surface pressure p and a hoop normal stress of −p, so the
three orthogonal normal stresses are σx, −p, and −p, and Eq. (17.16) becomes

σ′ = {[σx − (−p)]2 + [−p − (−p)]2 + (−p − σx)2 + 6τxy
2 }1/2

σ′ = [(σx + p)2 + 3τxy
2 ]1/2

The amplitude and steady components of the von Mises stress at a surface element
in a press fit are, respectively,

σa′ = (σx
2)1/2 = σx (17.21)

σm′ = (p2 + 3 τxy
2 )1/2 (17.22)

On the designer’s fatigue diagram, the σa′, σm′ coordinates don’t necessarily define
a point because certain geometric decisions may not yet have been made. In such
cases, a locus of possible points which is called the load line is established. Often the
load line includes the origin, and so the slope together with one point on the line
defines the load line. Its slope r is the ratio σa′/σm′ .

17.7 STRENGTH

For the first-quadrant fatigue locus on the designer’s fatigue diagram, effective
regression models include the 1874 Gerber parabola and the recent ASME-elliptic
locus, both of which lie in and among the data. The Gerber parabola is written as

+ � �
2

= 1 (17.23)

and the failure locus itself, substituting nσa = Sa and nσm = Sm in Eq. (17.23), is
expressible as

+ � �
2

= 1 (17.24)

Combining the damaging stress [distortion energy von Mises stress, Eqs. (17.19) and
(17.20)] with the strengths in Eq. (17.23) leads to

d = 	 �1 + �1 +� 3��������
2���


1/3

(17.25)

= �1 + �1 + 3��������
2��� (17.26)

Equations (17.25) and (17.26) are called distortion energy–Gerber equations, or
D.E.–Gerber equations.

The ASME-elliptic of Ref. [17.4] has a fatigue locus in the first quadrant
expressed as

� �
2

+ � �
2

= 1 (17.27)
nσm
�

Sy

nσa
�
Se

TmSe
�
KfMaSut

16KfMa
�

πd 3Se

1
�
n

TmSe
�
KfMaSut

16nKfMa
��

πSe

Sm
�
Sut

Sa
�
Se

nσm
�
Sut

nσa
�
Se

1
�
�2�
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and the fatigue locus itself is expressed as

� �
2

+ � �
2

= 1 (17.28)

Combining Eqs. (17.19) and (17.20) with (17.28) gives

d = 	 �� �
2

+ � �
2

�
1/2



1/3

(17.29)

= �� �
2

+ � �
2

�
1/2

(17.30)

which are called D.E.–elliptic or ASME-elliptic equations.
On the designer’s fatigue diagram, the slope of a radial load line r is given by

r = = ⋅ = (17.31)

The expressions for d and n in Eqs. (17.29) and (17.30) are for a threat from fatigue
failure. It is also possible on the first revolution to cause local yielding, which
changes straightness and strength and involves now-unpredictable loading. The
Langer line, Sa + Sm = Sy, predicts yielding on the first cycle.The point where the ellip-
tic locus and the Langer line intersect is described by

= (17.32)

= (17.33)

The critical slope contains this point:

rcrit = (17.34)

If the load line slope r is greater than rcrit, then the threat is from fatigue. If r is less
than rcrit, the threat is from yielding.

For the Gerber fatigue locus, the intersection with the Langer line is described by

Sa = �−1 + �1 +��� (17.35)

Sm = �1 − �1 +��� (17.36)

and rcrit = Sa/Sm.

Example 4. At the critical location on a shaft, the bending moment Ma is 2520 in ⋅
lbf and the torque Tm is 6600 in ⋅ lbf. The ultimate strength Sut is 80 kpsi, the yield
strength Sy is 58 kpsi, and the endurance limit Se is 31.1 kpsi.The stress concentration

4Se
2(1 − Sy/Se)

��
Sut

2

Sut
2

�
2Se

4(Sut
2 − Sy

2)
��
(S ut

2 /Se − 2Sy)2

Sut
2 − 2SeSy

��
2Se

2(Se /Sy)2

��
1 − (Se /Sy)2

1 − (Se /Sy)2

��
1 + (Se /Sy)2

Sm
�
Sy

2Se /Sy
��
1 + (Se /Sy)2

Sa
�
Se

KfMa
�

Tm

2
�
�3�

πd 3

�
16�3�Tm

32KfMa
�

πd 3

σa′
�
σm′

Tm
�
Sy

3
�
4

Kf Ma
�

Se

32
�
πd3

1
�
n

Tm
�
Sy

3
�
4

K fMa
�

Se

32n
�

π

Sm
�
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�
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17.16 POWER TRANSMISSION

SHAFTS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



factor corrected for notch sensitivity Kf is 1.54. Using an ASME-elliptic fatigue
locus, ascertain if the threat is from fatigue or yielding.

Solution. From Eq. (17.31),

r = = 0.679

From Eq. (17.34),

rcrit = = 0.807

Since rcrit > r, the primary threat is from fatigue. Using the Gerber fatigue locus, rcrit =
Sa /Sm = 26.18/31.8 = 0.823.

For the distortion energy–Gerber failure locus, the relation for the strength
amplitude Sa is given in Eq. (29.34) and CSa in Eq. (29.35); these quantities are given
by Eqs. (29.37) and (29.38), respectively, for the ASME-elliptic failure locus.

17.8 CRITICAL SPEEDS

Critical speeds are associated with uncontrolled large deflections, which occur when
inertial loading on a slightly deflected shaft exceeds the restorative ability of the
shaft to resist. Shafts must operate well away from such speeds. Rayleigh’s equation
for the first critical speed of a shaft with transverse inertial loads wi deflected yi from
the axis of rotation for simple support is given by Ref. [17.6] as

ω = �� (17.37)

where wi is the inertial load and yi is the lateral deflection due to wi and all other
loads. For the shaft itself, wi is the inertial load of a shaft section and yi is the deflec-
tion of the center of the shaft section due to all loads. Inclusion of shaft mass when
using Eq. (17.37) can be done.

Reference [17.7], p. 266, gives the first critical speed of a uniform simply sup-
ported shaft as

ω = �� = �� (17.38)

Example 5. A steel thick-walled tube with 3-in OD and 2-in ID is used as a shaft,
simply supported, with a 48-in span. Estimate the first critical speed (a) by Eq.
(17.38) and (b) by Eq. (17.37).

Solution. (a) A = π(32 − 22)/4 = 3.927 in2, I = π(34 − 24)/64 = 3.19 in4, w = Aγ =
3.925(0.282) = 1.11 lbf/in. From Eq. (17.38),

ω = ��� = 782.4 rad/s = 7471 r/min
386(30)(106)(3.19)
���

3.927(0.282)
π2

�
482

gEI
�
Aγ

π2

�
�2

EI
�
m

π2

�
�2

gΣwiyi
�
Σwiyi

2

2(31.1/58)2

��
1 − (31.1/58)2

2(1.54)2520
��

�3� 6600
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(b) Divide the shaft into six segments, each 8 in long, and from the equation for the
deflection at x of a uniformly loaded, simply supported beam, develop an expression
for the deflection at x.

y = (2�x2 − x3 − �3) = [2(48)x2 − x3 − 483]

= 0.483(10−9)(x)(96x2 − x3 − 483)

Prepare a table for x, y, and y2 at the six stations.

xi yi y i
2

4 0.000 210 8 4.44(10−8)
12 0.000 570 9 32.6(10−8)
20 0.000 774 7 60.0(10−8)
28 0.000 774 7 60.0(10−8)
36 0.000 570 9 32.6(10−8)
44 0.000 210 8 4.44(10−8)

Σ 0.003 112 8 194(10−8)

From Eq. (17.37),

ω = ��= ��� = 787 rad/s = 7515 r/min

which agrees with the result of part (a), but is slightly higher, as expected, since the
static deflection shape was used.

Since most shafts are of variable diameter, Eq. (17.37) will be more useful for esti-
mating the first critical speed,treating simultaneously the contributions of concentrated
masses (gears, pulleys, sprockets, cams, etc.) and the distributed shaft mass as well.

Example 6. Assume that the shaft of Example 2 has been established with its final
geometry as shown in Fig. 17.7. The shaft is decomposed into 2-in segments. The
weight of each segment is applied as a concentrated force wi at the segment centroid.
Additionally, the left-side gear weighs 30 lbf and the right-side gear weighs 40 lbf.
Estimate the first critical speed of the assembly.

Solution. Bearing in mind the tabular deflection method of Sec. 17.2, 12 stations
are established. Also, bending moment diagrams will be superposed.

For the distributed shaft mass load, the shaft weight is estimated as W = 24.52 lbf,
and it follows that bearing reactions are R1′ = 11.75 lbf and R2′ = 12.77 lbf. Because
each reaction is opposed by a bearing seat weight of 1.772 lbf, the net reactions are
R1 = 11.75 − 1.722 = 9.98 lbf and R2 = 12.77 − 1.772 = 11.0 lbf. The bending moments
Mi due to shaft segment weights are shown in column 3 of Table 17.5.

For the gears, R1 = 31.25 lbf and R2 = 38.75 lbf, and the resulting bending moments
are shown in column 4. The superposition of the moment diagrams for these two
sources of bending occurs in column 5. Column 6 displays the shaft segment weights
at the station of application. Column 7 shows the concentrated gear weights and
their station of application. Column 8 is the superposition of columns 6 and 7. Col-
umn 9 is obtained by using the tabular method of Sec. 17.2 and imposing the bend-
ing moment diagram of column 5. Columns 10 and 11 are extensions of columns 8
and 9. The sums of columns 10 and 11 are used in Eq. (17.37):

ω = ��� = 3622 rad/s = 34 588 r/min
386(2.348)(10−3)
��

6.91(10−8)

386(0.003 112 8)
��

194(10−8 )
gΣyi
�
Σyi

2

1.11x
��
24(30)(106)(3.19)

wx
�
24EI
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The methods of Secs. 17.2 and 17.3 and this section can be programmed for the
digital computer for rapid and convenient use.

17.9 HOLLOW SHAFTS

Advantages accruing to hollow shafting include weight reduction with minor
increase in stress (for the same outside diameter), ability to circulate fluids for lubri-
cation or cooling, and the use of thick-walled tubing as shaft stock. However, unbal-
ance must be checked and corrected, and thick-walled tubing may not have enough
material in its wall to accommodate the desired external geometry.

For a shaft section with outside diameter d, inside diameter di, and K = di/d, for
torsional and bending loading, d(1 − K4)1/3 may be substituted for diameter d in
equations such as (17.25), (17.26), (17.29), and (17.30). Equations (17.25) and (17.29)
can no longer be solved explicitly for diameter d unless K is known. In cases where
it is not known, iterative procedures must be used.

SHAFTS 17.19

FIGURE 17.7 The final geometry of the shaft of Ex. 17.2. For critical
speed estimation, weights of shaft segments and affixed gears generate sep-
arate and combined bending moments. The static deflection under such
loading found by the tabulation method provides the deflections used in
Rayleigh’s critical speed equation. See Table 17.5 and Ex. 17.6.
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GLOSSARY OF SYMBOLS

a Exponents; a = 3 for ball bearings; a = 10⁄3 for roller bearings

AF Application factor

b Weibull shape parameter

Cs Static load rating

C10 Basic load rating or basic dynamic load rating

f Fraction

F Load

Fa Axial load

Feq Equivalent radial load

Fi ith equivalent radial load

Fr Radial load

I Integral

L Life measure, r or h

LD Desired or design life measure

LR Rating life measure

L10 Life measure exceeded by 90 percent of bearings tested

18.3
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n Design factor
nD Desired or design rotative speed, r/min
ni Application or design factor at ith level
nR Rating rotative speed, r/min
R Reliability
V Rotation factor; inner ring rotations, V = 1; outer ring, V = 1.20
x Life measure in Weibull survival equation
x0 Weibull guaranteed life parameter
X Radial factor for equivalent load prediction
Y Thrust factor for equivalent load prediction
θ Weibull characteristic life parameter, rotation angle
φ Period of cyclic variation, rad

18.1 INTRODUCTION

Figures 18.1 to 18.12 illustrate something of the terminology and the wide variety of
rolling-contact bearings available to the designer. Catalogs and engineering manuals
can be obtained from bearing manufacturers, and these are very comprehensive and
of excellent quality. In addition, most manufacturers are anxious to advise designers
on specific applications. For this reason the material in this chapter is concerned
mostly with providing the designer an independent viewpoint.

18.4 BEARINGS AND LUBRICATION

FIGURE 18.1 Photograph of a deep-groove preci-
sion ball bearing with metal two-piece cage and dual
seals to illustrate rolling-bearing terminology. (The
Barden Corporation.)
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ROLLING-CONTACT BEARINGS 18.5

FIGURE 18.2 Photograph of a precision ball bearing of the type generally
used in machine-tool applications to illustrate terminology. (Bearings Divi-
sion, TRW Industrial Products Group.)

FIGURE 18.3 Rolling bearing with spherical
rolling elements to permit misalignment up to
±3° with an unsealed design. The sealed bearing,
shown above, permits misalignment to ±2°.
(McGill Manufacturing Company, Inc.)

FIGURE 18.4 A heavy-duty cage-guided nee-
dle roller bearing with machined race. Note the
absence of an inner ring, but standard inner
rings can be obtained. (McGill Manufacturing
Company, Inc.)
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18.6 BEARINGS AND LUBRICATION

FIGURE 18.5 A spherical roller bearing with two
rows of rollers running on a common sphered race-
way. These bearings are self-aligning to permit mis-
alignment resulting from either mounting or shaft
deflection under load. (SKF Industries, Inc.)

FIGURE 18.6 Shielded, flanged, deep-groove
ball bearing. Shields serve as dirt barriers; flange
facilitates mounting the bearing in a through-
bored hole. (The Barden Corporation.)

FIGURE 18.7 Ball thrust bearing. (The Tor-
rington Company.)

FIGURE 18.8 Spherical roller thrust bearing.
(The Torrington Company.)
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ROLLING-CONTACT BEARINGS 18.7

FIGURE 18.9 Tapered-roller thrust bearing.
(The Torrington Company.)

FIGURE 18.10 Tapered-roller bearing; for
axial loads, thrust loads, or combined axial and
thrust loads. (The Timken Company.)

FIGURE 18.11 Basic principle of a tapered-roller bearing with
nomenclature. (The Timken Company.)

FIGURE 18.12 Force analysis of a Timken bearing.
(The Timken Company.)
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Rolling-contact bearings use balls and rollers to exploit the small coefficients of
friction when hard bodies roll on each other.The balls and rollers are kept separated
and equally spaced by a separator (cage, or retainer). This device, which is essential
to proper bearing functioning, is responsible for additional friction. Table 18.1 gives
friction coefficients for several types of bearings [18.1]. Consult a manufacturer’s
catalog for equations for estimating friction torque as a function of bearing mean
diameter, load, basic load rating, and lubrication detail. See also Chap. 20.

Permissible speeds are influenced by bearing size, properties, lubrication detail,
and operating temperatures.The speed varies inversely with mean bearing diameter.
For additional details, consult any manufacturer’s catalog.

Some of the guidelines for selecting bearings, which are valid more often than
not, are as follows:

● Ball bearings are the less expensive choice in the smaller sizes and under lighter
loads, whereas roller bearings are less expensive for larger sizes and heavier loads.

● Roller bearings are more satisfactory under shock or impact loading than ball
bearings.

● Ball-thrust bearings are for pure thrust loading only. At high speeds a deep-
groove or angular-contact ball bearing usually will be a better choice, even for
pure thrust loads.

● Self-aligning ball bearings and cylindrical roller bearings have very low friction
coefficients.

● Deep-groove ball bearings are available with seals built into the bearing so that
the bearing can be prelubricated to operate for long periods without attention.

● Although rolling-contact bearings are “standardized” and easily selected from
vendor catalogs, there are instances of cooperative development by customer and
vendor involving special materials, hollow elements, distorted raceways, and novel
applications. Consult your bearing specialist.

It is possible to obtain an estimate of the basic static load rating Cs. For ball
bearings,

Cs = Mnbdb
2 (18.1)

For roller bearings,

Cs = Mnrled (18.2)

18.8 BEARINGS AND LUBRICATION

TABLE 18.1 Coefficients of Friction
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where Cs = basic static loading rating, pounds (lb) [kilonewtons (kN)]
nb = number of balls
nr = number of rollers
db = ball diameter, inches (in) [millimeters (mm)]
d = roller diameter, in (mm)
le = length of single-roller contact line, in (mm)

Values of the constant M are listed in Table 18.2.

ROLLING-CONTACT BEARINGS 18.9

TABLE 18.2 Value of Constant M for Use in
Eqs. (18.1) and (18.2)

18.2 LOAD-LIFE RELATION FOR CONSTANT
RELIABILITY

When proper attention is paid to a rolling-contact bearing so that fatigue of the
material is the only cause of failure, then nominally identical bearings exhibit a reli-
ability–life-measure curve, as depicted in Fig. 18.13. The rating life is defined as the
life measure (revolutions, hours, etc.) which 90 percent of the bearings will equal or
exceed. This is also called the L10 life or the B10 life. When the radial load is adjusted
so that the L10 life is 1 000 000 revolutions (r), that load is called the basic load rating
C (SKF Industries, Inc.). The Timken Company rates its bearings at 90 000 000.
Whatever the rating basis, the life L can be normalized by dividing by the rating life
L10. The median life is the life measure equaled or exceeded by half of the bearings.
Median life is roughly 5 times rating life.

For steady radial loading, the life at which the first tangible evidence of surface
fatigue occurs can be predicted from

FaL = constant (18.3)

where a = 3 for ball bearings and a = 10⁄3 for cylindrical and tapered-roller bearings.At
constant reliability, the load and life at condition 1 can be related to the load and life
at condition 2 by Eq. (18.3). Thus

F 1
aL1 = F 2

a L2 (18.4)

If F1 is the basic load rating C10, then L1 is the rating life L10, and so

C10 = � �
1/a

(F) (18.5)
L

�
L10
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If LR is in hours and nR is in revolutions per minute, then L10 = 60LRnR. It follows that

C10 = FD� �
1/a

(18.6)

where the subscript D refers to desired (or design) and the subscript R refers to rat-
ing conditions.

18.3 SURVIVAL RELATION AT STEADY LOAD

Figure 18.14 shows how reliability varies as the loading is modified [18.2]. Equation
(18.5) allows the ordinate to be expressed as either F/C10 or L/L10. Figure 18.14 is
based on more than 2500 SKF bearings. If Figs. 18.13 and 18.14 are scaled for recov-
ery of coordinates, then the reliability can be tabulated together with L/L10. Machin-
ery applications use reliabilities exceeding 0.94. An excellent curve fit can be
realized by using the three-parameter Weibull distribution. For this distribution the
reliability can be expressed as

R = exp �−� �
b

� (18.7)

where x = life measure, x0 = Weibull guaranteed life measure, θ = Weibull character-
istic life measure, and b = Weibull shape factor. Using the 18 points in Table 18.3 with
x0 = 0.02, θ = 4.459, and b = 1.483, we see that Eq. (18.7) can be particularized as

R = exp �−� �
1.483

� (18.8)
L/L10 − 0.02
��

4.439

x − x0
�
θ − x0

LDnD
�
LRnR

18.10 BEARINGS AND LUBRICATION

FIGURE 18.13 Survival function representing
endurance tests on rolling-contact bearings from
data accumulated by SKF Industries, Inc. (From
Ref. [18.2].)
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For example, for L/L10 = 0.1, Eq. (18.8) predicts R = 0.9974.

18.4 RELATING LOAD, LIFE, AND 
RELIABILITY GOAL

If Eq. (18.3) is plotted on log-log coordinates, Fig. 18.15 results. The FL loci are rec-
tified, while the parallel loci exhibit different reliabilities.The coordinates of point A
are the rating life and the basic load rating. Point D represents the desired (or
design) life and the corresponding load. A common problem is to select a bearing
which will provide a life LD while carrying load FD and exhibit a reliability RD.Along
line BD, constant reliability prevails, and Eq. (18.4) applies:

ROLLING-CONTACT BEARINGS 18.11

FIGURE 18.14 Survival function at higher reliabilities based on more than 2500
endurance tests by SKF Industries, Inc. (From Ref. [18.2].) The three-parameter
Weibull constants are θ = 4.459, b = 1.483, and x0 = 0.02 when x = L/L10 = Ln/(LRnR).

TABLE 18.3 Survival Equation Points at Higher Reliabilities†
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FB = FD� �
1/a

(18.9)

Along line AB the reliability changes, but the load is constant and Eq. (18.7) applies.
Thus

R = exp �−� �
b

� (18.10)

Now solve this equation for x and particularize it for point B, noting that RD = RB.

xB = x0 + (θ − x0)�ln �
1/b

(18.11)

Substituting Eq. (18.11) into Eq. (18.9) yields

FB = C10 = FD	 

1/a

(18.12)

For reliabilities greater than 0.90, which is the usual case, ln (1/R) � 1 − R and Eq.
(18.12) simplifies as follows:

C10 = FD� �
1/a

(18.13)

The desired life measure xD can be expressed most conveniently in millions of revo-
lutions (for SKF).

Example 1. If a ball bearing must carry a load of 800 lb for 50 × 106 and exhibit a
reliability of 0.99, then the basic load rating should equal or exceed

xD
���
x0 + (θ − x0)(1 − R)1/b

xD
���
x0 + (θ − x0)[ln (1/RD)]1/b

1
�
RD

x − x0
�
θ − x0

xD
�
xB

18.12 BEARINGS AND LUBRICATION

FIGURE 18.15 Reliability contours on a load-life plot useful for relating catalog
entry, point A, to design goal, point D.
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C10 = 800� �
1/3

= 4890 lb

This is the same as 21.80 kN, which corresponds to the capability of a 02 series 35-
mm-bore ball bearing. Since selected bearings have different basic load ratings from
those required, a solution to Eq. (18.13) for reliability extant after specification is
useful:

R = 1 − � �
b

(18.14)

Example 2. If the bearing selected for Example 1, a 02 series 50-mm bore, has a
basic load rating of 26.9 kN, what is the expected reliability? And C10 = (26.9 ×
103)/445 = 6045 lb. So

R = 1 − � �
1.483

= 0.9966

The previous equations can be adjusted to a two-parameter Weibull survival
equation by setting x0 to zero and using appropriate values of θ and b. For bearings
rated at a particular speed and time, substitute LDnD/(LRnR) for xD.

The survival relationship for Timken tapered-roller bearings is shown graphically
in Fig. 18.16, and points scaled from this curve form the basis for Table 18.4.The sur-
vival equation turns out to be the two-parameter Weibull relation:

R = exp �− � �
b

� = exp �− � �
1.4335

� (18.15)
L/L10
�
4.890

x
�
θ

50 − 0.02(6045/800)3

���
(4.439)(6045/800)3

xD − x0(C10/FD)a

��
(θ − x0)(C10/FD)a

50
���
0.02 + (4.439)(1 − 0.99)1/1.483

ROLLING-CONTACT BEARINGS 18.13

FIGURE 18.16 Survival function at higher reliabilities based on
the Timken Company tapered-roller bearings. The curve fit is a two-
parameter Weibull function with constants θ = 4.48 and b = 3⁄2 (x0 = 0)
when x = Ln/(LRnR). (From Ref. [18.3].)
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The equation corresponding to Eq. (18.13) is

C10 = FD� �
1/a

= FD� �
1/a

(1 − R)−1/ab (18.16)

And the equation corresponding to Eq. (18.14) is

R = 1 − � �
b

� �
−ab

(18.17)

Example 3. A Timken tapered-roller bearing is to be selected to carry a radial load
of 4 kN and have a reliability of 0.99 at 1200 hours (h) and a speed of 600 revolutions
per minute (r/min). Thus

xD = = = 0.480

and

C10 = 4� �
3/10

= 5141 N

Timken bearings are rated in U.S. Customary System (USCS) units or in newtons;
therefore, a basic load rating of 5141 N or higher is to be sought.

For any bearings to be specified, check with the manufacturer’s engineering man-
ual for survival equation information. This is usually in the form of graphs, nomo-
grams, or equations of available candidates. Check with the manufacturer on cost
because production runs materially affect bearing cost.

18.5 COMBINED RADIAL AND 
THRUST LOADINGS

Ball bearings can resist some thrust loading simultaneously with a radial load. The
equivalent radial load is the constant pure radial load which inflicts the same dam-

0.48
��
4.48(1 − 0.99)1/1.5

1200(600)
��
3000(500)

LDnD
�
LRnR

C10
�
FD

xD
�
θ

xD
�
θ

xD
��
θ(1 − R)1/b

18.14 BEARINGS AND LUBRICATION

TABLE 18.4 Survival Equation Points for Tapered-Roller Bearings†
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age on the bearing per revolution as the combination. A common form for weight-
ing the radial load Fr and the axial load Fa is

Fe = VXFr + YFa (18.18)

where Fe = equivalent radial load. The weighting factors X and Y are given for each
bearing type in the manufacturer’s engineering manual. The parameter V distin-
guishes between inner-ring rotation, V = 1, and outer-ring rotation, V = 1.20. A com-
mon form of Eq. (18.18) is

Fe = max(VFr, X1VFr + Y1Fa, X2VFr + Y2Fa, . . .) (18.19)

18.6 APPLICATION FACTORS

In machinery applications the peak radial loads on a bearing are different from the
nominal or average load owing to a variation in torque or other influences. For a
number of situations in which there is a body of measurement and experience, bear-
ing manufacturers tabulate application factors that are used to multiply the average
load to properly account for the additional fatigue damage resulting from the fluc-
tuations. Such factors perform the same function as a design factor. In previous
equations, FD is replaced by nFD or AF(FD), where AF is the application factor.

18.7 VARIABLE LOADING

At constant reliability the current FaL product measures progress toward failure.
The area under the Fa versus L curve at failure is an index to total damage resulting
in failure. The area under the FaL locus at any time prior to failure is an index to
damage so far. If the radial load or equivalent radial load varies during a revolution
or several revolutions in a periodic fashion, then the equivalent radial load is related
to the instantaneous radial load by

Feq = � � φ

0

Fa dθ�
1/a

(18.20)

where φ = period of the variation—2π for repetition every revolution, 4π for repeti-
tion every second revolution, etc. (see Fig. 18.17).

Example 4. A bearing load is given by F(θ) = 1000 sin θ in pounds force. Estimate
the equivalent load by using Simpson’s rule,

Feq = � � π

0

(1000 sin θ)10/3 dθ�
3/10

= 762 lb

When equivalent loads are applied in a stepwise fashion, the equivalent radial load
is expressible by

Feq = ��
k

i = 1

fi(niFi)a�
1/a

(18.21)

1
�
π

1
�
φ

ROLLING-CONTACT BEARINGS 18.15
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where fi = fraction of revolution at load Fi

ni = application or design factor
Fi = ith equivalent radial load
a = applicable exponent—3 for ball bearings and 10⁄3 for roller bearings

Example 5. A four-step loading cycle is applied to a ball bearing. For one-tenth of
the time, the speed is 1000 rpm, Fr = 800 lb, and Fa = 400 lb; for two-tenths of the time,
the speed is 1200 rpm, Fr = 1000 lb, and Fa = 500 lb; for three-tenths of the time, the
speed is 1500 rpm, Fr = 1500 lb, and Fa = 700 lb; for four-tenths of the time, the speed
is 800 rpm, Fr = 1100 lb, and Fa = 500 lb. For this shallow-angle, angular-contact ball
bearing, X1 = 1, Y1 = 1.25, X2 = 0.45, Y2 = 1.2, and V = 1. This loading cycle is also
depicted in Fig. 18.18.

18.16 BEARINGS AND LUBRICATION

FIGURE 18.17 Equivalent radial load when load varies peri-
odically with angular position.

FIGURE 18.18 Loading cycle: one-tenth of time at 1000
rpm, Fr = 800, Fa = 400; two-tenths of time at 1200 rpm, Fr =
1000, Fa = 500; three-tenths of time at 1500 rpm, Fr = 1500, Fa =
700; four-tenths of time at 800 rpm, Fr = 1100, Fa = 500; X1 = 1,
Y1 = 1.25, X2 = 0.45, Y2 = 1.2, V = 1.
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The first step in the solution is to create Table 18.5. The equivalent radial load is

Feq = [0.090(1430)3 + 0.216(2031)3 + 0.405(2969)3 + 0.288(2588)3]1/3 = 2604 lb

Without the use of design factors, the equivalent radial load is

Feq = [0.090(1300)3 + 0.216(1625)3 + 0.405(2375)3 + 0.288(1725)3]1/3 = 2002 lb

The overall design factor is 2604/2002, or 1.30. If this sequence were common in a
machinery application, a bearing manufacturer might recommend an application
factor of 1.30 for this particular application.

18.8 MISALIGNMENT

The inner ring of a rolling-contact bearing is tightly fitted to the shaft, and the axis
of rotation is oriented, as is the shaft centerline. The outer ring is held by some form
of housing, and its axis is oriented as demanded by the housing.As the shaft deflects
under load, these two axes lie at an angle to each other. This misalignment for very
small angles is accommodated in “slack,” and no adverse life consequences are
exhibited. As soon as the slack is exhausted, the intended deflection is resisted and
the bearing experiences unintended loading. Life is reduced below prediction levels.
A shaft design which is too limber does not fail, but bearings are replaced with much
greater frequency. It is too easy to be critical of bearings when the problem lies in the
shaft design.

Figure 18.19 shows the dramatic fractional life reduction owing to misalignment
in line-contact bearings [18.4].

If there is misalignment, it should not exceed 0.001 radian (rad) in cylindrical and
tapered-roller bearings, 0.0087 rad for spherical ball bearings, or about 0.004 rad for

18.18 BEARINGS AND LUBRICATION

FIGURE 18.19 Fractional bearing life to be expected as a func-
tion of misalignment in line-contact bearings. (From Ref. [18.4],
Fig. 11.)
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deep-groove ball bearings. Self-aligning ball or spherical roller bearings are more
tolerant of misalignment.The bibliography of Ref. [18.4] is extensive on this subject.
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LIST OF SYMBOLS

a Axial-flow land width
af Pad load coefficient
A Area
b Circumferential-flow land width
C Clearance
C* Specific heat
D Diameter
e Eccentricity
f Coefficient of friction
Fj Friction on journal
h Film thickness
h0 Minimum film thickness
H Dimensionless film thickness
J Mechanical equivalent of heat
k Permeability
L Bearing width
M Rotor mass at bearing
Mj Frictional torque on journal
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n Number of pads or recesses
N Revolutions per unit time
p Pressure
pa Ambient pressure
p0 Short-bearing pressure
pr Recess pressure
ps Supply pressure
p∞ Long-bearing pressure
p� Dimensionless pressure
P Unit loading
q Volume flow rate per unit length
qf Flow factor
Q Volume flow rate
Qs Side leakage flow rate
R Radius of journal
Rb Radius of bearing = R + C

s Stiffness
S Sommerfeld number = (µN/P)(R/C)2

t Time
tp Thickness of porous liner
T Temperature
u, v, w Velocity in x, y, z directions, respectively
U Velocity of journal
W Load
WR Load component directed along line of centers
WT Load component normal to line of centers
x, y, z Rectangular coordinates
X Dimensionless minimum-film-thickness parameter = (h0/R)[P/(2πNµ)]1/2

Y Dimensionless frictional torque parameter = [Mj /(WR)][P/(2πNµ)]1/2

α Porous material slip coefficient
β Included angle of partial bearing, porous bearing parameter
β1 Angle from line of centers to leading edge of partial bearing
γ Circumferential-flow parameter
ε Eccentricity ratio e/c
ζ Dimensionless axial dimension = z/(L/2)
θ Angular position measured from line of centers
θ1 Angular position to leading edge of film
θ2 Angular position to zero pressure in film
θ3 Angular position to trailing edge of film
θcav Angular position to cavitation boundary
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Λ Bearing number = (6µω/pa)(R/C)2

λ Ratio of heat conduction loss to heat generation rate, reduced bearing
number = Λ/6

µ Dynamic viscosity
ρ Density
τ Shear stress
φ Attitude angle
ω Angular velocity
Ω Porous bearing parameter

19.1 INTRODUCTION

The design of journal bearings is of considerable importance to the development of
rotating machinery. Journal bearings are essential machine components for com-
pressors, pumps, turbines, internal-combustion engines, motors, generators, etc.

In its most basic form (Fig. 19.1), a journal bearing consists of a rotatable shaft
(the journal) contained within a close-fitting cylindrical sleeve (the bearing). Gener-
ally, but not always, the bearing is fixed in a housing. The journal and bearing sur-
faces are separated by a film of lubricant (liquid or gas) that is supplied to the
clearance space between the surfaces. The clearance space is generally quite small
(on the order of one-thousandth of the journal radius) and has four major functions:

JOURNAL BEARINGS 19.3

FIGURE 19.1 Journal and bearing notation.
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to permit assembly of the journal and bearing, to provide space for the lubricant, to
accommodate unavoidable thermal expansions, and to tolerate any shaft misalign-
ment or deflection.

The fundamental purpose of a journal bearing is to provide radial support to a
rotating shaft. Under load, the centers of the journal and the bearing are not coinci-
dent but are separated by a distance called the eccentricity. This eccentric arrange-
ment establishes a converging-wedge geometry which, in conjunction with the
relative motion of the journal and the bearing, permits a pressure to be developed
by viscous effects within the thin film of lubricant and thus produces a load-carrying
capability. However, if the load is too large or the shaft rotation too slow, the wedge-
like geometry will not form and solid-to-solid contact can occur.

Journal bearings can operate in any of three lubrication regimes: thick-film lubri-
cation, thin-film lubrication, or boundary lubrication. Generally, thick-film operation
is preferred. Figure 19.2 is a diagram of the three lubrication regimes.Table 19.1 pro-
vides some of the characteristics of each regime.

Journal bearings may be classified
according to the fluid mechanism that
establishes the film load capacity: Hydro-
dynamic journal bearings, also called
self-acting bearings, depend entirely on
the relative motion of the journal and the
bearing to produce film pressure for load
support. Hydrostatic journal bearings,
also called externally pressurized bear-
ings, achieve load support by the supply
of fluid from an external high-pressure
source and require no relative motion
between journal and bearing surfaces.
Hybrid journal bearings are designed 
to use both hydrodynamic and hydro-
static principles to achieve load support
between moving surfaces.

19.2 BEARING AND JOURNAL
CONFIGURATIONS

19.2.1 Bearing Geometries

A wide range of bearing configurations are available to the journal bearing designer.
Figure 19.3 depicts several of these bearings.The configurations range from the very
simple plain journal bearing to the very complex tilting-pad bearing. The choice of
bearing configuration depends on several factors. Among the more important are
cost, load, power loss, dynamic properties, ease of construction, and difficulty of
installation.

Journal bearings are termed full bearings (Fig. 19.3a) when the bearing surface
completely surrounds the journal. Because they are easy to make and do not cost
much, full bearings are the most commonly used bearing in rotating machinery. Full
bearings become distorted during installation, and so they are generally not per-
fectly circular.

Journal bearings are called partial bearings when the bearing surface extends
over only a segment of the circumference, generally 180° or less (Fig. 19.3b). Par-

19.4 BEARINGS AND LUBRICATION

FIGURE 19.2 Three lubrication regimes: I,
thick film; II, thin film; III, boundary.
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TABLE 19.1 Characteristics of Lubrication Regimes

FIGURE 19.3 Journal bearing geometries. (a) Full bearing; (b) partial
bearing; (c) elliptical, or lemon, bearing; (d) offset bearing; (e) rocking jour-
nal bearing; (f) pressure dam bearing; (g) three-lobe bearing; (h) four-lobe
bearing; (i) multileaf bearing; (j) floating-ring bearing; (k) tilting- or pivoted-
pad bearing; (l) foil bearing.

(e) (f) (g) (h)

(a) (b)

(i) (j) (k)

(c)

(l)

(d)
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tial bearings are used in situations where the load is mainly unidirectional. Partial
journal bearings have been found to reduce frictional torque on the journal and
provide convenient accessibility, and they do not, in many instances, require strict
manufacturing tolerance. Partial journal bearings in which the bearing radius
exceeds the journal radius are called clearance bearings, whereas partial journal
bearings in which the bearing and the journal radii are equal are termed fitted
bearings.

Geometries in which two circular sectors are employed are called elliptical, or
lemon, bearings (Fig. 19.3c).These bearings are really not elliptical at all but are fab-
ricated by uniting two halves of a circular bearing which have had their mating faces
machined so that the bearing has an approximately elliptical appearance. Lemon
bearings are probably the most widely used bearings at low and moderate speeds.
They are extensively used in turbine applications.

Elliptical bearings in which the two cylindrical halves are laterally displaced
along the major axis are termed offset bearings (Fig. 19.3d). The relative displace-
ment of the center of each half of the bearing is called the preset. When the upper
half of the bearing is displaced horizontally in the direction of rotation, the bearing
has negative preset. It is found that load capacity increases with preset. Offset bear-
ings have relatively high horizontal stiffness, which helps prevent dynamic instabil-
ity. Further, offset bearings allow greater lubricant flow and so run cooler.

Novel offset journal bearing designs for reducing power loss and wear in duty
cycles which combine nonreversing loading with limited journal angular oscillation
or in steady operation with counterrotation of journal and bearing under a constant
load have been studied. In these applications, conventional journal bearings are
found to develop extremely thin lubricant films, which in turn results in high friction
and wear. Figure 19.3e depicts a journal bearing in which both the journal and the
bearing are divided axially into segments with offset centerlines. This arrangement
produces a dynamic rocking motion which promotes a thicker lubricating film.
Accordingly the assembly has been called a rocking journal bearing.

When a step is milled from the surface of the bearing (Fig. 19.3f), the resulting
bearing is called a pressure dam, or step, bearing. The purpose of the step is to create
additional hydrodynamic pressure on the top of the journal as the lubricant is
rotated into the step. In turn, this pressure buildup enhances the load on the journal
and therefore diminishes its susceptibility to vibration problems. Pressure dam bear-
ings are very popular in the petrochemical industry.

Bearing geometries consisting of three or more sectors (Fig. 19.3g and h) are
termed lobed, or multilobed, bearings. Generally, bearings with more than three
lobes are used only in gas bearing applications. Multilobed bearings act as a number
of partial bearings in series.The cost of multilobed bearings is considered moderate.

The multileaf journal bearing (Fig. 19.3i) is a variant of a multilobed bearing. It
consists of a number of identical circular arcs, or leaves, whose centers are equally
spaced around the generating circle. The operating characteristics of a multileaf
bearing are practically independent of the direction of loading for bearings with
eight or more leaves.

In a floating-ring journal bearing (Fig. 19.3j), the lubricating film is divided in two
by the addition of a “floating” ring between the journal and the bearing. Floating-
ring bearings have lower frictional losses and reduced heat generation and provide
better stability.

Hydrodynamic journal bearings may be distinguished by whether the bearing
surface can pivot. The basic advantage of pivoting, or tilting-pad, journal bearings
(Fig. 19.3k) over fixed-pad journal bearings is that they can accommodate, with little
loss in performance, any shaft deflection or misalignment.
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A foil journal bearing (Fig. 19.3l) consists of a very thin compliant bearing surface
resting atop a series of corrugations.When it is compared to a conventional gas bear-
ing, the foil bearing has a thicker film, higher load capacity, lower power loss, better
stability, and superior endurance to high operating temperatures.

19.2.2 Journal Shapes

Although the journal is generally assumed to be perfectly circular, wear effects or
poor manufacture can lead to journals with the shapes shown in Fig. 19.4a, b, and c.
In addition, the possibility of developing pressure by grooving the surface of the
journal has been investigated.Three grooved patterns that were found to yield good
stability characteristics are shown in Fig. 19.4c, d, and e.

JOURNAL BEARINGS 19.7

FIGURE 19.4 Journal shapes. (a) Hourglass; (b) barrel; (c) tapered; (d) herring-
bone; (e) partly grooved symmetrical pattern: (f) partly grooved asymmetrical pat-
tern. (Parts (d), (e), and (f) are from [19.1].)

(a) (b)

(d) (e)

(c)

(f)

19.3 BEARING MATERIALS AND SELECTION
CRITERIA

19.3.1 Bearing Materials

The ideal journal bearing material would have the following characteristics:

1. High compressive strength to withstand the applied radial loading
2. High fatigue strength to endure any cyclic changes in load direction and/or load

intensity
3. Compatibility with the journal material to minimize surface scoring and bearing

seizure whenever the journal and bearing surfaces come into contact (e.g., during
startup)

4. Embedability to permit foreign particles in the lubricant to penetrate the bearing
surface to avoid scoring and wear

JOURNAL BEARINGS
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5. Conformability of surface to tolerate journal misalignment, deflection, or manu-
facturing inaccuracies

6. High corrosion resistance to withstand chemical attack by the lubricant
7. High thermal conductivity to permit generated heat to be transported from the

lubricant film
8. Appropriate coefficient of thermal expansion to avoid differences in thermal

expansion of the journal and bearing
9. Low wear to prevent surface destruction, especially under boundary lubrication

conditions (i.e., thin-film high-friction lubrication), and thereby lengthen the life
of the bearing

Besides all these, the material should be inexpensive, highly available, and easily
machined.

To be sure, no single material has been developed that satisfactorily combines all
characteristics of the ideal bearing material. In fact, some of the characteristics are
contradictory. For example, soft bearing materials generally do not have sufficient
strength. To strengthen soft bearing materials, they are frequently bonded to
stronger backing materials. Bearing linings or overlays may be cast, electrode-
posited, sprayed, or chemically applied, and they have thicknesses which range from
0.01 to 0.5 inch (in).

Journal bearing materials may be broadly divided into two groups: metallics and
nonmetallics. The metallic group includes aluminum alloys, babbitts (tin-, lead-, and
aluminum-based), copper alloys (brass and bronze), zinc, and iron. The nonmetallic
group includes plastics, carbon graphites, cemented carbides, and other proprietary
materials. The nonmetallics have been widely used in self-lubrication applications
because they can provide low friction and wear without the aid of a lubricant.

Because of the wide diversity of materials available for use in journal bearings, it
is difficult to provide comprehensive tables of all relevant properties. Manufacturers
and materials suppliers are the best sources for that information. Nevertheless, some
physical properties of a variety of journal bearing materials are presented in Table
19.2 [19.2]. Typical applications and useful comments concerning a number of jour-
nal bearing alloys are displayed in Table 19.3, while Table 19.4 contains a numerical
ranking of the performance characteristics of these alloys.

General information for a variety of self-lubricating materials is given in Table
19.5 [19.3]. Note that the table contains maximum values of the PV factor. This fac-
tor is the product of the bearing load per unit of projected area and the sliding veloc-
ity (i.e., speed in revolutions per minute times the bearing circumference). The PV
parameter provides an indication of material wear and internal heat generation.
Failure in self-lubricated bearings is frequently the direct result of internal over-
heating.

19.3.2 Bearing Material Selection Criteria

Selection of a bearing material invariably requires a compromise based on particu-
lar characteristics regarded by the designer to be of principal importance to the
application at hand. DeGee [19.4] has developed a systematic approach for selecting
a material for lubricated journal bearings. In this method, certain component crite-
ria are identified within major property groups. Table 19.6 gives one such listing.

Not all the criteria presented in Table 19.6 need be considered. For example, in a
particular application, environmental properties may be of no concern because the
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bearing operates in a clean, moderate-temperature environment and is not part of
an electric machine.

After the list of criteria has been established, each component criterion is com-
pared with all other criteria, and a graduation mark is allocated from 0, if there is no
difference in the criterion, to 3, if there are large differences. For example, compres-
sive strength (A1 in Table 19.6) might receive a 0 when compared with fatigue
strength (A2) but receive a 3 when compared to thermal conductivity (B1), and so
forth.When all component criteria have been compared with one another and grad-
uation marks assigned, the graduation marks of each criterion are totaled and the
sum of all these totals is divided into each amount, to obtain the component criteria
weighting factors. The sum of all the weighting factors obviously is unity.

19.10 BEARINGS AND LUBRICATION

TABLE 19.3 Bearing Alloy Material Applications
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Next the candidate materials are given quality marks for the various component
criteria. These marks range from 5 (excellent, or high) to 1 (poor, or low). For
instance, tin-based babbitts are known to have only fair (2) fatigue strength, whereas
they have excellent (5) resistance to corrosion. The final ranking of the candidate
materials is obtained by comparing the sums of the products of all component crite-
ria weighting factors and quality marks.

19.4 PRESSURE EQUATION 
FOR A LUBRICATING FILM

19.4.1 Reynolds Equation

The differential equation which governs the pressure in a lubricating film is called
the Reynolds equation. Bearing performance can be evaluated once the solution of
this equation is in hand.

To develop the Reynolds equation, consider a portion of the fluid film of a jour-
nal bearing (Fig. 19.1). In general, there are three velocity components in the film: u,
v, and w. There are three equations of motion (momentum equations), one for each
coordinate direction. The collection is known as the Navier-Stokes equations, and
each equation may be written in the following form:

Inertial forces = pressure forces + body forces + viscous forces (19.1)

The Navier-Stokes equations in their complete form are too involved for analytical
solution.They can, however, be reduced, and subsequently solved, by making several
simplifying yet plausible assumptions:

JOURNAL BEARINGS 19.13

TABLE 19.6 Journal Bearing Material Selection Criteria
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1. The flow is laminar.
2. The inertial and body forces are small compared to the pressure and viscous

forces.
3. The curvature of the film is negligible; the bearing surfaces are, therefore, nearly

parallel.
4. The variation of pressure across the film ∂P/∂y is negligibly small.
5. The transverse velocity component across the film, v, is small compared to the

other velocity components.
6. The velocity gradients across the film dominate over all other velocity gradients.

Application of these assumptions to mathematical versions of Eq. (19.1), and to
an integrated version of the conservation of mass (the continuity equation), yields
the Reynolds equation for a liquid-lubricated bearing:

�
∂
∂
x
� ��
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� �
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∂
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� ��
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� �
∂
∂
p
z
�� = 6(Ub + Uj) �
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x
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h
t
� (19.2)

The first grouping on the right-hand side of Eq. (19.2) is called the wedge term
and must be negative to generate positive pressures. The third term on the right is
called the squeeze term, and it will generate positive pressures when ∂h/∂t < 0. The
squeeze term vanishes for a steadily loaded bearing. Both the wedge and the
squeeze terms vanish for a purely hydrostatic case. If the bearing surface is fixed 
(Ub = 0), if the shaft is rotating with a speed ω (that is, Uj = U = Rω), and if the vis-
cosity of the lubricant is constant, then Eq. (19.2) may be written as
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For comparative purposes, it is useful to cast the steady version of Eq. (19.3) into
nondimensional form. This can be accomplished by defining the following nondi-
mensional variables:
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Also, since ω = 2πN,
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Substituting these into Eq. (19.3) yields
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This equation can be interpreted as

Circumferential pressure flow + axial pressure flow = shear flow

The governing equation of a gas film differs from that of a liquid film by the
appearance of the density ρ. The steady compressible version of the Reynolds equa-
tion for an isoviscous gas can be written

�
∂
∂
x
� �h3ρ �

∂
∂
p
x
�� + �

∂
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z
� �h3ρ �

∂
∂
p
z
�� = 6µRω �

∂(
∂
ρ
x
h)
� (19.5)

Since the energy dissipated by frictional forces is very small in normal gas bear-
ing operation, we may assume that the film has a constant temperature and p = kρ;
thus, Eq. (19.5) becomes
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This equation can be written in nondimensional form as
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where
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Here Λ is called the bearing, or compressibility, number.
To solve the Reynolds equation, we require an expression for the film thickness

h. From the triangle ABC in Fig. 19.5, we may write

AA�C� = h + R = Rb cos ξ + e cos θ

where θ is measured from the line of centers. And since e << Rb, cos ξ ∼ 1, and thus

h = Rb − R + e cos θ

The radial clearance is C � Rb − R, and the eccentricity ratio is ε � e/C; hence

h = C(1 + ε cos θ) (19.8)

19.4.2 Boundary Conditions

Three sets of circumferential boundary conditions are commonly applied to the
solutions of the Reynolds equation. These boundary conditions have been given the
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names Sommerfeld, Gumbel, and Swift-Stieber. Of the three, the Sommerfeld condi-
tions are the easiest to apply, but they yield certain unrealistic results. For example,
in a liquid-lubricated bearing, Sommerfeld conditions produce negative pressures in
the film. This results in the shaft’s being displaced at right angles to the load line as
the load is increased. Gumbel conditions are similar to Sommerfeld conditions
except that all negative pressures are disregarded. Although this approach leads to
more realistic load results, it produces a violation of the conservation of mass. The
Swift-Stieber conditions come closest to representing the actual conditions in a film,
but they are more difficult to apply. They are widely used in numerical investiga-
tions. The three sets of boundary conditions are summarized in Table 19.7.

19.5 JOURNAL BEARING PERFORMANCE

Once the pressure distribution is established, the journal bearing performance may
be determined. Performance is generally measured in terms of four quantities: bear-
ing load capacity, frictional losses, lubricant flow requirement, and temperature rise.

19.5.1 Bearing Load Relations

Five parameters are associated with the load capacity of a journal bearing:

1. The radial load component WR acts along the line of centers (Fig. 19.1) and is
computed from

WR = −R �L/2

−L /2

�θ3

θ1

p cos θ dθ dz
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TABLE 19.7 Typical Boundary Conditions on the Reynolds Equation
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where θ1 and θ3 are, respectively, the leading and trailing angular locations of the
lubricating film.

2. The tangential load component WT acts perpendicular to the line of centers:

WT = R �L/2

−L/2

�θ3

θ1

p sin θ dθ dz

3. The bearing load W must be supported by the pressure developed within the
lubricating film. Generally the load is specified or enters the design via the unit
load P, which is defined as the load per unit projected area, or

P = �
L
W
D
�

Typical values of the unit load are given in Table 19.8.
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TABLE 19.8 Range of Unit Loads for Various Applications

4. The Sommerfeld number S is a dimensionless parameter that characterizes bear-
ing performance; large S (say, greater than 0.15) indicates a lightly loaded bearing
operating at a small eccentricity. The Sommerfeld number may be calculated
from

S = �
µ
π
U
W

L
� ��

R
C

��
2

= �
µ
P
N
� ��

R
C

��
2

5. The attitude angle φ is the angular distance between the load line and the line of
centers (Fig. 19.1). It locates the minimum film thickness as measured from the
load line. Because WR = W cos φ and WT = W sin φ,

φ = tan−1 �
W
W

R

T
�
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19.5.2 Bearing Friction Relations

Four parameters are involved with the frictional behavior of a journal bearing:

1. The shear stress τ, acting on either the shaft or the bearing surface, consists of two
terms; one is due to motion of the shaft (pure shear), and the other is due to the
circumferential pressure distribution (pressure-induced shear):

τ = �
µ
h
U
� ± �

2
h
R
� �

∂
∂
p
θ
�

The plus sign corresponds to the shear stress on the journal surface; the minus
sign, to the shear stress on the bearing surface.

2. The frictional force acting on the journal Fj is found by integrating the pure shear
stress over the entire surface of the journal and the pressure-induced shear stress
up to the trailing edge of the film. This yields

Fj = ��1
2
−
π
ε2�� (µUL) ��

R
C

�� + �
εW

2
T

� ��
C
R

��
3. The friction coefficient f is the ratio of the journal frictional force to the bearing

load:

f = �
W
Fj

�

The friction variable is the product (R/C)(f ) and so may be written

��
R
C

�� (f ) = � � (S) + �
ε si

2
n φ
�

4. The power that must be supplied to the journal to overcome friction is called the
frictional horsepower loss HP, and it may be computed from

HP = C1FjU = C2f WRN

where C1 and C2 depend on the system of units. For Fj in pounds (lb) and U in
inches per second (in/s), C1 = 1⁄6600 for W (lb), R (in), and N in revolutions per sec-
ond (r/s), C2 = 2πC1 = 9.51998 × 10−4.

The relevant geometry for the execution of these tasks is depicted in Fig. 19.5.

19.5.3 Lubricant Flow Relations

Lubricant flow rates are needed to estimate the capacity of the lubricant supply
system and to determine the cooling requirements of the bearing. This involves
evaluation of the lubricant flow within the clearance space, the lubricant flow that
leaks out the sides of the bearing, and the lubricant flow that is supplied to the
bearing.

2π2

�
1 − ε2
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In general, volume flow rate per unit
length is composed of a term due to sur-
face motion (shear flow) and another
due to the pressure (pressure-induced
flow). Journal bearing circumferential
and axial flows per unit length are

qθ = �
U
2
h
� − �

∂
∂
p
θ
� qz = − �

1
h
2

3

µ
� �

∂
∂
p
z
�

(19.9)

The total flow rates may be found by
integrating Eq. (19.9) across the bearing
length for the circumferential flow rate
and around the bearing circumference
for the axial flow rate.

Assuming that lubricant is supplied
in the unloaded portion of the bearing (Fig.19.6), we see that the rate at which lubri-
cant leaks out of the active portion of the film is

Qsa = Q1 − Q2 (19.10)

where Q1 = flow into the leading edge of
the film and Q2 = flow out of the trailing
edge.

When the input flow rate equals the
leakage flow rate, Q1 is called the classi-
cal rate. For given values of W, U, and µ,
the classical rate is the largest flow that
can be carried into the active film by
shaft rotation. However, in practice, Qi,
the input flow rate, may be greater (the
flooded condition) or less (the starved
condition) than the appropriate value to
achieve the classical rate. For flooded
conditions, side flow will also occur in
the unloaded portion of the bearing, and
we may write

Qsu = Q2 + Qi − Q1
(19.11)

Thus, Qsu + Qsa = Qs = Qi

19.5.4 Bearing Thermal Relations

The steady energy balance equation can be simply expressed as

Energy inflow rate − energy outflow rate + energy generation rate = 0

An energy balance may be performed on the unloaded portion of the film (Fig.
19.6). Toward that end, it is assumed that there is complete mixing between the inlet

h3

�
12µR
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FIGURE 19.5 Film thickness geometry

FIGURE 19.6 Control volumes for lubricant
flow and heat balances.
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Qi and the carryover Q2 flows so that Tu = T1. It is further assumed that there is no
energy generation and negligible heat transfer. Hence, for the unloaded portion of
the film,

QiTi + Q2T2 = (Q2 + Qi)(T1) (19.12)

Next an energy balance is performed on the active portion of the lubricating film
(Fig. 19.6). The energy generation rate is taken to be FjU/J, and the conduction heat
losses to the shaft and bearing are taken to be a portion of the heat generation rate,
or λFjU/J. Accordingly,

ρQ1C*T1 − (ρQsaC*Ta + ρQ2C*T2) + = 0 (19.13)

Combining Eqs. (19.10) to (19.13) and assuming that the side-flow leakage occurs at
the average film temperature Ta = (T1 + 2 T2)/2, we find that

= (19.14)

This shows that the lubricant temperature rise is 1 − λ times the rise when conduc-
tion is neglected.

19.6 LIQUID-LUBRICATED JOURNAL BEARINGS

In the hydrodynamic operation of a liquid-lubricated journal bearing, it is generally
assumed that the lubricant behaves as a continuous incompressible fluid. However,
unless the lubricant is admitted to the bearing under relatively high hydrostatic
head, the liquid film can experience periodic vaporization which can cause the film
to rupture and form unstable pockets, or cavities, within the film. This disruption of
the film is called cavitation, and it occurs when the pressure within the bearing falls
to the vapor pressure of the lubricant. Narrow liquid-lubricated bearings are espe-
cially susceptible to this problem. Figure 19.7 illustrates the general film condition in
which lubricant is admitted through a lubricating groove at some angular position θ0.
Clearly incomplete films complicate the analysis, and therefore the design, of a 
liquid-lubricated journal bearing.

19.6.1 L/D Effects on Cylindrical Full Journal Bearings

Long-Length Bearings. When the length of a bearing is such that L > 2D, the axial
pressure flow term in the Reynolds equation may be neglected and the bearing per-
forms as if it were infinitely long. Under this condition, the reduced Reynolds equa-
tion can be directly integrated. Table 19.9 contains long-bearing results for both
Sommerfeld and Gumbel boundary conditions.

Short-Length Bearings. When the length of a bearing is such that L < D/4, the
axial pressure flow will dominate over the circumferential flow, and again the
Reynolds equation can be readily integrated. Results of such a short-bearing inte-
gration with Gumbel boundary conditions are shown in Table 19.10.

4π(R/C)(f )
��
Q1/(RCNL)

1 + 2Q2/Qi
��
2 − Qsa/Q1

JρC*(Ta − Ti)
��

(1 − λ)P

(1 − λ)FjU
��

J
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FIGURE 19.7 Diagram of an incomplete fluid film.

TABLE 19.9 Long-Bearing Pressure and Performance Parameters
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Finite-Length Bearings. The slenderness ratio L/D for most practical designs
ranges between 0.5 and 2.0. Thus, neither the short-bearing theory nor the long-
bearing theory is appropriate. Numerous attempts have been made to develop
methods which simultaneously account for both length and circumferential effects.
Various analytical and numerical methods have been successfully employed.
Although such techniques have produced important journal bearing design infor-
mation, other simplified methods of analysis have been sought. These methods are
useful because they do not require specialized analytical knowledge or the avail-
ability of large computing facilities.What is more, some of these simple, approximate
methods yield results that have been found to be in good agreement with the more
exact results. One method is described.

Reason and Narang [19.5] have developed an approximate technique that makes
use of both long- and short-bearing theories. The method can be used to accurately
design steadily loaded journal bearings on a hand-held calculator.

19.22 BEARINGS AND LUBRICATION

TABLE 19.10 Short-Bearing Pressure and Performance Parameters
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It was proposed that the film pressure p be written as a harmonic average of the
short-bearing pressure p0 and the long-bearing pressure p∞, or

�
p
1

� = �
p
1

0
� + �

p
1

∞
� or p =

The pressure and various performance parameters that can be obtained by this com-
bined solution approximation are presented in Table 19.11. Note that several of
these parameters are written in terms of two quantities, Is and Ic. Accurate values of
these quantities and the Sommerfeld number are displayed in Table 19.12. With the
exception of the entrainment flow, which is increasingly overestimated at large ε and
L/D, the predictions of this simple method have been found to be very good.

Example 1. Using the Reason and Narang combined solution approximation,
determine the performance of a steadily loaded full journal bearing for the follow-
ing conditions:

µ = 4 × 10−6 reyn D = 1.5 in

N = 1800 r/min L = 1.5 in

W = 500 lbf C = 1.5 × 10−3

Solution. The unit load is P = W/(LD) = 222 pounds per square inch (psi), and
the Sommerfeld number is

S = �
µ
P
N
� ��

R
C

��
2

= 0.135

Entering Table 19.12 at this Sommerfeld number and a slenderness ratio of 1, we
find that ε = 0.582, Ic = 0.2391, and Is = 0.3119. The bearing performance is computed
by evaluating various parameters in Table 19.11. Results are compared in Table
19.13 to values obtained by Shigley and Mischke [19.6] by using design charts.

19.6.2 Design Charts

Design charts have been widely used for convenient presentation of bearing per-
formance data. Separate design graphs are required for every bearing configuration
or variation. Use of the charts invariably requires repeated interpolations and
extrapolations. Thus, design of journal bearings from these charts is somewhat
tedious.

Raimondi-Boyd Charts. The most famous set of design charts was constructed by
Raimondi and Boyd [19.7].They presented 45 charts and 6 tables of numerical infor-
mation for the design of bearings with slenderness ratios of 1⁄4, 1⁄2, and 1 for both par-
tial (60°, 120°, and 180°) and full journal bearings. Consequently, space does not
permit all those charts to be presented. Instead a sampling of the charts for bearings
with an L/D ratio of 1 is given. Figures 19.8 to 19.13 present graphs of the minimum-
film-thickness variable h0/C (note that h0/C = 1 − ε), the attitude angle φ (or location
of the minimum thickness), the friction variable (R/C)(f), the flow variable
Q/(RCNL), the flow ratio Qs /Q, and the temperature-rise variable J�C* ∆T/P. Table
19.14 is a tabular presentation of these data.

p0
�
1 + p0/p∞
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TABLE 19.11 Pressure and Performance Parameters of the Combined 
Solution Approximation

JOURNAL BEARINGS

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.



JOURNAL BEARINGS 19.25

TABLE 19.12 Values of Is, Ic, and Sommerfeld Number for Various Values of L/D and ε

TABLE 19.13 Comparison of Predicted Performance between Two Methods for Example 1
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19.26 BEARINGS AND LUBRICATION

FIGURE 19.8 Minimum film thickness ratio versus Sommerfeld number for full and partial journal
bearings, L/D = 1, Swift-Stieber boundary conditions. (From Raimondi and Boyd [19.7].)

FIGURE 19.9 Attitude angle versus Sommerfeld number for full and partial journal bearings,
L/D = 1, Swift-Stieber boundary conditions. (From Raimondi and Boyd [19.7].)
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FIGURE 19.10 Friction variable versus Sommerfeld number for full and partial journal bear-
ings, L/D = 1, Swift-Stieber boundary conditions. (From Raimondi and Boyd [19.7].)

FIGURE 19.11 Flow variable versus Sommerfeld number for full and partial journal bearings,
L/D = 1, Swift-Stieber boundary conditions. (From Raimondi and Boyd [19.7].)
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For slenderness ratios other than the four displayed (∞, 1, 1⁄2, and 1⁄4), Raimondi
and Boyd suggest the use of the following interpolation formula:

yL/D = ��
D
L

��
3

�− �
1
8

� �1 − �
D
L

�� �1 − 2 �
D
L

�� �1 − 4 �
D
L

�� y∞ + �
1
3

� �1 − 2 �
D
L

�� �1 − 4 �
D
L

�� y1

− �
1
4

� �1 − �
D
L

�� �1 − 4 �
D
L

�� y1/2 + �
2
1
4
� �1 − �

D
L

�� �1 − 2 �
D
L

�� y1/4�
where y = any performance variable, that is, (R/C)(f ), h0/C, etc., and the subscript of
y is the L/D value at which the variable is being evaluated.

For partial bearings with bearing arc angles other than the three displayed (180°,
120°, and 60°), Raimondi and Boyd recommend using the following interpolation
formula:

yβ = �
72

1
00
� [(β − 120)(β − 60)y180 − 2(β − 180)(β − 60)y120 + (β − 180)(β − 120)y60]

where y = any performance variable and the subscript of y is the β at which the vari-
able is being evaluated.

Some of the tedium associated with use of charts can be removed by employing
curve fits of the data. Seireg and Dandage [19.8] have developed approximate equa-
tions for the full journal bearing data of the Raimondi and Boyd charts. Table 19.15
gives the coefficients to be used in these curve-fitted equations.

19.28 BEARINGS AND LUBRICATION

FIGURE 19.12 Side-leakage ratio versus Sommerfeld number for full and partial journal bearings,
L/D = 1, Swift-Stieber boundary conditions. (From Raimondi and Boyd [19.7].)
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Example 2. For the following data

N = 3600 r/min L = 4 in

W = 7200 lbf C = 6.0 × 103 in

D = 6 in Lubricant: SAE 20 oil

Inlet temperature Ti = 110°F

determine the isoviscous performance of a centrally loaded full journal bearing.The
viscosity-temperature relation is contained in Table 19.16.

Solution. Because the viscosity varies with temperature, an iterative procedure
is required. By this procedure, a first-guess viscosity is used to determine the film
temperature rise. From this an average film temperature is determined, which will
permit a second film temperature rise to be determined, and so on, until a converged
result is obtained.

JOURNAL BEARINGS 19.29

FIGURE 19.13 Lubricant temperature-rise variable versus Sommerfeld number for full and partial
journal bearings, L/D = 1, Swift-Stieber boundary conditions. (From Raimondi and Boyd [19.7].)
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TABLE 19.14 Performance Data for Full and Partial Journal Bearings, L/D = 1, Swift-
Stieber Boundary Conditions
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TABLE 19.14 Performance Data for Full and Partial Journal Bearings, L/D = 1,
Swift-Stieber Boundary Conditions (Continued)
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Since L/D = 2⁄3, the Raimondi and Boyd charts would require interpolation.Alter-
natively, the Seireg-Dandage curve-fitted equations are used. The unit load may be
immediately computed:

P = �
L
W
D
� = �

(
7
6
2
)
0
(4
0
)

� = 300 psi

The first guess of viscosity is based on the inlet temperature:

µ1 = 1.36 × 10−8 exp �
1
1
1
2
0
7
+
1.

9
6
5

� = 6.72 × 10−6 reyn

S1 = ��
R
C

��
2

= 0.336
µ1N
�

P
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TABLE 19.14 Performance Data for Full and Partial Journal Bearings, L/D = 1,
Swift-Stieber Boundary Conditions (Continued)
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From Table 19.15, the appropriate curve-fitted equation for the temperature rise is

∆T = 84.2989 �
Jρ

P
C*
� ��

D
L

��
−0.08167

S 0.8554 + 0.08787L/D

Taking ρ = 0.03 pound mass per cubic inch (lbm/in3) and C* = 0.40 Btu/(lbm ⋅ °F) as
representative values for lubricating oil, we obtain

∆T1 = 233.33(0.336)0.914 = 86.1°F

And so the second estimate of the film mean temperature is

Ta2 = 110 + �
86

2
.1
� = 153.1°F

Repeated calculations (13 iterations) produce

S = 0.176 µ = 3.5 × 10−6 reyn ∆T = 47.7°F

With the Sommerfeld number, the remaining performance parameters are easily
calculated.

Connors’ Lubricant Supply Charts. The Raimondi-Boyd lubricant flow and tem-
perature rise data are based on the notion that there is no carryover flow into the
active film; that is, Q2 = 0 in Eq. (19.14). From an analogous view, these results are
applicable to the situation where Qi >> Q2.Accordingly, Raimondi-Boyd predictions
represent fully flooded bearing conditions and yield the coolest running lubricant
temperatures for a given set of operating conditions, not accounting for any heat
conduction losses.

To remedy this and thus provide more realistic design information, Connors
[19.9] developed design charts which incorporate the influence of lubricant supply
rate on the performance of a full journal bearing for L/D = 1. Figures 19.14 to 19.16
are plots that can be used over the entire range of flows to determine minimum film
thickness, friction, and temperature rise from given values of the Sommerfeld num-
ber and the inlet flow variable.

Example 3. Determine the lubricant temperature rise as a function of the inlet
flow rate for the following design parameters:
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TABLE 19.16 Constants for Use in Viscosity-
Temperature Equation for Various Oils
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W = 1500 lbf C = 4 × 10−3 in

N = 1800 r/min SAE 30 oil

D = 4 in Ti = 100°F

L = 4 in

Solution. To solve this type of problem, a plot or equation of lubricant viscos-
ity as a function of temperature must be available. The calculation procedure is as
follows:

19.36 BEARINGS AND LUBRICATION

FIGURE 19.14 Inlet flow variable versus Sommerfeld number for parametric val-
ues of minimum film thickness ratio; L/D = 1, full journal bearing. (From Connors
[19.9].)
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